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S U M M A R Y  
A generalised theoretical analysis is developed for the 
determination of bending moments in a uniformly loaded infin ite fla t 
plate structure, rig id ly  clamped in rectangular-shaped columns, spaced 
at regular intervals to form the rectangular panels of the slab. The same 
analysis is also being applied for solving L ift Slab structures in which 
the collar corresponds very closely to the column capital of a fla t 
plate structure.
The method of complex variable in connection w ith conformal 
mapping has been used for the solution of the problem.
A series of tests on models has been carried out with the aid
of the M oire apparatus to determine bending moments and deflections
>
in fla t plate and L ift Slab structures under various loading combinations. 
The first two series relate to the fla t plate structures, the resf four series 
being on lift slabs.
The close agreement between the compared theoretical and 
experimental results indicates that the analysis yields reliable results.
The results are also compared w ith the recommended design 
moments as laid down in the Code of Practice, CP 114.
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CHAPTER K  
GENERAL IN T R O D U C T IO N .
1 .1 . Introduction to research
The analysis and design of fla t plate structures has always been of 
stimulating interest to structural Engineers and Mathematicians a lik e . In 
C iv il Engineering construction the term "flat p late" refers to a concrete 
floor slab of uniform thickness connected directly  to the supporting columns.
A rchitecturally  such a construction is a particu larly  pleasing form 
since no beams or any supporting line is necessary for its support. W ith the 
advent of prestressing its importance has greatly been increased due to the 
fact that such structures of prestressed concrete construction can span larger 
support distances, which results in a much more economical form of construction.
Although fla t plate structures are not extensively used in this country, 
it is an extremely popular form of construction in U .S .A . and A ustralia .
Various reasons may be attributed to the popularity of this type of construction. 
Simplification of formwork is expected to reduce the cost of such structures 
although its increasing use is due more to the fle x ib ility , which such a con­
struction allows in the division of internal space, arrangement of a ir  conditioning 
and so o n .
The need for a rapid method of construction together w ith the economy 
in soffit formwork has led to the development of the Lift Slab method of con­
struction. Lift Slab is a method of erecting buildings consisting of reinforced 
or post-tensioned concrete slabs supported by columns. The precast
or prefabricated columns are first erected on suitable foundations and 
the concrete slabs forming the upper floors and roof are cast around the 
columns at ground level one on top of another in the same order required 
in the final structure, employing the ground floor as the in itia l shutter form.
A separating medium is used between each slab and shuttering is employed 
only along the edges of the slabs. A fter the slabs are matured, they are 
then elevated from their casting bed to the final positions and then 
permanently connected to the columns, in the case of post fensioned slabs, 
the slabs are prestressed before liftin g .
The attachment of the slab to the column is achieved mostly 
through fabricated steel collars which are cast in the concrete and are later 
welded to the columns. The collar also allows the lifting  rods to be attached  
to the slab and thereby enables the hydraulic jacks mounted on top of the 
columns to lift the slabs into position. It also acts as a guide during lifting  
of the slab along the column.
The co llar w ith its column connector in a Lift Slab corresponds very  
closely to the column capital in ordinary fla t slab. In fact the co lla r is 
extremely rigid compared to the slab itself.
The first L ift-S lab  structure was built in Texas, U .S .A .  in 1950, 
using the Y o u tz-S lick  method of construction which was found to be the most 
outstanding one among the several Lift Slab techniques. The United States 
Lift Slab Company was set up in 1953, for the commercial development of the 
method. Subsequently the International Lift Slab Company was formed to 
promote its use internationally . In the United Kingdom, the Lift Slab
technique has been further developed and extensively used in the building 
industry by the British Lift Slab Ltd, Birmingham. Recently an 18 storied 
block of flats has been erected in Coventry by the same firm and the author 
was associated w ith the design of the structure.
An important advantage of this method of construction is the speed.
A pouring schedule of a slab every two days is quite common.
Another advantage in this method of construction is the considerable 
economy in soffit formwork. A further advantage is the elim ination of the 
need of hoisting steel reinforcement, concrete e tc . to the high levels 
associated with the multistorey construction. Various other advantages may 
also be mentioned.
The Lift Slab method of construction is extensively used in the 
construction of multistorey buildings with reinforced concrete or post-tens ioned  
solid fla t plate floors. Also reinforced concrete fla t plate structures are quite
. v
commonly used in multistorey buildings. Hence a correct design of such 
structures incorporating the proper boundary conditions is of a primary practical 
interest. Mathem atical investigation into the stress distribution of such a slab 
is of stimulating interest as w e ll, due to the symmetry derived from geometrical 
conditions of the problem.
In a ll the classical theoretical treatments of such a problem, known 
to the author, it has been assumed that the slab is continuous over the support, 
the resulting reactions being uniformly distributed over the area of the colum n.> 
This assumption greatly simplifies the problem but certainly disregards the actual 
behaviour of the deformed slab around the column. Since a fla t plate structure
is monolithic in construction and since the column capital is extremely 
rigid, the assumption of a b u ilt-in  edge along the boundary of the column 
appears to be much more realistic than any other supposition.
For the present analysis, the generalised case of bending of an 
in fin ite , elastic fla t plate rig id ly  clamped in rectangular columns of any 
aspect ratio arranged to form rectangular panels of any panel side ratio r  
and loaded uniformly, is considered. Provided the extreme panels of the 
slab are excluded from consideration, the stress distribution throughout the 
slab w ill be the same. Hence a typical in terior panel of such a slab has 
been considered for the present analysis. Since a considerable stress 
concentration is expected, particularly around the columns, the complex 
variable theory in connection with confprmal mapping has been employed 
to solve the problem.
An analysis in this direction has been made by S. Woinowsky- 
Krieger (6) which is only applicable to square panels of a fla t slab supported 
on square columns.
Hence the present attempt is generalised in character and 
S .W . Krieger's solution of square panels can be derived from the generalised 
solution as a particular case.
The generalised solution has also been extended to Lift Slab structures 
in which it is assumed that the co llar replaces the column c a p ita l. Since the 
collar of a l if t  slab is extremely rigid in comparison to the slab itself, the 
assumption of a built in edge along the co llar edge seems to be justified.
This is particularly true once the slab has been lifted to the appropriate 
level and fixed to the column.
For the experimental investigation, the M oire method of model 
analysis has been adopted. The M oire method has two distinct advantages:
(
firstly in the perspex models associated with the work, it is possible with  
little  effort to realise the appropriate boundary conditions along the column 
and collar edge as the case may be; secondly the M oire test photographs 
give a complete picture of the behaviour of the whole model thereby 
enabling one to determine the elastic stresses at any point of the structure.
In the Lift Slab models, the appropriate relative rig id ity  of the 
collar and the slab has been incorporated.
The theoretical and experimental results are compared at the end.
To assess its practical application, a comparison has also been drawn with the 
recommended design procedure for fla t slabs as in CPI 14 and also for L ift Slabs 
as recommended in the publication of the International Lift Slab Corporation (10)
1 .2 .  A  review of plate theory.
A fla t plate structure is essentially a load transmitter, a medium 
through which the externally applied load is transmitted from the loading surface 
to the relevant support. In this process the structure deforms and sets up internal 
energies, the nature of which in turn depends on the mode of behaviour of the 
structure, its geometric configuration and the boundary conditions at support 
and elsewhere . It is up to the structural Engineer to define a structural form in
such a manner as to restrict its behaviour w ithin certain expected limits, 
so that its performance under externally applied load can be closely predicted.
The most commonly used plate theory is the classical sm all-deflection  
theory (41), in which the deflections w of the plate are small compared with  
its thickness. This was developed orig inally  by Lagrange (1811) based on the 
following assumptions:
i) The points in the undeflected plate lying on a normal to the 
middle plane remain on the normal to the middle plane of the deflected p la te .
ii) The middle plane of the plate undergoes no deformation during 
bending and thus can be termed as the neutral plane.
i i i)  The normal stresses in the direction perpendicular to the 
middle plane of the plate are neg lig ib le . r
iv) The square of the slope at any point of the deflected plate  
may be neglected.
The differential equation of the deflection surface of such a plate is
the w ell known linear, non homogeneous , partial 4th order d ifferential equation
S in . 4 . 2,..£?YL  4 . VL = J L  
c>x* $
which is the governing equation of bending of p la te . For any particular case of 
plate bending, if  a solution of the governing equation can be derived which also 
satisfies the boundary conditions associated with the problem, the moments and 
shear forces can be calculated by usual differentiations.
The first significant work in the solution of the governing d ifferential
equation for plate problems was developed by NAVIER (41 ). He presented 
a paper to the French Academy in 1820 on the solution of simply supported 
rectangular plates (F ig . 1 .2 .1 ) ,  in which he represented the plate loading 
q in a Fourier double trigonometric series form
%&■>%) =  I £ CLW n  S t n H S i S . S i n  m g l
Tm=i n=i
( m -  i 52.j3 ..............  >  }
where the coefficient Amn is to be determined from the nature and 
distribution of loading. The deflection surface in this case can then be 
expressed in a sim ilar double trigonometric series form.
y ;■■■■!
FIG. 1.2.1 i
The Naviers solution outwardly appears to be simply constructed, 
but it is not suitable for numerical computation of bending moments and shear 
forces especially. This is due to the fact that the corresponding expressions 
also in double trigonometric series form converge■■ very badly and hence it is 
necessary to take into consideration a re la tive ly  large number of terms in the 
series.
A  simplified solution for plates w ith two opposite edges (x=o ,a) 
simply supported was first suggested by LEVY (1899). The deflection surface
in this case,(F ig . 1 .2 .2 )  represented by a single Fourier trigonometric 
series (41) has the following form:
. 2 *  Y m  S in
where Ym is a function of and is chosen so as to satisfy the boundary r  
conditions along the edges y = +  b as w ell as the equation A  ^3 =•
- — a— -
XI CM
x> CM
.
y FIG. 1.2.2
This solution is more generalised in character and due to its 
better convergence, the moments and shear forces can be computed 
conveniently.
The plate theory was first extended for the solution of bending of
v
fla t plate structures by V .  Lewe (1) in 1920. A  typical interior panel of an 
infin ite plate structure supported on regularly spaced columns and loaded 
uniformly (F ig . 1 .2 .3 ) ,  was considered. In the analysis of the problem, 
the support reactions were assumed to be uniformly distributed over the 
column bearing area and were expressed in a Fourier trigonometric double 
series form. The deflection function of the plate surface in this case has
22
the following form (26)
13 = j^o + 2 *Atti Cos°Ctxt-X 4 2 -^2 2 Cos°Cm-XCos(2>ru^
m ‘-r i  m n
where °^m -  ^ > £>n-
The coefficients Am, Bn and Cmn are assigned such values as to
satisfy the governing differential equation and also to satisfy the following
r  ■
boundary conditions
*d o /a x » 0  and Q.x= 0 on X -  ±°-/z  J and 0 .^ *0  on ^ = i b / 2,.
p  • . r r ■
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FIG . 1 .2 .3
From the final deflection equation, the moments and shear forces can 
be computed by the usual procedure. But such expressions in series form converge 
very badly and calculations involved are much troublesome and im practicable.
Another method of solution of the same problem was developed by 
A .N a d a i(2 ) in 1922, in which he established the connection of the stress
23
distribution in a fla t plate structure with the double periodic properties of 
the e llip tic  functions. A deflection function analogous to Levy's rapidly  
converging single Fouriers series was adopted which has the following form:
1 3 =  u £ _  ( l - M l f + A o  +  . f  C - l f *  C o s v a * *
3843) L .   ^  —r — ■ *
ra=2.,4>6‘ ** VTlr. S^arioC-vrv taw tv°£m  
•[tav&a!m BAM. SVnfi WM-(citn+taTifU<m) Caifi B £ l ]  
The constant Ao is determined from the boundary condition at the 
corner of the plate at which deflection is zero .
v
Thus
Ao = “
/» *•*» L — <6< la rb^  \  ± .  (V m _  g ^ a + W iX r a N  . and c£m -
■3 t> I  ,  „ , m W W  )  5 mm= 2*»4,6
The above solution was based on the assumption that the column 
reactions were acting as a concentrated force at the centre of the column 
area, which obviously introduces stress singularity at such points. Nadai 
had also developed a solution of the same problem in which the column 
reactions were assumed to be uniformly distributed over the area of a circle  
representing the cross section of the column. ~
Another solution more convenient for numerical computation of 
moments and shears in the fla t plate structure was credited to W oinowsky- 
Krieger (3) 1934. In this case the column reactions were assumed to be 
uniformly distributed over the rectangular area of the column and the 
deflection function represented by a single trigonometric series is expressed 
as follows:
Column strip - d - ^  ^
2,0.
24
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LOq -F ^  e--  ^  ^ - ( i S i ^ ^ Y v  StaftEn+SnCosk^Slnte^
n - i
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Sin^^a Sink £bri J Tl^
Plate strip
Os, = O 0 +  3 l^ T be (b^+de) -  2.e (b + d ) (b -V^+C b-'j)4 ]
c*2
-  ‘t'Q-^b X r (  2j SinfvSin Si-nft £n-v£nCosft (ba£ln^iSa- 6n Enl.Cosfvolyi C b -'j) 
A & cdD  Z .  L S v r r f ^ *
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The equations above completely define the stress state in the fla t 
plate structure.
In a ll the methods of analysis described so far, it has always been 
assumed that column reactions are uniformly distributed over the column area, 
the plate being subjected to uniformly distributed load. It is only because of 
these assumptions that the previous problems became very much simplified in 
nature. In actual practice the deformation characteristics of the slab around the 
column are somewhat different than the assumptions made in the foregoing
analyses. In a fla t plate structure, the columns are m onolithically  
connected w ith the slab and are extremely rigid in comparison w ith the 
p la te . The assumption of a b u ilt-in  edge along the boundary of a column 
capital is a much more realistic assessment of the behaviour of the slab 
around the column.
The first work on this line is credited to F.Tdlke (4) (1934). ;
His solution of the plate problem takes into account the b u ilt-in  edge 
boundary condition at the' column c a p ita l. But his solution is valid  only  
for circular column capitals whereas the most common form of a fla t plate  
construction employs rectangular columns.
The fin ite  difference (5) method could have been employed to 
solve the problem since such a method is, in princip le, applicable to any 
boundary condition. But in this particular problem, a considerable stress 
concentration is expected along the column capital and hence the method of 
fin ite  difference appears to be inadequate.
W oinowsky-Krieger (6) (1954) solved the problem of bending of a 
fla t plate structure loaded uniformly and rig id ly clamped in square shaped 
columns forming square panels of the slab (F ig . 1 .2 .4 )*  /
Although the solution takes into account the appropriate boundary 
conditions along the column edge, its application is restricted only to 
square panels of slab supported on square columns. Obviously fla t plate  
structures often consist of rectangular panels of plate supported on rectangular 
columns. Hence a generalised solution of the plate structure incorporating the 
b u ilt-in  edge boundary condition along column edge was found to be necessary 
and the present research work is an attempt to solve the problem theoretically  
as w ell as to verify  the results experim entally. Another aim of the research 
work is to assess the behaviour in bending of Lift Slab structures under uniformly 
distributed load.
The complex variable method in connection with conforma! mapping 
as used by W . Krieger has been used to solve the generalised problem. The 
author checked the results of the square plate solution of W . Krieger and 
could get his results only after some mathematical works extending to about 
80 pages. The attempted generalised solution is much more involved in nature 
firstly because the number of terms in the deflection function is almost double
that of the square plate solution and secondly, one more term has been 
taken in the expression for mapping function which further complicates the 
problem.
A t the end of the mathematical work which was found to be 
extremely involved and lengthy in nature, extensive computer programming 
had to be done to obtain the final results which itself took several months, r  
The same solution has been used for solving Lift Slab structures of similar 
panel dimensions w ith the assumption of a b u ilt-in  edge at the co llar periphery.
A ll such programmes are made once for a ll and since the solution is 
generalised in character, can be directly  used to^solve the fla t plate problem 
of any geometric configuration w ithin the limits of the in itia l assumptions.
The complex variable method used for the solution of the present 
problem was orig inally  developed by N . I ,M uskhelishvili(7) and was mainly 
used for two dimensional problems. S .G .  Lekhnitski (8) applied the theory to 
the bending of anisotropic plates and G . N .  Savin (9) employed the same for 
the solution of problems of stress concentration around openings in plates 
subjected to direct forces and bending. The various applications of this 
powerful method has been described in some detail in the next chapter.
1 .3 . Some details of the Lift Slab method of construction.
The connection between the slab and the column is provided through 
steel collars which are cast in the concrete and after the slab has been lifted  
in its final position, is welded to the column.
The collars are usually of fabricated steel although cast steel 
collars are sometimes used. The various types of collars and their 
relative merits are explained in a publication of the International Lift 
Slab Corporation (10 ). The collars made of angle fabrication, as w ell as 
of channels and bent plates(Figs. 1 .3 .1  & 1 .3 .2 )  are quite common in 
this country. For its design, the bearing stress across the collar is 
assumed to be of linear distribution and the different parts of the collar 
and the connecting welds are designed to resist the moments and shear 
forces. The design of the collars have been standardised w ith the aid of 
graphs and charts (10 ).
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The co llar transmits the vertical loads to the columns through 
shear blocks which are in turn welded to the column . The thickness of 
the blocks and the length of the f i l le t  welds are determined from the 
consideration of the magnitude of vertical loads to be transmitted to the 
columns, whereas the horizontal f i l le t  weld between collar and the shear 
block is designed to transmit the bending moments.
The types of connections shown in F ig s .l .3 .3 .  & 1 .3 .4 .  are 
com m onIyusedinLiftS labstructur.es.
The lifting of the slabs follow definite stages and is effected  
by hydraulic jacks mounted on the erected columns. The jacks have a 
lifting capacity of 150,000 lbs. each and the lifting rate varies from 4 f t .  
to 1 2  f t .  per hour, which depends on the weight of the slab as w ell as the 
number of jacks employed in the operation. Each jack is connected to two 
continuously threaded 2 8 ft. long by I f i n .  d ia . high tensile steel rods, the 
lower end of which is anchored to the slab by means of the steel collars.
The design of the slabs follows either the empirical method or the 
moment distribution analysis of continuous frames as recommended in C .P .1 1 4 .  
The lifting co lla r provides a wide rigid support for the slab and is considered 
as being equivalent to the column capital of a fla t plate structure. Thus the 
critica l shear section may be assumed to be located outside the co llar periphery. 
Also owing to the width of the co llar, the negative moments at the support are 
considerably reduced (1 0 ). The bending moments and shear forces usually adopted 
for the design of such structures (10) are shown in F ig s .l .3 .5  & 1 .3 .6 .
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Further design considerations are described in detail in 
several publications.(38) (39) (40).
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CHAPTER 11 
THEORETICAL ANALYSIS
2 .1 .  Introduction and Statement of Problem
The method of complex variable has been extensively used and 
developed in the solution of the boundary value problems in two dimensional 
theory of e lastic ity  by the celebrated Russian M athem atician N  . I .Muskhelishvili 
The solution of boundary value problems of the plane theory of e lastic ity  for 
m ultiply-connected regions is not as straightforward as for simply-connected  
regions. However , S .G .M ik h ilin  (11) has succeeded in deriving satisfactory 
solutions for some such cases. The solutions of some mixed boundary value 
problems have been derived by D . I .  Sherman(12), Notable work in the 
complex variable theory has also been done by A .C .  Stevenson (15 ).
O ther Russian Mathematicians, Lekhnitski (8 ), Vekua (13) and 
Fridman (14) have successfully applied the method to solve the problems of 
bending of isotropic as w ell as anisotropic plates. Extensive work based on 
this method has been done by G . N .  Savin (9) to solve the problems of stress 
concentration around holes in plates stressed in their own plane and also in 
certain cases in which the plate is subjected to bending.
So far as its application to general C iv il Engineering is concerned, 
besides other problems, a solution has been derived by S. W oinowsky-Krieger(6 ) 
for the case of bending of an infin ite fla t slab, loaded uniformly and rig id ly  
connected to square-shaped columns to form the square panels of the slab.
An attempt has been made in the present work to derive a generalised
solution of the problem of bending of an in fin ite , uniformly loaded fla t 
plate structure rig id ly  clamped to rectangular columns of any aspect ratio  
to form regular panels of any relative span dimension, F ig .2 .1 .1 .  In fact 
the present solution is an extension of the solution of S .W oinowsky-Krieger 
and is generalised in character. The generalised solution is extended for 
the case of Lift Slabs. ' * ' i " ------n — i
□ 0 a . □
□ □ □ a
□ □ □ □
FIG. 2.1.1 T y p i c a l  F l a t  P l a t e • 
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2 . 2 . Application of complex variable theory and conformal mapping 
in the problem of bending of thin plates.
An elastic , isotropic and homogeneous thin plate subjected only  
to bending couples and shearing forces along its edges is considered. The 
basic equation for the bending of such a plate is the wellknown biharmonic 
equation
+ _&ij
The biharmonic function w is again expressible in the following
~5> V? , 4 . - . a  • • • 2 2 1
form (16)
< £ (*> •3 )  =■ Sle T R cP (R )+  'XCzil • • • 2 .2 . 2 .
where Re denotes the real part of the term in the bracket and c? (z) and 
%  (z) are two complex potentials which are analytic  functions of the complex 
variable z Also the following combinations of bending moments and
shear forces are expressible in terms of the complex potentials.
M x  + Mm S - 4 D 0 + r t  - ^ 4 -  ( i+ / 0  f y'Cz.) Jr  (s ) ]
c>7. 37. L
a x - i a ^  s -4 D < ? *c fc>
d
■2.2 .3
where (z) . X  (z ), the positive directions of the moments and shear
forces being shown in Fig . 2 .2 .1 .
cix
d x . &3
^ n x ^ + ^ - d x
d *
. 2.2.1
. The present problem is of the nature of the first fundamental 
boundary value problem in which the elastic equilibrium of the plate is 
sought, for given external forces and moments acting along its boundary. 
The boundary condition on the plate contour C is as follows(9)
<■?(z )  +  fc^f'OO +  +  +  const, on C • • • • 2 .2 .4 .
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where 4 , + U „  -  ^  +  i  +  i  • • - 2 .2 .4 a
)A J2> s x  - £n. 'z s J
*oC*.being the angle between the normal n  to the contour and the 
OX axis, F ig .2 .2 .2 .  y
'8* = const,
Q=const
FIG. 2.2.2
The second boundary condition is a conjugate o f-E q .2 .2 .4 .
Assuming that the given region R (■ fin ite  or in fin ite) of the plate  
is simply connected, it can be mapped conformally (17 ,18 ) on the unit circle  
tSl^i by the analytic  function
z =  (O C S ) • • • * 2 . 2 . 5 .
The function C0 (“S) is single valued and analytic in some region 2  
in the'J -p lane and E q .2 .2 .5  relates every point "5 of 2 to some definite  
point z  in the z-p lane  covering a region S . Thus E q .2 .2 .5 .  determines an 
invertib le , single-valued conformal transformation of the region $  of the z  
plane into the reg ion2 of S plane or conversely. G enerally  the mapped 
region 2  takes the form of a c irc le , a circular ring or the infin ite  plane with  
a circular hole w ith origin 5 = 0  at the centre.
Introducing polar co-ordinates ? and 0 in the 5  plane such that
*10
= 8 -  ^ / fhe relationship z =(OCs')determines an orthogonal curv ilinear  
net C -  const., 0  = const.(say) in the z plane corresponding to the families 
of circles and radial lines in th e T  p lane. Thus the conformal transformation 
by the function z = ^CS) = WC^e.*9) w ill result in the transformation of the 
rectangular co-ordinates XO^ to the orthogonal curvilinear co-ordinates 
P =  const., 9 = const. /
A t a point c , the tangents to the 8  and 8  curves form the co­
ordinate axis, F ig .2 . 2 . 2 . ,  and are rotated through an angle c£ relative to 
the axis XO^. Then the following relationships can be obtained:
ezio<= 1?. iX X )  , , ,
e J e *  i s m  ■ ■ ■ ■ 2 .2 .6 .
Due to the transformation, the complex potentials are represented 
as follows:
4>'CS)
^ 0 0 = p/ ( «=
[ u m ]  = i  < c z .)  = r P -
2 .2 .7 .
o 'C v T  A w'cs)^
The moment and shear force combinations can be d irectly  written  
from the foregoing equations.
M e- Me+2.tMf6 =
M P+ M e  = t - - - 2 . 2 . 8 .
a e - i a e  = _ _ 4 M — & xv>
eiw'csi ^
The purpose of conformal transformation is to ensure thaf one of the 
boundaries of the region under consideration coincides w ith one of the curvi­
linear co-ordinate lines f  = constant. Hence the boundary condition can be
expressed in terms of certain functional equations, which can be 
conveniently solved.
Since the mapping of the boundary is performed on the unit 
c irc le Y  >n which ^  = C is the value of $ on the unit c irc le , the boundary 
condition of E q .2 .2 .4  takes the following form (9)
+   2 2  9
in which the function is expressed in terms of the variable d .
The second boundary condition is a conjugate of E q .2 .2 .9 .  The • 
two complex potentials can be solved from the two stated boundary conditions 
and thus the stress state in the plate can be determined.
2 .3 .  Method of Solution
An infin ite  elastic thin plate with a central hole of any arbitrary  
shape is considered. The plate is assumed to be isotropic and homogeneous 
and subjected to a system of bending couples and shearing forces acting along 
the edge C of the hole (F ig .2 .3 .1 )  and to a similar system acting at in fin ity . 
The origin of co-ordinates is assumed inside the hole as shown in the figure.
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In the case when the resultant moment and the resultant shear 
of the forces applied to the boundary are not equal to zero the two complex 
potentials of E q .2 .2 .2 .  are represented (9) as
TV- EAAL4B 4'D j  °  f.
+  |  • • • • 2  3 1
4 D  <» ^  ‘ *
where W x + l^ a n d  To represent respectively the resultant moment and the f
resultant shear force which is positive in the direction of positive deflection
•L3" and (z) and X  (z) are single valued analytic functions continuous
throughout the plate region outside C including the point at in f in ity .  .
In the present solution it is assumed that the resultant moment vector 
of a ll previous loading systems is zero . Hence E q .2 .3 .1 . reduces to
• • • • 2 . 3 . 2 .
Referring to F ig .2 .3 .1 ,  it is assumed that 1 3 7  ^ /a n a n d  
are some given functions on the boundary C in which n is the exterior normal 
to the arc S o f C . Then the boundary condition on C is given by E q .2 2 '.£ .4 , 
the other boundary condition being the conjugate of the same equation. In 
order to reduce these boundary conditions into certain functional equations, 
the method of conformal transformation is used as stated e arlie r.
Thus the infin ite  region of the plate is mapped conformally into the . 
inside of the unit c irc le  Y  by means of the transformation of Eq.2 .2 .5 .
z =
40
The inferior boundary C of the slab is thus mapped on the 
unit circle Tf and the relations of E q s .2 .2 ,6 .,  2 .2 * 7 . ,  2 . 2 . 8 . ,  2 . 2 . 9 . ,  
are exactly  applicable for this case, the two basic complex potentials being 
denoted by S-'H'C’S).
An in fin ite  e lastic , isotropic and homogeneous thin plate without 
any hole is next considered. If is assumed that the plate is subjected to 
bending moments and shearing forces at in fin ity  and to a concentrated load 
Po at the o rig in . Under this condition the stress distribution at any point 
on the plate is represented by two complex potentials, say c?&C£) & 'HoC'S) 
which thus corresponds to the basic stress state. One of the basic 
boundary conditions of the problem to be satisfied is that on the unit circle  
which is the image of C , the deflection 05"and the slope must be zero.
To achieve the above boundary condition, if is necessary to introduce two 
‘ad d itio n al1 complex potentials <£cCS)and <xVcCS) which represent the additional 
stress state and are known as ‘compensating functions1. Thus under the combined
o*
stress state at C the resultant shearing fqce has a magnitude -  PD and the resultant 
of bending moments is supposed to be zero as before. The stress state at any 
point of the plate outside C is now represented by the complex potentials*.
• • • •  2 .3 .3 .
where % (" $ )£ ■ty-C'S)have the following form 
00
H f c C t t - l  a n 'S n s ’H’cC ■s)=*2 .fr*S n  • • • • 2 . 3 . 4 .
Y i-i *n*o .
r
To derive the necessary boundary conditions E q .2 .3 .3 .  is
substituted in Eg.2 .2 .9 .  and by satisfying the condition that 2^5. = = 0^ 7 7 °  l>n
on Y  / the resulting boundary condition is as follows:
cP c ^ +  n m '  Tc 1C<s) +:i* tC O  =-------------------------------------- 2 .3 .5 .
where
+  % /(&> • • • • 2 . 3 . 6 .
As before the second boundary condition is the conjugate of
E q .2 .3 -5 .
The solution of the present problem is thus reduced to the 
determination of the two functions CpcO$)and from the boundary
conditions. This can be done in two ways (9 ,1 6 ), firstly by adopting the 
power series solution and secondly by reducing the boundary conditions to 
certain functional equations. !The second method is much more powerful and 
has been adopted for the present case. This is achieved by the application of 
Harnack's Theorem (16) to E q .2 .3 .5 .  Both sides of the equation are multiplied  
by d ^ /^ lfd -^ a n d  integrating the resulting equation along the unit circle  
the boundary condition of E q .2 .3 .5 .  is reduced to the following 'Functional 
equations'
+ s * \ [ ,  - i k  - 2 - a - r -
in which obviously "J is a point inside the unit c irc le  Y  •
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The second set of functional equations can be derived from the 
conjugate of E q .2 .3 .5 .  It is important to note that Eq.2 . 3 . 6 . and its 
conjugate is va lid  only if  the function 15o(x^d e fin ed  bytf6C$)£^j$s biharmonic.
In the particular case when the plate is subjected to surface load, 030 is no 
l&cger a biharmonic function and E q .2 .2 .4 a  is used instead of E q .2 .3 .6 ,  for 
the derivation of the boundary conditions. This slightly different procedure 
for the determination of the particular deflection function is given in
«
Appendix 4 .
Until now only a partial solution of the basic problem introduced in 
section 2 . 1  has been achieved and still the boundary conditions along the panel 
centre lines are to be incorporated in the solution. This has been treated under 
'General solution V  described in a later section, when it is necessary to define 
the contour, 'C ' o f the inner boundary of the slab and the corresponding mapping 
function to map the same on the unit c irc le .
2 .4  Determination of the mapping function.
Since rectangular columns are involved in the solution of the present 
problem it is essential to develop a mapping function which maps rectangular 
areas of any aspect ratio of the sides, on to the unit c irc le .
A  treatment of various forms of conformal transformation is illustrated by 
H . Kober (19 ). Standard forms of expression of the mapping function based on the 
wellknown Schwarz-Christoffel transformation in which the region of the plate  
outside the hole is being mapped onto the outside of the unit c irc le , has beeh
derived by H e lle r/ Block & Bart (20 ). Similar form of expression is 
being used by several authors for the solution of similar problems.(2 1 , 2 2 ), 
Elliptic  function has been used by several authors (23 ,18 ) to map 
rectangular areas. An exponential mapping function, for simply 
connected regions, has been utilised by Piscane and M alvern (24 ).
In the present problem, Schwarz-Christoffel transformation(7 ,9 )  
is being developed such.that the mapping function z — toCS) maps on the 
inside of the unit c irc le  the area S of the plate i . e . ,  a plate with a 
rectangular hole, F ig .2 .4 .1 .  y
FIG.2A1
The relevant transformation can be written thus
z I ^  & ± a . f
I S  Z  > 2.4 5 0
* *  5 C a V a 4 ) - 4 ( & +  a * ) - 2 . . * 7 + 7 (o h & 5)-SC(£+°?)-?-C<x+a) * 9
4 * 2*1 Ca6 4  a-6) - 1 4 C A a 4  ^- 5  fa H a ^ V  4 . r ^  4 .  T •
112.64 *>. '
where a= = £ 2'taf1, K being the value characterising the aspect
ratio of the sides o f the rectangular hole, and R is a constant. 
Expression 2 .4 .1 .  can again be written as
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£  = ( n f t )  g ft  j  1  UK'71 -  (Sln^KA.)^  -^3 _  S ia 4 K k .^ r t2 K 7 i. ;
4- *0Cos%K7i-» 8 & s4 xk --3 ._f>7 , i4cosi0K7i-10Cas6>3Ot~ 4coS2K7t 
S8>6 2.304
4 -4 2 .C o s .i£ K n -a s  c^&SX7C-iocqs4K7v->4 . ^ 1 1  + ..................1  - - 2  4  2
112,64 J
On substitution of a suitable value of K and on separation of r
real and imaginary parts of the expression 2 . 4 . 2 . ,  the Ctnrespcnding 
aspect ratio can be calcu lated . . But to find a suitable value of K
corresponding to a given aspect ratio,- an indirect iterative procedure
is necessary. This has been achieved by developing a programme on 
the Sirius Computer based on the Newton Raphson method. The mapping 
function equation 2 .4 . 2 . w ith the first seven terms has been used for 
the purpose and the resulting mapping function takes the form
z - COf t ) = ' R( - | +W3 + ft'S3 +  0 .-j5 + { s ^  +  ^ ^ 5 + A $ n )  • - 2 . 4 . 3 .
Although a mapping function of the form of E q .2 .4 .3 .  is derived, 
in a ll subsequent analysis only the first three terms of the expression have 
been taken into consideration which is sufficient for a ll practical purposes.
Thus the mapping function considered is
z = WC3) »  R ( ^ + T f V $ + n s 3)  • •  2 . 4 . 4 .
where the value of the coefficients m and n dependson the aspect ratio of 
the sides of the rectangle.
The ‘General Solution1 has been formulated with the mapping 
function of E q .2 .4 .4 .  and hence the solution is in terms of the coefficients  
m and n. Thus it is generalised in character and valid  for any aspect ratio  
of the column sides and the panel dimensions. The immediate problem 
associated w ith the mapping function is the determination of curvilinear 
Co-ordinates corresponding to points of given rectangular co-ordinates.
2 .5 .  Transformation of rectangular into curvilinear co-ordinates.
In the general solution a ll the deflection and moment expressions 
are in terms of functions in the^J -p lane . Consequently they are expressed 
in curvilinear co-ordinates which results from the conformal transformation. 
The problem is to find the curvilinear co-ordinates of points in the z plane 
at which the elastic stresses are to be determined.
Substituting J = f.e . in the mapping function E q .2 .4 .4 .  and 
separating the real and imaginary parts, the following relations are obtained:
x *  r ( ^ 9  +  m p  C o s e + T IP 3  cos3Q)
r
^ a - 'R ^ i M - m p S v n e - n p :3 Sin 3 e) • ■ • •2 .5 .1 .
It is not possible to evaluate?#© directly  from given values of 
of any point in th e £  -p lan e . Hence to evaluate the curvilinear co­
ordinates a programme on the Sirius Computer has been developed based on 
the Newton Raphson method. This programme consists of two parts. In the 
first part it calcu lates 'c lirectlyX  6 ^  for arbitrary values of ? 0  a t defin ite
intervals. The ? # 0  curves thus obtained are next drawn to proper scale.
The second programme then converges by the iterative procedure to the 
exact point from the nearest available intersection of ? and 0  lines obtained 
by the first programme and thus determine the curvilinear co-ordinate of the 
required point. The mathematical basis of the method is described in 
Appendix 3 .
2 .6 .  Solution of some Cauchy integrals.
In the general solution of the present problem, wide use has been 
made of the Cauchy integrals. Details of the properties of different types 
of Cauchy integrals and their solutions are described in several publications 
of N . I .Muskhelishvili (7 ,2 5 ) . In the present analysis, in which the exterior 
of the simply connected contour has been mapped inside the unit c irc le , an 
attempt has been made to formulate the various forms of Cauchy integrals 
encountered during the analysis and to standardise their respective solutions. 
They are summarised as follows:
Type I
4 27U U n  <£--$ 5 «
... r
Type 11
_ i T < ^ L - d 4 .  S Q.
.  2J U J  
T
Type 111
i  - f  . - _ c t e  , _ q . u / a
T
Type IV
' ' nf
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Type V Type V I
aw-J i + a * n *-:s
1 . [  ^  c U -  Sn -“
2.711 jH a<S n ’^ - ,S ~ 1+2.V1*
Type V I 1
1 % [ cSy  did .
l+ m r f 'V n ^  <£-3 ~ l+ tn s^ -v rvs^  5
Type V I 11 Type IX
Type X
L r f  <a4-fc2t<o^..d^ e  •V'Ka 3 5  • X i^ X a  being constants
0 + 6 4 )  <#--S 2 , + ^ 4  >
Type X I
■ t  ’ *•
Type X I1
j f G O e o g ^ id .  =
Y
Type X ll l
Y
Type X IV
=  * ™ ‘ M
Type X V
Y
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Type X V I
( W s - M - . y . ^ , ^ p .
Y
Type X V I1
O r - # ) -  ■ ( | - - f ) % C - t )
1
Type X V I11
_ L r r K ^ . e o 3 o + ^ )  » k - s )
Y
v •
where K is a constant and the other notations are as
used before.
Some solutions of the above integrals follow d irectly  from the
theorems on Cauchy integrals (7 ).
2 .7 .  The "General solution1
2 '7 (a )  Method of solution for the present problem.
In section 2 .3  only a partial solution of the basic problem has
been discussed. For the generalised total solution of the basic problem
the infin ite  elastic thin plate supported on regularly spaced rigid columns
is again considered. An interior panel of such a slab behaves typ ica lly
under uniformly distributed load. Hence for the analysis an annular
region of the plate bounded by the column capital C and the lines
-  i  “  ; % = + b t (F ig .2 .7 .1 )  is considered. As stated in section 2 .4 ,
the mapping function is represented by E q .2 .4 .4 .  as follows:
z  =  « C S ) = K ( i+ Y Y v s + n f )
from which on substitution of 'S,s<pei'e and on separation of the real 
and imaginary parts the expressions for the rectangular co-ordinates in 
terms of curvilinear co-ordinates are obtained. (E q .2 . 5 . 1 .)
centre line of panel
JO CM
£= const.
i
-•Os const.
O RJQ
FIG. 2.7.1 T y p ic a l  p a n e l  O f  S l a b  W it h  r e c t a n g u l a r  
A n d  C u r v i l i n e a r  C o - O r d i n a t e s
Putting relevant values of m, n and R which depend on the 
aspect ratio o f the column sides, the transformed image of the column capital 
can be plotted, (F ig .2 .7 .1 )  which represents the actual rectangular shape of 
the column or co lla r for I i f t—slabs, in a ll subsequent analyses.
In the problem under consideration in which the plate is loaded 
with a uniformly distributed load of intensity q , the deflection function is to
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be chosen such that the deflection of the annular region of the plate 
satisfies the following necessary basic conditions:
a) The d ifferential equation of bending of plate
- L o i  -  _3l..
2 >x4  D
b) The conditions of symmetry with respect to the co-ordinate  
axes X = 0  £ ^  = 0.
c) The conditions 0 = 0  . £ 0 - 0  on the column capital C which
c>rt
is equivalent to the condition 0-0,'51-5 - q on the unit c irc le "^  .
d) The slope and shear symmetry conditions = 0 ? & x = 0
on the panel centre line X -  +  and 0 ; 0 on ‘M =■ 4  b ..
2  'd' 3 * 0  2 *
The conditions (a) and(b) are satisfied by expressing the deflection  
function O  in a series form. The function adopted in this case, expressed 
temporarily in polar co-ordinates v * ( x \ ^ ) a n d  = arctan (*S/x) and 
satisfying the conditions (a) and(b) is as follows (4 ,6 )
. 9
-05 =• -V A n  tS'n • • • • 2 . 7 . 1 .
n=i
in which the partial deflection functions have the following form:
tocq, where -Ooc^s* 2 .7 .2 .
where ~  2 .7 .3 .
O n ®  O o n + O cn    where
■u50 1 » 3 l^ £ ? - ,  tso a = S tB iri.C teacp ; o»o3=3!3 ii.co ia 'p
D  T> 3>
13o4= S l^ -L c o s ^ ; (30 CoS4-^: Ooa® Cos,6 $
R  V  B  D  . . . . 2  7  4
The deflection function of E q .2 .7 .1. is valid  throughout the 
in fin ite  region of the plate outside C and as a result of conformal transfor­
mation is valid  a t any point inside the unit c irc le  X  • Further the functions 
• /  O c^,Oc^ar|d a r e  biharmonic in character and An some coefficients. The 
functions Oo^andOo^ are the wellknown particular integrals of the plate 
problem.■09Oc(/corresponds to the uniform load qab oh one panel of the slab 
and is thus the particular integral of the d ifferential equation A A < j3=S j-*  
Similarly C^op is the function corresponding to the concentrated load at the 
-origin Po = (-)q a b . Thus the resulting shear force on C due to the two 
combined functions, i in equilibrium with the total distributed
load acting on the annular region of the plate bouncbdby the lines X - ’i r jk ;
Z
The solution of the eleven compensating functions ,
andO cn^is hinged on the requirement of satisfying the condition (c) by 
the individual combined fu n c tio n s ^ , and C 3^ar>d is achieved by the 
complex variable method. The satisfaction of condition(c) by the individual 
functions on the other hand serves as a useful check on the analytical 
formulation of the solutions, since under such condition a ll the variable  
terms in the corresponding expressions ought to vanish.
The condition(d) is fin a lly  satisfied (26) a t the points P ./P 2 /P 3 /P 4  
and P5  by a suitable choice of the nine parameters and the nine conditions of 
symmetry for the present problem are as follows: (F ig .2 .7 .1 )
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|iL = o ; a P = o at point P.j 
at point ?2 
at point Pg 
at point P^ 
at point P^
The solution of the nine resulting simultaneous equations
C o s o l- i .  ^  .Sctic(= 0  
s O j  Q.p- 0  S 2K £_ o
d p  r  - ^ 0
. S in d  + -4 - • . C(SSoi.= 0
I r  •fcQ
= 0  ; aP=o 
?>e ' * ^
2 .7 .5 .
determines the constants to A ^ .
Once the set of functions wn, wp and wq are determined and
v
the coefficients A^ to A^ evaluated, the deflections, bending moments 
and shear forces are determined by relations similar to Eq.2 .7 .1 .  The • 
general procedure for determining the deflection functions adopted for 
the present solution is explained in the next section.
2 .7 (b ) Procedure for the determination of individual deflection functions 
In the eleven sets of functions of E q .2 .7 .1 . ,  wn and wp's are 
biharmonic functions whereas wq is nonbiharmonic in character. Hence 
the procedure for deriving the function wq is slightly different from that 
of wp and wn's.
The complex potentials associated w ith the functions wop and won 
are determined from the relations of E q .2 .2 .3 .  Once the functions P^0 (z ), 
Xofe)/ an<  ^ %  (z) are obtained, the corresponding transformed functions
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HoCSiand Xa(S)are derived from the Eqs.2 . 2 .7  and 2 .4 .4 .
N ext the functions9 <;C$)and‘^ c('$’) are determined by their substitution 
in the series form of E q .2 .3 .4 .  in the functional equations 2 .3 .7  and 
2 .3 .8 ,a n d  by solving the resulting Cauchy integrals. Then the function  
XcC'S) is obtained from the relationship
Xc'CS) = co'CS)TcCD = - R ( i  - W - K \  • • • •2 .7 .6 .
To find the nonbiharmonic function wq a slightly different 
procedure is adopted and is described in some detail in Appendix 4 .
A fter the complex potentials are derived the individual 
deflection functions are obtained by
- t fnf t )  =  £ e +  Xn(-S )] . . . .  2 .7 .7 .
where as before and XnCS)= Xor\C S)-V Xcnft)
The expressions for bending moments and shear forces are then 
obtained from the various combination of complex potentials, by E q .2 .2 .8 .  
In the present case expressions for M x and M y  are also derived and are as 
follows:
M y = < r f - t > 0 P * .  w eft -D O -/*) ^ ‘
• to'CsV J
w here4*05}and ^CS) are as in E q .2 .2 .7 .
A fter the equations forming the boundary conditions are solved 
and the coefficients A ] to A ^ evaluated, the final expressions for the 
deflection and bending moments are obtained by assembling the expressions 
corresponding to individual functions, in the form of E q .2 .7 .1 .
Detailed analytical treatment o f the problem in the shape of 
evaluating the complex potentials and deriving expressions for deflection,
shear forces and bending moments for each individual function, is given
• /
in the next chapter. ,
M ATHEM ATICAL FO R M U LA TIO N  OF THE COMPLEX  
F U N C T IO N S .
(CHAPTERS III A N D  IV)
C H A P T E R  111
DETER M IN A TIO N  OF IN D IV ID U A L  DEFLECTION FU N C T IO N S
A N D  THE ASSOCIATED COMPLEX POTENTIALS.
3 .1 .  Introduction
In this chapter the derivation of the complex potentials 
associated w ith each deflection function is g iven. Also the 
generalised bending moment expressions are developed from 
combination of the relevant complex p o te n tia ls ..
Since the analysis is extremely lengthy in character only 
the final results are given, the first function being described in 
some d e ta il. For convenience the final forms of the complex 
functions and bending moments are a ll expressed in terms of parameters.
These parameters are a ll programmed on the Sirius Computer and the
(
bending moment values are obtained afte r a series of computations. 
Altogether eleven primary separate programmes had to be written for 
the eleven functions incorporating the associated parameters, as the 
storage capacity o f the computer was found to be lim ited . The 
programmes are extremely lengthy in character and much d ifficu lty  
was encountered in checking and correcting them.
Each deflection function was found to satisfy the second 
condition of the boundary condition (c) i . e . 5 B L O /sp sQ  for 
and which served as a good check on the correct derivation of the
complex functions and deflections.
Function w , is described in some detail and for the other 
functions only the final results are g iven. The procedure adopted for 
function wq is in the appendix. A ltogether about 950 parameters are 
involved in the solution of the problem.
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3 .2 .  Function w,
The problem is to find a biharmonic function 15^  such 
that condition (c) is satisfied by the individual function i . e .  both 
4^1= - V ^ c i  and are equal to zero on Y  r the unit
c irc le . Since can be readily formed, it is thus necessary to 
determine which can again be represented by the two complex 
potentials and •
Now <*)oi= iL ffL t- , and the two associated complex 
potentials are derived from Eq.2 .2 .3 .
% i ( z )  =  i  'X o is O .
The boundary condition is obtained from Eq.2 .3 .5 .
~ ( i  +vy\^4-w d2>)  3
^  f  I *  =  -  2 ^  (  m + m 3)
tops) / ’■ft'j-t- 4 -
J L _  f  cp =  _  n  0 4  \  4 -  n zfr2.
M i  J co'c<0 C1 6-3 .
.r
Then from the functional E q .2 .3 .7 .
a>iS +  a2.S:L+ a 2)s 3 + ......... ------------------Y x o iiS -n , ia .i_  =. -  r i $ 3
Comparing the coefficients of equal terms 5 / a system of
equations is obtained for the determination of coefficients o f the function
a .i» ilV R ?  _y>„ j  0 -8.= 0 J 0-2>" “ ^  > Hence
? « ( # -  3  Also
^  C fo t+ 'fd  = 3 -2 - 1 -
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The other boundary condition is the conjugate of Eq.2 . 3 . 5 .
= -  +  Thus
..4_, f  A A = — r  A .
i T t  J 5 ; Also
r
1 r ^ S )  (P /C ti did . w ~ r x  . w V + 3  W ^ + m v ^ a v ^ t ^
W ' J u W  1 <i-S. “  J> C  i - " » * * --avis'* /
X (^ T  - 3n^ ) }
Hence from the functional Eq. 2 . 3 . 8 .
■VR.CS) = - j ^ p C i  +  aw2-) -  J S l  5 +  3w>r,$S _  I ^ s \ 3 v r | y i s ^ w « ^ b ^ + ^ ^ m   ^- a n ^  
■ f i r t )   3 . 2 . 2 .
Now
*  ^ X>^ " ^ "j -  5 ^ 5^  ; where
K q  * K i - ^ v v l ^ x  3 ^ 5  * ^ K i + w \ 7-K.2. +  2>^ 1*K a .+  K i - -  v w v K * - 3 w y \ J ancj 
K i  x . a ^ a - 5 w % n .-v w » - - 1  j K a » a w
Then
X cC O  s  ^ X.5^  *hCai; where Coi is the constant of integration.
Thus
<^Ci ^ % .  [ w f t ) ^ci +  ^ C l}  > which reduces to 
= JL3i£~! j<r<ss£0) < ( K i_ - 'm n ^ 4 -n K .2- ^ -  £2” K 5) - c o s ^ e X n p ^ - t -  K4 lo jp
+  w \K i ( > ^ n x p£ } + C o 1 ;
Also the deflection function
O t l + v 0 0 1  .  4 ^ 2  j?.cssx® (!C£ + n K .1 el' - £ - ’' K 5 + m ) +  i^  +  m ^ p N -n 1-f  & 
•+S .K 4  4c^P42TOlCi.f J--air>5'p 6 ’l  HrCoj
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The constant Coi is obtained from condition (c) i . e .  o n p * i .
(O j -  AEl ^ i 4 -vr»%+)na- + 2.’mK*2. - 2-Y\^ - V C ' 0 1 -  0  <rr\'>T
3>
Thus
Hence
1 0 ^ - ^  fa .C ^ 2. + Y \ K x . ^ - ^ K 5  + w )c ,s a . 0  +  A3) 1 X. p2*
-fi.YT» K.2.?^~2-Y\^p6  — dV-A-v\^- -V!L-Wl -2.^ )^  ............... 3 . 2 . 3 .
This deflection function also satisfies the condition -3*3.- o o a Y  
Bending moment along edge of column capita l: .
The bending moment expression is obtained from E q . 2 . 2 . 8 .
ttp + M e --A D O V O 'R e  ^ C S ) 2 i £ l >  
co'Cs)
*  ^  3^,.+3n^!L\ ■
v. 1 -  vv\'S*'-3nV* /
obtained by ''
\  t - m p s - e A '® .^ ^ 50 
substituting *  p . M u l t i p l y i n g  both numerator and denominator 
by ( i - m p V ^ - a n ^ e 4*®)
>Ta+ .. i - A - 3 > W \ y > e 6-f^ e 2'-5YVt<fe?%VY\i^6pA^3nl>pS')
J-^v>npJ-a^2-e-V£v*v\f6aK>ie-6n?t»<^tt6-+w\2-p4 + 3Y\2'p& J
On the column capital i . e . ,  when f  = 1.
ttpA ..-^ p _a .C  1-C&S2.QC^6-t3mn.-Vw\~3nKfeHffl^ " S a ;i 1 .............3 . 2 . 4 .
^  A -  ^ .ra 0 *5 2 .0  +  few\n Cai R,& -  6  yv Cas^04-w\ -^V 3 ^  j
Also
 3 . 2 . 5 .
Where
h C c  » rn.Cn.-vi)
(n -0
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The generalised bending moment expressions are obtained from E q . 2 . 7 . 8  
Thus
. . . . 3 . 2 . 6 .
-3.t>Q+A) 3k ^ C s ) —  1
^ 1 -  2 . - W V +*Smvvf  6 o s 2,9— Grt(?£*cxj>£^9-vw\1-^ ^ + 3 Y ^ ^ a i
; Again 4 , ' ^  a (fV C V )\ ^ i  ( A z J £ ± £ ± & 0 £ l! \ :
^  ^  dC^) V  -3vx"S^ /
^  *1>bM  ^ p e l9 -Vfa p 3 ^ ;e-<!»itP5 e-5 le ’\  ■ Also 
T) L (l~inapx'c.^Q-3iri?^^'e)^ J
h a s )  •4 /o) * -  fi5 e^ 9+ e,A'6+ 6-6  ^^ ^ i6p&+ ^  ^ 61
to'CV) * ^ C ( l  -  vv\^ >2-e.2-10 — J
+  e ^ ' / L  _  eTa ’,e|bi7  +  (b isj )< 7 - --------5----------------------------i --------------------------------------   1
) Ci“ iiwp^ c<5S,2& + ^ wvn.^ o3$R/9-6YV(J>HCl>5itQ4.vn,sl'fH+
where . . . . . . . 3 . 2 . 7 .
£ & - ^ 5 — * * i >^6 'V°^a.fi7  -V°^ 3  (2>Hf6  •, jb ^ -^ d lH - 0^  ^
£>40 * j&Y-tfjtPijP6  j  fb.U a - « * 3  ( b 5 ( b 6 - ° 6 ) (6 7  -V oifi (J>H P6  -V V\°d 2. jbzP 6
(bifc* P>tV<=<i £ 1 3  = - ° m i> 5 -Q ^ jb ^ - 'o ts  (^ -n o d * , |bz £ (6 u t» -p > q P ^ .
P6 - n  ***(!>*.? 6 ; (b ie ^ P s -H r u ^ P x e *  ; ^  * r\.^p >a .f f
^l&*-pdiP>5-V*0i2_^ )C-.c3i3P>7+oiit p>iiP6 +Yv(ba.f 6 ; «  [b^p^-m P>4P8
Pg* /bzfJl+Yn(b3 p6-yi/bqp ‘ c>5 /b5  *>a|2>zpM4-n(2>3p8 3 ^ s ^p»YL+6 winiP>3 *
( i ,  a i m - i j b i  *, (b\ a T ? J  
. ' . Cvv-O
The basic parameters associated with a ll the deflection functions are f
od^ s. 5 mp^ j. od a^ j od3  3 6 -i^m r)(36  j od^ » ^Yn^np^-ari n^p8.
* 5 = ^T wvV^p10  j ois * 3,1 v\3p,‘*' • = ma*+3v\‘a*'V i ;
Also ii3Cs\* 'VlCS') __ M B -K ta  p V 4 l 9 -Vc ^ £ > c Gie+c$<>z<>*[er± c .H f l*eJQ'\3J1m v{2-K.b^ ' Jd
V  * <*'& ) ~ V LI
4 . C5  ^ e f lQ[  X  1----------- *■— - -  —  1
)  0 - ' ¥Y'p 2'e.1 ‘ 6 - ,b'nplic<,'e) J
The above equation can again be written as
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.... . 5 o vX T f  - 2.X0 . k\Q -4*9.. €»i.9 -C'S fti.0 - 8’i8 1 0 i©^ C s > - * * L  j e  c7 +<l* c z A -z r '*c e > + e .H Cio+e. c i4 + t  c ^ + e  c iS  + e .* c ^ - v e .  c ,5
J+ e -1^ l6 + e11' 6c4 + c n )xj  (l-^m ^osS^e+^wNnf^ccr8 ^0 -  Gnp^eoy*Q + w v ^ p ^ -V ^ f &
 3 . 2 . 8 .
where
C ^ .-» < iC Jf i,+ " C iC if 6 - ^ C a f l -^ H  CHC,'<>- * 5 C & + C 5 e * ' -
P4- ^  C2.P6- “ { 5  C af* - < 6  Ci, e 10+^i-C -S  P1  3 C3  -  C j f ‘t-<^| Co.f s+rt1 t ap8
-•^aC iie '-^H C fe  ; C i o - - ^ i tCiPi' - ^ 3 c z pfe- ^ « . 3 e 8 -<v 3 c.6 e'1' ;  ,
C l l . C ^ - o i i C j P ^ o t ^ e 10- ^ ^  s <4, C5 ?1-;
C.i3 *C 2,pa- < i C i ) f i 0 + ^ 2.C6  J C,i,>-'=l4Ci.?‘,_ ^ 5 C5p* ’ C15  = C(, P10-  °£iC.<;.
e i f e . -« 4 c5 e * ; c 17 = ° ^ c 1pH-,*3 Cj.p8- w Hci e8_<e5 c4 P10- * 4 . i< ,~ * J c s p 5- j
A l s °  /  ,  '  '  '  'C i-  S ^ -t-w r-rvK ^-^vvvvi^  C ^ -5 ^ ^ - ’ v^ ^6-V^vv\Y\z'K:^;C2)--2 .\w \^ ica-iifn<a>*V3V)=ia'J
Cq» i5 tn 7*n K ^ -'2 > ^ oi-e> > c 5 * s wivv1" ^  p 1 0  ;
= 'W1"K.x+3v^2 'K.^(-V K i.- w\w K-^ I> oc  ^ * 2» ^ v v K .^ -ia ^ K ^ -^ W ^ K ^ -K
Fina lly  Eqs . 3 . 1 . 6 , 3 . 1 . 7  and 3 . 1 . 8 . are substituted in the moment E q . 2 . 7 . 8 .  
to derive M x and M y . Thus
y \ x r  -  2 0 0+/^ titt) -fcCi-/*) Hs. . <&>/« -K i-/* )  He.
A . u 't t )
*  —  2 / t R * ( i + / 0  ( 1 -ce.s^ I
^  ( 1- •2 .WJpxeaS2 .9  +  Cwvn p&G«>s.©-6 n p + w \ 2-pii +  ^ v^-p8J  
+ W K i- /* )  ^C8S20(H-V*P>3) +  ^ ^ 0 (f»»o+Jbu) + tc^69(6ia,-V(bl3) + CaS^9(e>i4-Vp>i5)-GbC(lO»^6 
-CtfSn9|bl7+|b|&lx-7-------------------------------    =-;---------------------- .a
J ^l-2.w\^C«S^9 +  6vA'tv^ <Loe>^ 9-6'«ipTCcisli9+-w\2' f 1i4.^rvl^ y  
*  ^C«S^0(C7+C83 + Cosit&0 V rCu>) +  CftS€eCcii-VC.iO+Ccrt.S©CCi3+^)
-vc<»siO0 Cci5 +cife)-vasvnQ
--------------------------------------- -..............................   3 . 2 . 9 .
( l - 2.w\^CcVX.0 -V &>vwtp&(^*&-6rtf4CosW+W\a'ptt-V
A ll the equations derived above are applicable for any point in the plate  
under consideration. An expression for M y , sim ilar to E q .32.9. is also 
derived from E q . 2 . 7 . 8 .
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3 . 3 .  Function W2
* ———  Co&jicp ) The associated complex potentials are 
‘ fo i te ) * 0  > 'MoaC’t) = £&£?•%. ; X 02 .C * ) *X)
Also
-A— f  cL <& -  -  S and* * 1 .) <s--< D
r
1 € p /y o  <*<*_ ^ -  f n  5 \ 4 n  2.a , )  r
Hence
cp.(-s)- 2A&1 _1_ =q .,(-$ )  3 .3 .1 .
c*  D  ■. Oa-O ■ .
Again
{ M d M .  c U . -  -  2^  (v n -s + n ^ ) and 
Y
i  cp/ fe) dU - ' - m Y m  A ■ m .y + 3 ^ ^ 5 -V^^'S-V2>^-sHS3 >\
AXi J,U)'C«0  11 £-;$ ~ . . 3> YV”| /
Hence
o
,r c s )= M * ? f  f  rv- m * -  3nX _ A J S  y i ^  +  ( W -  JTL -  jgc^V-Lw sU-Co*
^  j> IS  u ~i  •n * i '  *  ^  n ’ v ^ 3 j  *
a ^ Y w r t + m * -  JEGl t  -  3 w rs » t s y ^ - v ^  _ ^ s  . , > 3 < 3 # 2
'C  ^ ^  \  1 -  n \ t & .  ’ YV-i /
Als
X<
Then
%aCO*X©fcCS)  +  X<^CY>
= +  i  -VCo2 ............. 3 .3 ,
I> \ \  u - i  rt-W  S* rv_v vv-u 8 J * *•
where Cofc is determined from condition (c)
. +  ,
The deflection function
2 ^ ^ Pv 3 « e» - - i ) a ^ e  
+  Cyrv- ^ i - ^ i ) ^ ^ e +  ^ r p!l' " ^ : ]  . . . . . 3 . 3 . 4 . ,
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Bending moment along edge of column capital:
Mp+Me =:
51 ^ to'Ctf
= S^R2' ( H /^ f __________ CosR.6 ( ^ - ^ 6j -m p ^  y
{^ 1 - ^m<?^Cos^-V6 w\nf 6 CoS^ Q-6npi1Cos.4e-4-w\^pt» +  ^ Y\i,f aj
Hence on the edge of the column capital where ? = 1
ftp -  _________ CaUQ ( l - 3 n )  -  m.________ "I ..........3 . 3 . 5 .
*  YV-l ^ i - ^ ,n\Coi e^+fev>ary,OssRfQ * ...................... r
Also
M 8a . - / A* M p ii 
General bending moment expressions
2D 0+/0 Ik  a * M ______________________________________ _ 1 .. 3.. 3.
. TL~* L^'R,mp*Cos;^+&™ue6 C<s^0-4n^C6s4&4'YY\ze1*+3n^p& J
Also
^ f t )  ® e ax0-v^^t.4ve-o ( i 6  oc17 c T ^ - v ^ io -
4 ^  — oCi}^ -v-^zw
, . 3 . 3 . 7
( i “ £Tn42'C<»&£©46wrvp6c&sa©--£YipitCos4®+,M3-Pi44<3Yv,1-p8,33
where
oC± to oLy are basic parameters as before
£ P * 4 & y ^ P 10 j  ot1Q*  6 wmPBjo t i i a  6 n e S  °^ ;i*R Y tP 6
<*1 5 * oCj-otjoCio-t-^^^il ) <*•!£ a oC^ otg +  ^ o^^ 4oC50<iO“ 0 2^,0<iR “ 0^60<‘H 
c(y7 = oCi|0(ft 4 °<5^9  4< *6 * *1 0  4<*3<*l2. S °^a a + c* 6 ° ^ + ct*t oCl^ -
o(.i^ - 4-oC^i ft ,  j  0 (^ ,0  4*
^  W  i “ &™-P*C<rs;ie +  6mrL^6 O3S^0-6n.p,+CosA6+m,I'P  ^+  sn?'P& )
•4-^7^ ( ^ ^ e .2'i ^-o(^otZl4-ol3^e^,'e^ o<3^e^lVo(3?>t6 l4 . ^ C 6v^ .d35€^%<X36C8-+o/3>Tr€l0l^ ^ S ^  +°*33j| 
v (i* 'R (m(>^CCTS^9+6'nnnf6 G sS ^ 6-6^ f^<:^ sAQ4-vif\a-fH_^.3y)i.p 6 )^
. . . 3 . 3 . 8 .
where
oiz ^= -& -  j o C ^ * j _ - 5  cCJl^ *3 m H W '+ 3 + m * 'ir i.5  0^ 5 * iSm n-vnHG rnn^-m  
yv-a a -i
oCafe1, 6TnnirL-3Yia-SVL 5 oC^ = o l ^ i  iyvy\ 3 ^
s —°<i *14 P4+ P6+ P6dKiv<%\ P10-V ol33 p* 3
<% “-^ c ta ^ -o U , <*JL5 P6+oi5 0C^ 6 P8 + <*6°C*n ^ ^ 2.8 P* i
oC3i «-o(.JOcX5 f>6- ^ 06s,6?<S-hoi.3o( |^ ^i0+o(2 Mf^ j
-^ t fx g p k  J <^33»<^2.5?6+ °tj^ 6 P 8- ^ 0Ca'I ^1C>i  o^fp-clso^ijP-o^oC^P^o^o^P6
^ 35 * -o (^ P &+o(i0^ 2.7 P10 j  0(36 ■ - ^ 0(3,4 °^37 * - - ^ 2.7 P10^
< % a -  <*33 a ^ - ^ 3 ^ 5 P6 *^ ^ J te P 8* 0^ 0^  Pi0-  oCj o(^s
F ina lly  substituting Ecp.3.3 . 6 , 3 . 3 . 7  and 3 . 3 . 8  in E q . 2 . 7 . 8 .
' *  ^ R ^ A-y/^C ( pVavtfi6)  Co&^ e -m e ^ ___________ ;_______  1
Oa~l) I  l*8 .m .p *'C 6S ^ 94  6 m p feCc<,2,e-6n.pHCosli0 -p w v^ p ^  J
(i-f*)\ (°£i3+<*J*i)Co&2.e +(o(.js-oti6)CosA0 + C i^O~o(ioCii -otn) CoS69-Kotil-o(iOCos&9 
n - i  \
-  dx<$ CoslOQ -< * 2,0 CaSiJlO 4 - o k j l  *  _ ________________ _________ l __________________
A CW^p*G**e4'6<Y\Y>f6Cc&£9-6Y\p4< ^ 0  + m ^4-t.$Y\i‘p8}3
( fo^K P^-ym p^^^riP^C os^e^SYlpW ^Q  -  ( ^ j u m p 4) 1) ' 
v ( i - ^ m p ^ a © + 6 mnP6Cft^0 - 6 nP4 CD^e+w\'3-p  ^ -V^vV^ps )  i
“t" °^ & 3 ^ 'W + ^ 5o)CcsS^ 0  -h((*2>i+ °£32.)Cos49 +  (°^-V-°<3<0CoS60 + (oi2>5+°^36) CosSQ
+  (^37 +^38) CosiOQ 4  °^331  /  -— :----- - 5 -------- ------------- g-i------------ 7_______ __________
A ( 1 — p^Co^e4 - 6 fttti ^ c^^^6^^sAs-pvu^p^-f9n^ps)^
 3 . 3 . 9 .
Sim ilar expression has been derived fo r  M y 2 *
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3 . 4 .  Function
W°3 =• Cos£<p j  the associated complex potentials being 
% a W * T c  ■> " tiiO Q  -  • X m M - oD
As before
J_ a - - V K 3 55
Y  
Also
u a  J c y c S  3  cS-3 ^ V3A
Y  
Hence
^ 0 )  =  t  -  Kg u 1 J ’ ) ;  and
D \  n .-i '
'Psf'S) =■ +<fc4C-S)
"  ^ [ ' Sf e +2,mS- V 3 ’a)  ..........3 . 4 . 1 .
where
X»j » Srm*' Y3M-2> 42>XY\z rt-V 6rt'1 j  Kfc -  TOS+.W.Twv+3tt\ $ ^ 5 = 
Sim ilarly
4 ^  -  -  W 5 jjj?f 9 m4-3m^4 -y^Tanft )4 -13( l 4 3>ra^4 6 r t 4-gmz a+ ^ n ? )
Y  + 'S^(,6yYm.-\-3wr\*) -t*Y7 3n?'^
J _  fjfc>S5 t c p / Crf) d & _  -  - 1 B 5 S  I i v ^ l . - c  
* * *  Jto'os) 3  <s-$ *  I
Y
-3rU<C& S -5 vlK o) -S3-5 ,i w \3$ 5 - 3 yi/*S? +
+  V -s V s m n -^ + w m ^ + a n ^ V ^  / K,  >y■ <Un.a; »y i ; Hence
■--Cl— wv^-avys1*} nW-1   '  J
Vc3 C 'i « -  3 ^ 2  \  K iD S -V K flS H K i2.S5  +  K i j $ 7 + 3 > W V
_ m V -fca^ S -t-w K t-V S n '^V s3 ( l^ L -a K s S ’LsK sS ix iiw nM -an3^ ) '!  . . . 3 . 4 . 2 .
1 - ' oWi  J
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where
K io  = 3VYi+3w^4-6mrL+^vr\n^ + 2>nhCQ-
K i j=  i+ l^ jriJl+6rL+^Yn^h.+3n?+3Yn/v+ 3 C ^ i '^  4*5rLK3 j
Kia.a^imA*i'18mn^*t-»5 w 3n  + ^ iw n 3 i  X 4 5  * 3 n * + ; i l  m ^ r& '+ s n !*  ;
Also
■ PtaCS) = ( Cl*  % *+C iaS ^ c io S * +  e ^ t ^ s )  +  Co3  . . . . . . 3 . 4 . 3 .
where
Co^ s "  3 ^  ^  WJ6 2  3 txx^~ ^m ri^+aifn^
The deflection function
iftn » i B i  J (  K t.. t 3 ra^43a-3m ^P ^-kY n i a p ^ -3 a^ P s^  Csjt +  3 ^ + ? ^  a K i
V . . D  ( V r \ - i  ^  *, n . A
+  p4 3m ^a +  pt,3n*i-) Cos>JlO-V^3mP^-3Yr\Yvp^-3mTxp6+ m ^ 4 -^ 2 .  P4)  Cos49
+ (yv+ £?,o e6- 3 apM  CoS69 + C 31 Jos P + P *( m ^-T 4 . 3 m V  3 Ywv)-f1^ fevYm-vGmn2-)
6  y w
4- 3 m  _  m K i  _ 4 . ^ m rL ^ -^ ra  [ . . . . 3 . 4 . 4 .
? * >  r t - i  J
Moment along edge o f column c a p ita l:
^ ? 3 +  4 ^ r , C o s 4 0  4- Cos 60 + f > ^
^  ^__________________________  r
i -  R.tvip  ^C&sJt8KwY\p6 Cas;t&-6 ii\^C6s W M V W ^ 8' 
Along the column capital edge i . e .  when = 1
M fk  * 4 % 0+ /*-) + 3 tn  (2>£0 +  3 m 2'- 3  (bis n ^ 5 a * ~  3)  +  fe 'A m a- 3  (i> zo  + 3 ln )C os40
-  6riC os69-3w v-|i> i^na+3(bz6alx/  ;------------------ _ J L _ ----------- -------------------------♦
j  (a -t jUn-cosas-H ^mac^sR.0  -TCrtcos^e ^
. . . . 3 . 4 . 5 .
I
6 i 3 » £ l4 .3 m ^ + 3 n  } £>3 0 * Sm -Vfiwia (b^i = ^ fH s v a jb ^ o  P^+Sm^p^- ^ f 6
a - i
-VhS n * 'p i 0 - 3 P r ^  ^^*>5m YvP^3|b3oP^3Yn4-3raa?i la* S a ^ - is a e 6
where
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Generalised bending moment expressions:
^0«9x(!>ti+P>iw.O«.<t6+fr*.sOjst9+p>g.ilV  J _ -  . . . 3 . 4 . 6 .
where
' F(f,e) = l-2mP*Ca£R0+6vnnP6(>s«tQ~6npVos4e4-vY^pV^Y\1-pa^ and is thus 
used throughout the analysis.
Also
• <3CV) [cs.it
w '« )  . '
+C3 oelolV 3 i e 10’flK 3 j€1R'+ c M t r t '+ c ai , t l'1'9-vc35£l&''tc 36l  x i
jT W )^  -------3 . 4 . 7 .
where
-o t^  g>31 -o<6 g>3 ^ -^ 6 (i>33 i  * (b36-  oil P>31 +<*z P>3^- <*3 £33
C^5 = 6 *1? * - ^ £ > 3 0 - ^ 5  ^3i-^6(b 3 s„5 CR6’  g>3J;*ofj
- 0(3 Pi036YV^ C^ -jr = - ^  G r^ -t-o ^  |2>^ —°<3, —06HP>R&-°<5 £>30-°<6 (^31iC ^ *  (^RT^i £ 3 3
C3 1 *  - ^ 3  * - oL.^^ - c ^ 5 p>34- ° i  6  £> rs j  C3jj,»-90na' f lc‘ 3C 33--^H 6A p ? ;^£)^ - o < t ^
C ^ - ^ s S n p * - ^ ^  • C ^ - o ^ n p ^ ;
/ ,  £ 3 4 - 0 *1  £>*1 8 + ^  £ 3 0 - ( bs^- of e pl090Y\*.
Also .
^R5  -  & P>-1^--6w^-54yi;> fb^ g - ""36ty\yi—iR. Jb^ C) -> *  G 1^ 5,0 “V- G
(b s ^ ^ f^ R V -h P ^ o m ^ ia -tp ^ a o ^
v
|33 3 * P %^ m n -V fU 9C>innYi^ 3 GP’ ^-i^ ro^p^  +  p ^ r x ^
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Again
% 6 ) = 5e^0- c H7e4 ' %  C^e^+Cq^e^+Csot10 -  c51V  J _  
j> l>  . f c m )
~ ^ e ^ W ^ + e *  e *8-  C s ^ V ^ -  c ^ + c ^ l  cS5e slV 60 ei0lf> 
-rCfciti0'®+c6R,ei:tl9+cC5ewi6+c6i(eat{’+C£se“'i6-vC6Ax _ i _ _ l  ........3.4.8.
\  | F a . » } 5  1
The generalised bending moment expression is obtained from Eq s. 3 . 4 . 6 , 3 . 4 . 7  & 3 . 4 . 8
( p>JU Cos £ 9 4 ^ ^  CoS A© 4  £>2,3 Cc.s^ e + (b^7 *  ___i— 
v. 4  F(,P>0^
-  ^ f r A )  ^ 0 ^ +  C^)Cos2.e +(C2.4 +C-J.5)CosA6 4-(Ci6  +C )^CosG9 +(C2A+C )^CtoS
4-(^30 +C3^CoSlCi9-4-(C3^ H rC ^ )C o S 4 C34CoS iA© +035  CoS 160 +^3g| X ^ _L _^
— Ci^Cos £9 4 Cif7 Cos A® Cos i*Gij3 CoS 6® 4- C50 CosiOB-Csii X -i_
Lb j  F6 e)
~ ^ (C5JL+ C52)Cos2HCC5H-<l55)G5SA© 4(Cs6-C67)Cos 69 +(C58-C55)(ksS£4{C6o-C60&siO6 
+ Cg^ CoS 1X9 4  C63 &S1A9 4 C$n CoS 169 +  C65 Coi 1S9 . . . . 3 . 4 . 9 .
A similar expression is obtained for M y ^ .
The connected parameters are
p3 5 * ^ l 5 [h3^  rriTtfi>35 i (637=
(2>^ q = 15mYv^C5>4^\VY\:i‘^^^47^ nra* 4  j  (64* *7 & n \zY\3 -{-2Jjn5 + 5 n 3
P^-ZTl'rrs'n* jC ^  - 3 {by]+m(53£ = 5 (&3fc—cmp>37 43fif>56> 5C39 *  -*7^3^~3Tnn[b8g
4bYi(b3^ 4BvaJb35“2>n(b3e>bCqi=.-li/2>m 41vvvpjAo42»irb[b2)o) .
Cq*.* - 1 3 (642.4  2>vn (b41 415yl jb40 S ^ 5 *  ^P>A^4X.\ rvjhqi 3 Cqq» ^ r^ (b 42.
Kxo 3m.Kn P 6- 15 tfKut f  105 C4g ^ a K io  e 6
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Also
C47=5KnP‘t-5 m K u e*- Cn%> S K ij.P ^ K iK is e ^ -W S m w '1?11'
C«*71C|3P&-81 m 1*??18- 3 C50« 8 1 mnJPJ° 3 C51 = m J ^ P *1 + 3n.XuP83
C«.= (JvjsP*- ^ CjyfP1**  ofjC^P6- ^  C3,  P<L clH C^oP^ -^ 5  CmP8* - C q a  
c53 ■ <*». £>36P*-<*3 C37p t < ^ 38  f - <<5 C33P8- * 6 CH0 Ps° i  C5z, = C37 P‘,- ^ C 3gP64^ »C ^ P & 
- ^ i CscP1- ^ O ^ - ^ a ^ P 16 j  C5 5 .  f>36f  *+«H| C3 7 f^+o(5 C3&p6+0fcCj,PS
C5« =C38P6-o<1C3o)ea+oia eM6P1-^ 3 C m P i!l-^M C 4x,P1i ^ 5 CH3 Pi i ‘><6 C4 i) P1®
Cyj = A  |b36 PA+o(5 C37 P H e ^  C3g f  6j  C5S « C33 p i  Ci,opi0+  cfeOu'P1- * ^  C42. p ^
" ^ M ^ P ^ -^ s C n itP 18,  C5 3 =d .5  (bas P ^ + ^ C 3 7  p*! i  C44= C q o P 'P -^ iC m P ^ + ^ ^ j.P 1'1 
- % c 43 plS- o<4 CMl, e18^  C u  = <<6 p>36, p*- 3 Cii, » CiU P1*- * !  Ci,* P W+°<S.C<, aP16-«ia  CH4 f  i8  
C63= C ^ P ^ - o f i^ s P ^ + o i j .C ^ P 18  3  C6 t| -  C4 3  PJi«< iC H1, Pi 8  3  C6 5 - ^ p ^ 6  
C-66“ 0<iC37p1!-otip.afiPil-A '3 C34 p i ^ 4 C39ei<^5Ci,£)p1i = ( 8 Cm p1*- .
3 . 5 .  Function W4
U o n - T*^Cos4^ j. this function can be represented by the two complex potentials
3 'ToqCO* ^  and -XoH 0 0  = ^
Also the relevant integrals are as follows:
and as before
■ y  ■
i C f^ i) J d . = _  (na1-J+na.ai )
j  k>'</0 < > -3  .
Hence
— and also
*  ^ C S )  3 5 1
Again
353 f  j f 1^  = * -4iE?3rVS 43 m2- $ 4- m3 Si+6w n,S2!4-3m2-n'sS^.3n2-554 '3 ^ 5 7 4-n3s *)
y  ^ ” 3 ^  ^
v
a -  ^ R 3  4- 3 m y « w 2 > 4 .  /  2>^ _ y  ^ N\ ’)
D I  ^  \n . - i  V ]
Hence
" % ( $ * -  ^  [  ( 3 m H 6 n -  2 ^ ) 5  +  (n \8 + 6 m n + 3 ^ 3 8 4 (3 tt i54i.-V-3IT^S5 + 3 '!W '^ 7
+ n ? t9 -  T Y i ^ ^ - V S T m r t ' S ^ - f Y Y /  3 m. _^r3A T ; . . . 3 .5 .2 .
i-T n ^ S -^ rt^  \n .- i  ) \
Also
Xc<,ft)= ^  ( c s t  fcgS + c 6S^ ;  + c «  ^ !  +  C7 0 ^ + c 7 1 ^ _ c 7a l i ° _ c 7i g y . c 0ii
; Then
■*4(5) » Xoit (-S) +  TCoi, ( i )  =  M 2  ^ 4  C a  leg J +C 7 4  'S2 '+C7 5  S*1+ i .  + & £  +  0/6)+C<u,' • 3  • 
where C0 4  is determined as before from condition (c ).
From condition (c)
/j
3&_ ^ 4 v i-  Cy^-.1\ rCLKx'i)} the resulting deflection function is
+ ^ ^ i 7 f A-4m P ^ +  C7^PR4 ^ ^ C b s 2 ©  +  ( £ 7 5  P ^ P ^ + i . ^  Co^e-A^P 6
+ 4  0 ^ 7  & $P +^rnP*;K i7+4n--’ 4ro *< ,}   3 . 5 . 4 .
Bending moment along edge of column capital
*  fr(ty3P*+3mP6-3j343Vip6)G>s2&-3p^Cos4e-wi(b43pi*4-°>n.p8Y *  J ___
I  J FCP/0).
Hence on the edge of the column capital
M p ^ l6 4 R ,g- j ( : ^ t 3 n v - 3 ^ 3 n ) a a f l - 3 C a^ 9 - m . ( b i, a ^ 1 . . . 3 . 5 . 5
I  1 -  R,mCo&&0 + 6 mrLCo£,&©-6 nG*s 4 9 -vvY -^v<^u'*' ^ H J * v 4
General Bending moment expressions?
. “ £D (l+ /}R e $*C$) “  5^R ;iCl+^)^p>43P;i4*3mf6~2,^3rLp6) ~ 3 p i,c0s 4 e -m ^ 3 P V ^ n P 8,|
. j  * »• • #3«S«6»
Also
-Ji>55eai—(bB6 e I0I- i  (b5 7 eTi:u9+  jb5&] . . . . . 3 . 5 . 7 .
% 'C Q m i w 5 f ( i 1|8e8 i 9+ p 0 e !!ie+  p.5o£4ie+)b5i«''i -f>5!i.e6 i - ( iS 5 £  6i + |b5 ^ * 19
W'tt) * x> t,
5FCm )J;
Again
=  lc 4 l e *iic g ^ e * l - c e3 ei,ie+ c $Ite'‘,lV 3 n .f8'e 6 te+ c s^ x  jL .^  
+  { c &8^ \ c g 7e x iV c 88e4i i c 83£ 4i9+ c 90e6i 8- c 3J e 6ie+ c3 ,c 8i 8- c 93e 818
: _ i _  ,
[FCPWj-
+ c ^ c ttti9- c 3 5 e J0 V a t ew % C 3 7 j ^   . . . . . . 3 . 5 . 8
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The generalised bending moment expression is
~  4 | ^ S  + |^9)CosJ16 +  (j?>5 o+[b5 i)Cas*te (^p>5K.+ [*>53)Cos60 -t-((>>54-(>>55) CoS&O 
-p>56CosiOO-p>57Cosi^0-tp»5e]x J —  .
•> [FCftQ) } 3
t^^R ^C i-A ^C cg i-c^C o s^e-C css-c^^co s iiO i-^n p ^co s^e  +c&5|  x a__ .
+jCC&6 +C g 7 )^ Cos2,9 ■+ (C ss-C s^ Cos4 9  +  (C ^ o -C ^ ) CoS60 + ^3X ” O^s)<ks&9
‘'* (0 3 + - 0 ^5)  Cos 1 0  0 + 0 3 $ Cosue + C 3 7 I  x 4—  1 .a1. . . 3 . 5 . 9 .
J { K f c e ) f J
An expression for M y . is obtained sim ilarly.
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The parameters associated w ith function w ;^ are as follows:
1 ^ . 4 ^ , 7 6ri, 3 K 1 5 -Yn.3 +6m .n+3m  3 K i6 *3 m 7 n .+ 3 n ^  3 ^ 7  =
Ce7« X j / , -m n .K i7  3 -  fc.1 5 - m K j^ -m A X i7 -3n .^K i7 -X .i7 -t-3 ‘nrm
c6S-Ki^-vyiKi5*r3nJ<.iij~3wn:1<'i7 + 3 ^ 4 ® ^  4  3 3 C70 = 3 * ^ * - ^ < 16- 3nKj5 4  3mn 
€71 * n 3-3rrtV -3rv;K i63  C7£ *  40 vnrv3 3 C72> * 3n4 3 -  2,c68 4 ^m3-Vi^mn.
C75 =Cg^+m 44'^rLR,+lR,'ra^n. 3 3 3 r
f>^s^n.|bi, 3  46Yrv3 ^ , 5  *  = ;i{3i,3P*-i;tm<?6+rv£w P'I<:>
p>H7 = l^P**- fan  »"■?* 3 £>48 s ^ 5 -  * 1P<tf - * R  p&3 P>J»G+*4 (ty
- ^ ( b t t f f ^ R r u ^ p ^ P ^  P5C>*P*tS +  ^lPV7+ *iRft»*P65 P 5 1 * -oi3 ^ 5 “ ^^^6+^5p>it7 
~ * 6 f^ P 6 + * n°kfH 3P 63 P>52,*P>^7+oiiP>H4f63 1^ 53 + ^ 6 ^ 5 -
P b ^ P M ^ S  P65“ P^5^5 + + JtN'OU^i^P^j 4Rn.o(5 {bi^P6
p>583"’ ^ l^ 45"h^R^6+°i3(2>i»7“ ^4 ^ P 6+  ^ P ^ P 6
ri-4 YV-l
C77s: 3 (^ *4  wyVvfoo 3 Cyg =■ 5 +3wn*lp>6a 3 C73 = - 63m rL-Sm (b6%4  2>n, |bgi
C8o * ^ 5 m ^ w -3 aPiGR.3  cSi = eg*. * 2> e’ ^ a m ^ H s n ^ f 6 '
5 C8 tf =. 3m. + 3mnP43 Cgs* 2,7mnp&-3m -Tn (2>ssC3^ 3 c86* P^w nfoo-^-iP^^  
+Q^a.f6C7 8 -o < 3  P8 C 7 3 -^ 7  e ^ C a o - ^ B P ^ S l™ ^  C&y « pSrin.  f  fic 7g
- ^ 5 f 8C7o>- ^ 6PiOCl803 C88 = ^ C l 7 -<<i f^Cyg 4o(a>f dC73-^2>eioc6ci -*c7ditPi; i8 im ^ ; 
Cg9»o(*)p'YYmp>£o4 P ^ 7 7 4  <^5P^07 g4<=^PsC7 3 3  C^o-  f  6C 7 8 ~ ^ lf )*C-7 3 4 o{RP10Gs>c>
-°<3 *”3 *  °^  P^mYv(2>£o4 °<6 f^C.774^6  P^Oys 3 ^ Z s P^ c73‘“ ° ^ f  i0Csa
^ ^ R f ^ i w n ^ j  ^53 *^ 5  P rr>rv(b£o4*°te P ^ m  i  PA°C6o-°^i PJ ftimn'1' *>
c85 * P^mrv^o j>Ce>6  * f  U81 wm^ j>
C37 S«^ i f ;lYnri.(b6c>+^p 4C77 ~^2>e6 C78 -o(qP8C7 3 - ^ 5 f^ c 8ci- ‘<6 Pi ^ 8 1 mn^
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3 . 6 .  Function
^ 0 5  -  —  G&4CP j the corresponding complex potentials are 
3) R
Cfo6 & ) = 5 | i Z 5  > Xo5 ^ ) ^ o 5 « = 0  
Also the integrals
i
Y
r  j  d-6 = -  ^  (K j8 S + K i3S 3 +3<:R0'S5 + K a ^ 7+ K a is V K a a ^ V v r m Y ^  J15")
_ i_  CD• '  c<s)^i _ - / r v a i 5  + ^ 2 . 0
w i  )  o'Cd) 5 <4-3 ^ J
Y
Hence 
and
; {PBC?)-<fc5f t )  +  (Po80 )
. m s ^jC3 o-S -X 3 l 3 » - K 3 aS5 - r i 3 7 + i | a 4 ^  +  gi 5 l  ...........3 . 6 . 1 .
Sim ilarly
- ± r  |  d<s =  -  -5<^  ^ K ^ S + K a 5 5 3 +K2.&S5 -FK-z7 S7 +i<-2sS3 +l<2.5"Si V n ii51^ )
Y  ^ • j j'||
_ *  f  S ®  & iR £  J -2 > n K i3 'S -5 tL Y :ao S 3 - 7 n K .^ iS 5-2 > n iC R ^ 7~ l l n K 2 .2>-S2> ;'ji
J io'C< 0  5  ^ "3  £> \  ; {
y  ■ - ; \,
-\13Ynn5$i l - 3 t t 6'$iS +  J0[i^£!!i^~'am1<.x'5S2>~5yri^oS 5“ 7 m ^ iS T^ ^m K ^S ^-iim K 2.^S li  ' 'n .-i
w ^ W U m n sXi5 -h + 5 m Y N 5 '5 + ^ 3 + 3 Y )V ± 3 ^ _
l - w v ^ - i r y ^  > .rw
Hence
7 K Z1SS-  3 K aiiS8- J l ^ ^ 1 -1 3  m A 1* -  s « 5Sw)  1 I
^ < . ( 4 ) = -  5 W i ^ 3 ^ 3 + K 3 5 33 +3<4s6 3 5 +3<:3 7 S7 + K M S9 + ^ 11+K<,c,31 3 + 3 ™ 6 Si 5  
D C .
-  ^ . 3+ 5 m 5 ^ w^ + W 'a'^ + 's3/K l»  -a K i^ -5 y ^ t7 K M 3 -^ y » 3 * -ilK z< 3 ^ 1 3 w V ^ ^ ~ ))
m W  -v
3  t s f t )  . . . ' . 3 . 6 . 2 .
X c 5 t t )  = *5 C 5 )
“  §15l(C3i<03S+C.O|9 45+ cioo^ !  +  C1 0 1 if+ C i« ,X 8 ^ + C o 5  . . . . 3 . 6 . 3 .
D \  2/ A fa 8 J
where Co5 «s obtained from the boundary condition (c)
Co^ —”” ^K.3  ^+  3^30“**
The deflection function r .
t&5 = (k30-m f'’X31-n e8X3R+ f*e*>9 +  JTL + mK3i+n.P,,Ki o')
a} |  \  *i '
+  (“ fN < 3 i**Wf6^ - f t * f  l6+ l l !  Cioo + J -  +  IS?* +v\ P ^ s s )  C as^
M 5  f® p!*»
+  £ - C aoi -b JOQ-+w\»i) < L o s 6 9 4 -(-f r v V - ^ C Jo;i+  Cos8e +  C 98 k g p
6  5  ^>4 a 5 f  *  /
+  £ M + - m P ^ 3 0 - 'A P SK 3 j-K 3 3 - " i K 2 >o + 'r>-K-a,ll  3 . 6 . 4 .
• J
Moment along edge of column capital:
« p 5 + l i e 5  = 4 (1+ /")- 5tiR*|(p>6 iCosJ»+p>«i CoS46+f>S3 Cos.40- |i>S6  CoSSS +  p*;'?) x  J _ |  
Thus along the column edge i . e .  when Q -1
3 . 6 . 5 .
1 1 ^ 5  ■ £0 ‘^ ((fo aC o S & e  +  p>64 Cos 40 +  £>65 Cos60- (2>€6 Cos80 +  jb ^ X  ...4__
'  EJ(Pe)
and
M o5= /S t ^ e s 'j  where Fi ( f .e ) » i - 2 .mCasW-V6 wn:Gasae-'«n. C o s ^ + m V ^ i  '
General bending moment expressions:
-S.D(l+/') Re. 4>5CS) =■ lip f ) -  S ^ f  (  p&aCoii# +p«Cfi^e+jb6&a>4€8-p«<ks&94f  ^  < - ^ ^ .3 .6
Also , ,
 ---- * . f  S.I© - 2 i6 4 v9 -^9  file -6v9 -S'*® 4018
<b ( X \ - \  +Cl0^  +CA0 5 € + ci06^ +^1 0 7 ^ +^iOSe 4-C^ot
' uFcST 5  ^
l+ cu 5 e^  ” cii7 + C n ^  • * 3 . 6 . 7 .
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Again
f t )  =  \  c1 1 5e?l+ c 13 ^ 10'-e+ < ! j ; ,1  eis-ia
+Ci38^w,B+Ci39e l6 l- cM ol x - i ----
J FCe.®
-  |  Cji)1e.x' 8+ c m a e :l,'+ c 1 4 3 e1,1®+cm4 e'‘' l + c 14 5 e6 i + c w se 6'’9+  c w c ^ c m 8 = 8 t 9
+C 1/i5e10l t c i 6O£ l a l + c i 5ie i!l-l 9+Ci5«.ew 6+Ci53el6'6+ c is>4els i9+C i55e :“ l'e
+ (:156e*Rt9+ ci57ell,l'* '<-i3&l )< _ i _  ,1  . . . 3 .6 .8 .
3  [F (P ,8^ 3 ]
The generalised bending moment expression has the following form 
H x 5 = i O ^ ( i+ / 0^ 6a c o s a e + ^ c o s ^ e + ^ C o s 6e-(b66c©s8e + ^ 67^
- 5 W ^ C l- A ) | (c 4 0 3 4*Ci0^CosRe +  ( C io s + C ^ ^ Q ^ io n ^ C io ^ s G Q + C C jo j -V ^ C o ^
+  (Cm+Chu)<joS 10 9 +  (£ii3+ciia)C!3s1£9+ (C115~ Cii6)Cc& 1^0-0^ 17 CoSl60- Cng Ox$128-t- Qi j^ x^JL_.
L J
- 5 « l ( * f ) r  { ( C m -  Cos 7.8 + C133 ^ •os ^  <“6S 68 +  C* 55 Cos88 -V C y*> 6 CoSlQ 9
4  C 3^7 CoS 1^ 8 +  Ci3§ Cosi \^9+ 0 ^ ^  C°slC8 “ C ^ o l x_ jL_ (
) F(?.e)
^(clAi+cmx)Co^ 9+CCiH3'V-Cm4)Cos/t9+^\45-VC.^Css69+fc»H7-VCm^Cos89 
+  (C\HV*Cl56)&Sl09+Ci5i Ce£l;t8+Ci5;tCc>Sl49+Ci53C^i6&+<:i5AG*i£9 • 
+Ci55CoSZ09 +  Ci5^CosXR8+Cx57GjS^8+C>5 & |^ _ i_ _ - 2>*j . . . 3  6 . 9 .
A similar expression is derived for M y^. The connected parameters are 
given on the next page.
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The parameters associated with function w~ are as follows:
o
4 - A ^ 3 n.-Vm + 6 'WYi*'+4 mn. 5 = Yv/1a4-2.Yv3 4-4YV\7-^ '1-VA,'3
5
Kj£ 3  = rt^JtTY^A .3  j X £ A ~  5n48TA^+^^A.l4-V-l^ 'irAaa+VY\4^+6A.:2‘+l^rfyl-A1':;
= m -f  ^  ya^+"m5 + 6  mA-'l +A R.yaa. + 1  -m3  a + if m 5  + 1 ,^ w
^ 6 3  — +w^4-A^+6v\‘a*+ l^ w aYv+i& ,m5’na‘4,*Hwi'Yi+6rnaY\^  ^K 1.7 ^rn^a+AwN^+Awrt^
5
+ i^rnrv^-t-6  ya3 yi7’  ^ X .^ 8  « 4  YU3- * * 4 va2'yu3 -Vyu^  j  s 4  wm3-*- ran1*
Jlli--V2.YA3 -4*Amn j  K 3 1 -;K i^ -m **-;0 A.*-.6 YY>an  ^ wv*4mY\j yv+^w2- 
K 3 ^ * K 2 A + a n .K i^ - 2S ^iS  3 ^ 5 s ^ 5+ S n 3< ao -V *am K ]5  jd < a6 «-J<i6+,7nK a.1+Sm K2o 
K 3*f »  4- S Y uK ^^+ T ynK ^i j  X 3 g 48 X ^ g + l t w K ^  4- 3 >yaX^^,  ^X 3 3  * X x 5 4 -i3 nm 5+ \l m K ^
K^o = ruM- 3n6-h 13 3
4.3yy\aKi<3- 2^  -  _Kj*_ 
u - 1  ^ n - i  yv— 1 n . - i
Cioo- K 3 ^ - ^ K 3 5 - S y iK 2>^  +  2)K i^w ,j*-* 3w\A.y\a ^  5 iv \n ^ o  +  5n2,iCiO)+ 3 Ki$
9  ^ 2>7 *" ^ ^ 3 6 “ S tv X ^^  -V ’S ^^ 'K j.o  A* K \^  Hr T yv\a K ^ i4-ISYV^Ks.© A" b  X 2 .0
C io z  » X 3£ -  y n K .37 ~ 3  * ^ 3 6  + 7 ^ X 2.iA -\5 m rv X ^o  4- 9w \a.X xxA *’Z.l ym<2.> + 7 X2.1 
^ 3 =  X 2>c>f>Jl+ 3 m’X 3 ie 6-+15rti<3^p10+w vK 3^p ?l-3 rv X 3 o ^ G-s m
p ^ ^ - 3 X 3 iP V 5 m K 3 ^ fe-+^ iTr%;iplR4*3^H3YvK33?i4- ^ i  (b6 5 a - b K ^ e 6+TmneAC)
4* + p>fi6 * 7 n p s-aYt5 (b fiy ^ -X ^ -m K s c iP ^ A -^ a X iie 3
(2^  = W<3 o “ 5 ft mtv j  (b^ 5 « aAa-Via,™*^ (2>to = i^ X 2>i-t-l^aX33
(J>»jj[,» “3^X 3 ^+6yaX3i 4*6 TVX30   ^ j-^St “ -"Hi)6 yu4*2.0 raK 3 ,^ j (^T3 tt A l^vnyv"V3oatC3 ,^ 
j2>Y^=—/5>6«5 +  lb^YYvp4 - ^ 7 C>Yupsi  |b<js* A p ~ - ( b ^ w p ^  j> ^  * (*>63P^-p>7ow f6+ ^ i .n p 1Q 
j3rjrja^p>7 6 pt* ^ . ^ Trup?4.p)^jl YuP1^  (b fja ^ fb ^ iP ^ ^ ^ w P ^ + ^ a a P 14 
fcrjoj- p>^f84(i73W .P 1^ rSAns?i6 i  |2>8o^ jasi^ lb ^ n p ^ ^ r n -p 2
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Also .
^ 4 0 3 -  (*76 +°<2,li>7 7 “ 0AiP>78“ oiAp>7 b ~  * 5  (S&O-0^  3  C.ioq* P>«15~ °<l {^ 81 ’
+°<a P>7M‘~°^3^76 “ °^  £77“’*5£>78-°<6 fcl'* 3 Ci05 =#7G“ ^i (2>77-Wa>78 -°*3 p>73 
-oCqp,80-o(5ftAirJl f i '1 3C i0  ^= 4m. ^cOi P75+^^>8i-°<3P>74~otA I*76-®*5 P>77~°  ^P>7&pit,
cAC>7 “ frn  “ °*1 (*18+ 0^  f»73 ” °^ 3 P ^ O -o ^ ^ ^ P 18, j  Cjoa- oCl^ §  4^3. P>n5 ~^ 2> p»74
P>Tfi Cio^a f>78“ ° l^P>73+ R^.(i)80-’ot3S^ri'Jlf>i;ii  Ci l 0  * ~ °C iA rt-V ^ ii^ l •
“ * 3  £>7 5 ““^5 ^  "“ * 6 (^76 j  ciil®P>73“ ^J f>&0 i C^^oC^Arv- ^ 3  ^
- 0(4 p>7 5 - ^ 5 p»8i-o 6^ ^ 4  j, Cxi2>- No-^a&An^f ^  Ciiqa-oC^A^-^M -°<5 £>75“°^ N l
c*v
C ii5 *  84Y l'*t1’;L jC Jlg s  ArVotq A-oCsitii 4<^6 £>75 3 C H 1 9 A w o ^  -\- 4 jm ^  ’ Cua = 4 y ^ £
pit
c m - A & i - ^ J  £>74+°^ £>76“  * 3  £>77" ^ A  £ 7 8  - °<5 £>73- ° ^  P>8 & a
P ^ t& t  > ^ = wmfifcA. 3 =■ 3YY)n-Kx^— j  (b ss*  5™^«&&a+3^7Xi<^-3mn/b<8;i ^
^>8 ^ 5  ym rvK .^,i4 ' 5 0Cy^K2.o + 3 Yy\Y> "Ki3  5 jb& 7  55 3 w \n.K o.i.+ 7 <7C7 '^ 2-iA"l5  rdn-^K-j.0  3 
/b&s*  J3 +  { b ^ ^ lS v n ^ - l - l l ^ J C ^ - v - ^  mYiKa.^ ;
p5o= 3 mn6+ L2>oL*iwn?43 3 mnYvK.2.3 3 |2>^» 3 o^n£ 4 3 3  w St5 j  £>$0 = 2>rrmG 
^1^0 = m  jb83 - 3  P>fiA 3 ~5  |b85+w P*A fSrL (b&3 3 CjlJU* - 7  £>^+3*1 /2>&5-3Yi ^ >&A3
Cu3*-3£>67+5m.f>fc6+3n.^85 3 C1Jl4 s -iijb g S47m|2>g,7+3n.|2)&6
43m p>g8  4 i5 njbg ,y 5 - 1 5  £>3 0 - H i m  (2>6^4 S.iYvJ3g8 5 CiX (7  = ~ \1 7  £>3i413m,/l>s©
A*27n.Jb83 3 ^ i ^ - “ ^bP>9^4i5va jb^i+Sin^ojo 3 ciRb s A7w £>3R,43b YL/b i^ 3 
CA30~ 45  nibs?, j  Ci31 = K 3£, -  ib Pi0 j  C13R. = 3n.AC34p6
^Sb = 3 *35 P*1-  5 m K ^  f  8-  JU ^ 7  PA  5 Ci34» 5 X 34e - 7 M  X a7 P> -  M «-  K ia Pw  '
C l3 5 “ 7 K . iT f 8- 9 m K a s P J - b i r v K j . e . P ^ S  ^ i i 6 = S> Km, P10-  .11 ™ K i s  f  ^  a s n .X 4a P iS  
C12>7 » 1 1 X 3 3  P1M 3 m K 4oPl6 -135 'w m 6P:w i  ^158= A2.K 4o P ^ - ^  6  tn8- ^  P18 
C i3 3 « A 5 T O n 5 p i 6 j  e i 4 0 »  v a K 3 4  p^  +  Sn3C3 S p 8  jC J I( i=  (bS5 P - ^ i C iM p ‘,+ °‘s.C aiPs  
~  ^ 3 C|S.aP&- o i l ,  C a b  P 10- “*5 P 11- ^ 6 C a 5 P 1 *1 > Ctt( i  * o U f 'S b f  *=- <=*-3 c '«> P 4
- o i 4 0 i j . i P 6- o ( 5 c l l3 . p 8 - c <.6  c n i P 1 0 ;
Again
o i i c ^ C - i a . b P 1"-0^  CiiUt PA—°i5Ci.x.5P*1*—^  Q2-6 Pl6j 
CiZjZj s - 0 6 3  (383?*-*°^ Cj-j.oP^—1ot^Ci-a.! P^— <=(,6 Crta-P^ ;>C.i45» C a a iP ^ ^ lC l^ P ^ ^ a ^ i^ P 10  
~ ^ 3  C ix ^  P 1 ~ <^ 4 C-1^5 PAi*~ ^  5 c i^ 6  P A ~°<6 C^ 7  Pi& * ^ iA  6 “  - ' P>te P1-  <* 5 < ^ 0  P ^ Q a i  f 6
c ^ a C i ^ p L ^ C i x a P ^ + ^ e ^  P1* - 0^ ^  p a -  c ^ c ia*  p16- o i5 c ^ 7 p ^ - o ^ c ^ p  * *
c ^ 8« - 0^5 (b82>P^^6 CuoPM3 Q i^ -Q iw P ^ ^ C ijL H f^ + o ^ C i^  (**-*» , C u *  PI€>
£12.7 PA- < 5 cia.& P * ° - * 6 C-ias P ***  C-isa » ^  P>&2>P510 C i5 i» £ 12.4 pxi^ iC is s  pi4
+ ^ J tca 6 f A4 - ^ 3 C ^ 7  P1* - 43^  CXX8 P^-^sCi^P^-oCfeCjtao j C ^ s  C ^ P ^  
”■^ 1 c12.6Pi6+ ^ c1^ 7 PA*~ °^ 3 CAJ18 f^Q- ^  Cia,<3 P*"-o^Ci^a P*^ j> 
Ci53«Ci^PA- ^ l CW  P^-Mr I^JU P^-^3 cia.3 Pfe-<&4 Ci^o P ^ i C.15 *^;Cia7p18 
-^ Q u ifc  P ^ - W ^ i * *  P51-^ 3 ^ 1 3 0  P ^  3^155* C l* *  P ^ J L ^ IA S  P ^ - M a ^ P * ^
^156 *  C1J19 p * -  °<l CA30 f  ^  5 CiVJ *  CX30 P *** 5
C i5 & (6&3p*4-°t;tcu o  P ^ ^ a  ^ .u i P6-  ° ^  ci2.2-P&*-< 5  C i^ P 1-  o( 6  c . i^  p*** 3
3 . 7 .  Function w ;
£=<&€>$  ^ associated complex potentials being 
R. D
<fW X ) = 0  5 ^ o s W - l ^ . z .5  i  • X o s O O - S i l
^  ■rT'D
the relevant integrals are
j*  old =* — |(5 'r t+ l0 r rv l)3+5vY\.'Ss + S ^  /  °n d  as before
Y ^  ^
^  <pc 'C « D j is L = - (  Tva^ +  n ^ )
* * (YC« 0  ^ " 3
Hence
^ c -O )  =  fs n + io m ^  s - 5 m 3 3 -'S5 ' )
b I> V n - i  y
-^ tC S )  . . . . 3 . 7 . 1 .
Again
1  o ld s .- ^ 3 ^ J (iO v a 3 -V ^O m n)^+(5Y r>?+i0^+3o^irt)S ^
U l J  <3 --$ JO I
Y
+  (m S+ 2.0 TYvVi* 30 wy\.*)s5  -v (simV-VL0 yl3 Y ^Ovw^n?*) $74  (io  m V + W  mr\3)  V* 
-F (5 r^ -V  lOyn^rv3)  S11^  5*™ ^$ 1 3 -V-n5 5 i 3 *^
i  f  <o5£>- cP '  fr?) dd  f~i^WY>X-5YV^34  •5^YN‘V 10.?!}?•< - irtyn'K ^
J> I  ^
Y
^  Y a * s H 3 w ^ 5 4-mYvS4 3 n V -v S V 5 Y i-H Q m V _
X -*w $2-3 0 .^ 4  \  Y1 . - 1  ''J
Hence
jK4i3+Kit^^-Vi<-43'S5 4-K.H4'S7 -F K^&SAi+ 5
-  m*:s3 +3wn:s5 * v m ^ + 3 n V - i . i3, / s n - u o m * - ^ _ 5 ^ a 1  . . . 3 . 7 . 2 .
l-y y ]^ 2 _ 3 n ^H \  'A '-i J
Also
Xct(-s)= 3 ^ !|c lt 7 5*-+cie,4 -s‘, +C i<5-s6+ c w S4+ c n 1 sw+c17 iS ^ + c ,7 3 ^ 1‘, + n ,S 1 8+6"'''\5 s ^  
+  (1 5 m a-K n ) .L  + 6 m X +  * +3<>Tn«+aornH +  Co6
■^ 8. 'JH i® J
*6 C S )» X o « C S )+ *C tC i)
«14T + 3 C153)'S*'+ ( ci a + | C 1W)^ + (c ^ ^ + C ii i )  -S 4  +  (c „  0 +S.
+Ccm + f  ^ 3 ) V 0 + ( ci72 + ^ ) ' S 1!'+ (C « 3 + ^  + 6 ^ ^
+Ci5 vn5L+ 6 irv)i;L+ ^ .  +  i  + b o  m*v + « ) w > |  +Cos . . .  .3 . 7 .3 .
where C0 6  is determined from condition (c)
Co6»~ Q cn & ifi+ T L Ow^j; the deflection function is
W’•p‘, + n I !;lt7 f ‘l- 6 n f ‘s+C 167 f‘;l+ 3C 4 5 9 P*'+l5TT\7 'P''t+6nP 'x') c « ie
+C-3Owvp7--6m p 6+Cx6SP‘,+ | C 1«>p‘,+ « m e 4)< ii4 0 + (-€ P 1,+  C40 p6+cJ«1 P€+ p ‘ 6 )c » i68  
+  (Cl70P8+ 5  CJ6J f  &)Cos89 + (Ctfl PW+ |  CJ(a P1o)CosJ0S+(c172.P1H  S^i Pn )cc.sl^S 
+  (c17jp 1‘l+ ^ -C 1&5 Pi ‘l)Cos A49 +  i.Cae,6agP+ mrvJC'tTP*-3 0 mn.p6+ l(s m n -in > ^ T j . . . 3 . 7 ,
Bending moment along edge of column capital:
Itec+M ^s-^D CW rAO ^e ^  p i
= m P ? C l+ /0  j(P>3/)-3TI f,;,!? 6) Cos^e +  f>35 COS49 -  5PSCas«9 +1^36^ x ^ i_ ^
Hence on the column capital edge
M p6 = J .4 m M (f,9il -s n .^ 3 )C 0s Z S + li3 5 te 4 9 -b C as69+p,S(>y x _ 1_ |  . . . . 3 . 7 . 5 .
v. F±C?»9)'
Me6 s/^}<Hp6  
General bending moment expressions:
|fliS3il -Swp>&iP 6JCos!'9+|!>S5C0i49 -5p 6(is69+p.a6^ x X _  .
<55!) A .V tjx £ M £ [  Cme* - C^e*1 W e 1 V 1T7t k\ z m ea! _ - c^pe816
w'Cs) 6  D I
- q 8i£ 6% C i8^ lol- c iaat 101'®+p>io2>ea ''-»<6 X _ i— - , .  . . .  . 3 . 7 . 7 ,
83
Also
I£ 6  C^5^+Cl8 6eZl+Ci&7 ^ C ^ t Ml+^5w f e^-Cig^e6 -lbn*e i - Q ^  x _ L .
- | cW leW+ c1 9 ^ ' '+ C» 3 ei'lS+C« ‘l'E,,,’+ C» 5 e6'' +  C i % ^ c13TeVl0+ ciSa«:&''^ C« 3 el<>’’9
+ cw o S lol^ -caQ1 eu , '6+ c M ^eli,' 8+ c w 5 "| x _ L _ .  . . . . 3 . 7 . 8 .
J SF<p.»p
The generalised bending moment expression is as follows: 
t lx &*  6^)CosW +P>^5Cqs40-5P 6Cos^6 4 -J ^ ^ x-A--^
— + CoS 4# +(Cjfl8'"ci7®?) C°s60~(Ci 8o+C ^C osS6
+  (p-ifcR.-Cl&3)&£>4 0 9 + ^ 0 3 - f > i 0 4 ) x _ i —
I. <*
^S^R^Cl-^^^tts+Cig^CbsW +  ^ ^+CjaiJCDS^ -V(^ifap6- ^ ) C o S 66-15W CosSfr
-V c i ^ l  y  J .
3 GY ir . - FCe>&)
“ ^(cl ‘M + CA®>i) Cos£& + (C^^-lrC.^^) Cos4& 4r Cx°>£) Cos69 +£Ci^4-C4°>a)CbS^
■"VfCi^+C^ooJCaSlOd +  Cjo^CftSiiJt® C * S i 4 ® x J .   1 3  7  9
J \FCp4 3 ]  ' " - ’ *
A similar expression is derived for M y^ .
  —      -------------------
8 4
y T he c o n n e c te d  p a ra m e te rs  a re  as fo llo w s :
J6ti“ 40w£435wwi -  ^ w a -t^ o m 3  . Y l*  s5T rv^ tio n R'-h3om ^a-V 5n+A 5m .^
T L -A
^^aTYi^+^O vrv^n-vaoTm n^+sm -J) 5 m Zvn - n o n ?>4*30Tnn';in?'5 lO ^ - lQ im ^ n ^ + ^ O Y m 3  
K A 6 * 5 n !S -lo w ^a3 3 & 4 7 - ^orx-fgo ^TTt- 1
=  5 m y + t t r f l  . ls m ^ n .-  5 ]O±A0 m ^ _ . A S nH sQ ffiV :
n ■ n - i  n - i  Y i-l
Cigo »  K ^ b -  w U C ^ - a r i K ^ i  -V A5 wft - ' * S ™ ^ 4 ,3 ovy\*n +  5vw M r A 5 m - * - 4 5 W l
Ti-A ;
Ci61 - K 44-  W1K43- a r i K ^ - V - +15^ +5  5 C j ^  - K^-'bnKnz +I5mn
Cifis - ^K .45-  3V1K.44 3 « 5 rnn.^-miC4fe-2>YiiC45 3 CA6b * Yl5-s n ^ 4 6 -
Cj.g6  = K 4 i -  ^ n-- ~v.-iC>..y?.rt 5 cl6rt 3  j 5 n .H i5 w ^ 4-60m^n. ; C16& =*. 6 vr\5.Kon\t\*H-6 ow3a  
TV* A 1
C 16<5 = - 3 0 y n V - P  2,0 a 3 4 - m 6 +  3 0  c ^ < s  =• 6  r a 5 a 4  6 0  w ^ a ^ - V  6 0  w r v *  » 1 5  m ^ n * -
4 i B n ^ + S O t n ^ a 2* l  C i 7 g , = 3 Q  *  6 r \ 5 + » 5
(2) ^ =  5 r> 4 -lp m ^   ^ ^  s ( J i s s p V i S m ^ - V l S i n p 1 0 ^ £ 5 5  = 5 m P * - i5 m f4
j  ^ * 3 0 - 3 0 m ^ - 6 P > 3 2 > n 5 P$%= 6 0 m n p &
£ 5 9  * ?>, (2>2>3 p a— 6 0  r r ^ p 6 -  £ 5 7  .n. P i0 ^ £ i00 ® 6 0  m  P -^V-p>37 * a p fe-  3 ,0  A\n P 1* j 
£101  =  1637? o £ i Q a - ^ 0 ^ ? 8^ 2>0 ^ ? 1R' o  £ i o a  =  a o n p ^ f i ^ ^ Y x ^ p 6 
0 1 7 4 ®  £38  ~  £ 9 3 * * ^ £ 1 0 0  + ° ^ 3  £ l o i ~ ° ^ 4  £ i 0 ^ - ^ 5  £103 S £ 17 5 -< *1  £ 104“ ° ^  £ 3 5 -< *4  £100
" ° ^ 5  £ i0 A  4 * 6  f c i c a  5 CJ 7 6  *  P»9 9 + * 1  ( M o o - * * ,  £ i o l - * 2 >  £ a o ^ - ° ^ H  (2>103 3 C .1 7 7  =  cCr, P l 0 4 ~ * 2 >  £ 3 6  
£ 3 3 4 *0 (5  £>1 0 0 4 olg p>do i 3 C178  = . - £ 1 0 0 4 * a  £ io i4 o(^£aor7 'c^ 3  £ao?> :>Ci7 $ * o(-3£ 1 0 4  
4 * ^ 4  £ 3 8  4 < ^ 5  (2>3 3 - o C 6 ( b io o ^  C ig o  =* ( 2 > j a i 4 * i  £ i o ; i - * ; t £ i 0 3  3 C d& i - * 4 £ A a 4 4 * 5 £ 3 a 4 * 6  £ 3 3  
C m =  £ l o a , - * A  £ 1 0 3  3 C i S 3  - < * 5  £1 0 4  4 * 6 ^ C ^ 4  *  £ i 04. - r ^ i  £ 3 3  4 ° * J l  £ > 9 9  4 * b  £>AOO 
4-ctit £ 1 0 1 - 0 (5  (bioa. - ° < - 6  £103  J
ftiQ5 ^ 1 5 - m r v - 4 10m£ . £*0^ 5 0 ,4 1 5 ^ 5  (6107= 5 *1 4 1 0 * ^ 5  (6^  » 5 M io ^
YX— 1  TX.-A
£ 1 0 3 = i S m ^ a — 0 (7 (bio& 3 £>1 1 0 * 5 m n 4 A5 YY\c(rj — 2>wyx£io&B £ 1 1 1  -  5 * ^ 4 4 b w \5Sa
8 5
Also
•  ^ 1^ 403 - r r ^ a lb io s  3 p>m = 5 (bn o - ^ ( i> i03 - 3 ^ 5l (bi o& 3 p>ii4® *7 ( i l l l - b m .  p>Aio-V3n.{b1C)3 
P>ii5 «  « v n . - 5m. ( b iu - 3 n  P>4aq 3 »105 nrP'n 3
C m  " ^0 5  P ~ 2» ktl (i>io6 f  5 -mn ^ 10 3 Cia^ = 15 jbioT tvx P51-(bAo5 2>n f 6 3 
Cia7 = P ^ - R S ^ P  * S cm s  5  ?"*-  i 5TfxR’- 5n.p>io7 P4 3 C1S3 -  S r a P ^ ^ S Y n r L p *
^1^0 *  P>aoy— p>i05 1fYLP4’“* 8>vxp8 |^io6 3 - 'WMn.jbiQa P^+'^iP4 P>ii»„-^P^ (2>iib+o(3 P^fij^
(  ■ ■
-p<*4 Pi0(bil5“ *^5 P1* ^ -  * *  P1 4  3 cL% mn^>10i, PR-V^3P4 ^ i R + ^  P6P>m
“P°(5 P8£>Jl4 +  °U  PlC|i>li5 b ^ 3 3  - - P 4 £ l lR + < * i P ^ 4 1 * - ^ a ^ 8fcjjUt ^ 3 P i0p > 1 ^ 5 -^ P 4^ i 6  
"“^ 5 p i 4 JtX5,m n '1’ 3 0^3^ = — 0^ 3 wn|i>40%P*4-o(4 p4  ( i iu fW ^ P ^ Ib - i i^  +  oteP^/bu^
^ 5 * '~ P 6 £m3 4  ^ 1  P& ^ P  10(2> 11»d-  Q ^ P ^ u fe  - o<^  P14£ *5  ron5^ '
C i3 6 » -° *4 w n -(i4 0 &  P^ +  ^ 5  P4 (&\Kl 4 - «t& P^fbltS 5 C i3 T = :~ p Sp>»^-Vo(1PAO(bn5-Vol^Pl7l|iii6  
— olaP^RR^wm ^ <^5mn.(biCig>P'l -V*c*-6P4 P>u*o C133*  -  P10(bu^-o(iP1 p>n6
■potxPi 4 JUSmrm?' 3 C^oo « -^ m n n (b io & P ^ 3  C^oi« P ^ u s - ^ v  P'4 RR5mrv^
C&02> “ “ “^ 1  (b A O & P ^ c ^ p ^ U R ^ -^ P ^ lta  +  cUi p8 (bUA 4-<?(5p'0 p>U5— fcUS 3
3 . 8 .  Function W j
0 8
t0 ° 7  * .M L f  the corresponding complex potentials are
'> X 0 7 O ) *  *Y6 7 ^ » °
Also the Integrals
4 f j j V k  oU = -  25^ (L $ 5  + K<u'Sa + K5o'SS+ K5tt7+ Ksj,^3+K53S11 ■+K5it'$ls+JC55'Xi5 
f c u j  <4-5 D V. .
y  + K 5 6 5 1 7+Tmv\ 6 5J9 + n .7 j : i1  J  '
< fc « 0O ;r4 - *
7  <>-V
Hence
^ 7 ( 5 )  = ■S-101553-K 5 o 5 5 - K 5 i$ 7 -K 5 a ’53 - K 5 5 5il- K s/15J5 -JC ss5 1 5
- K 5 4 5 i7 - 7 m o 6 5-‘3 _m 75
and
cf 7 a ) * c?07W) +  H,c.,CS)
-  (c M45+Cj0^ S+Cao655+ CW7S7+ C w&S%+Cl6b$‘ +Cil0t+7m354 i7) -3 .8
Again
^  = -  ^  (fcyiJ +  K s s ^  •VK5 s5S+ ^ 7 + K a 5 5 + K S2.5 i l + K 6 3 5 1 3
Y +K6(t SJ5 + K 4 5 j i7 + 7 in 6^15>^
i  f 5 3 )  - - l£^(-3»i|Cit35-5nK5o^-7<i.H5i55-  3aK5R57-jinKs3S9
fc^Jw'CW 1 6 -1  3) L
Y
- i ^ v \ X s ^ 4-i5n i< :55313-47n3<56<Si5-A32>*mn7 -Si7 - X l n 8-Si3 + 5 -3mj<Hd'S3
-5m 1C 5 0 S5 -7 > n K 5 iS rr- 3 ^ ^ 5 ^ 3 - - l i^ K 5 3 5 l l - i3 m K 5 it'S ^ - l5 m ^ 5 5 'Sl 5-d7»v>K543l7
Ynz^^3w n S &4-mY\-$+3^S3 +S3 ^< .^  *  K K5 »Vbyr5l^
V>K- 1
~  3  X s t f 8-  U ^ S 1 -1 3  * *  - 1 5  X 5 5  5 * - 1 7  K 5 6  Xi 6  -13 3  w n ^ 14- * 1  n 7
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Hence
HfcyCS) s C5,\H'S*7+ c;ii5^9 + c2i6Si i +C;u73'l3+0j>is'$15+ C ii3 ^
+ c I , ^ V a A i f t n V -  m ^ H a W ^ + w m l + a n ^ V t f / ^  - a a ^ ^ S K ^ ^
1 -  wv^ _ yatp v w i
-7^sa'Sfi-2i}t5jSs-ili<.5i'Sw-JSK5i(5i:l-i5>^5531-n K s 4 5 1 - i3 imA :1&-f» 'nSU>) l
■"tyCA. . . . 3 . 8 . 2 .
r  ' '
Also
* c 7 CS) - 2 ^ . ( c * .w t a S + c w « , ^ + C w » ^  + c ^ i ! + c2 l 5 i s+ cs.i, 4 ^ \ + c 0 7  - 3 . 8 . 3
where C0 7  is obtained from condition (c)
C07 *  -  ( c ^  -f-C ^  inn + cR05 n)
The resulting deflection function
O 7  =  3 ^ 5 ( 0 ^ +  C1 0 5 m fA+  C%0 6 n e a+C1L ^  pJL+  Cgio 4 . Cao^m.HhCao^ ^ P A)Cos£& + (< ^ 0 5 ^  '
+  CR06m f  6 +Cu v n ? 10jt ^ Z ^ L ^ 4-2 £-H t g.a.\om - +  n f 2-)Cos48 + ( c ^ 6 f w e a
+  c ^ 0 8  ^  ^u +  c^ tj f  6 +  ^  +  c fciO v )  Cs6 SB +(C^oy Pic>+ c ^  P*+£^
+ llT^)G>sSe +  (c*,o&P8+  £|3& e i0+^-)CoSiOO + 0 * ^  £og - f c ^  m p 1
+C2.&5nP6~cgp2> “ C&aqW '-Cjtos1^  . . . 3 . 8 . 4 .
Moment along edge of column capital:
M p7+Mey = 4 £l ^ C i + / u)  j ( f o i 7 + £ > i i & ) C a s 2 9  ^ ( P j j i ^ + p ^ C o S ^  + ^ g i-^ lb ia a ^ s S O  
+ ( ( b t f 3 + ( b i 2 4 ) C o S 8 6 - t - £ | b i 2 , 5 + f c i ^ ) C o r S A 0 & + ( b i ^ G & s  1 2 0 + ^ 1 2 $ C o S i4 9 + f2 > i2 3 C o S . i9 6
+ p ~ q j " '
Hence along the edge of the column capital i . e .  when p = 1 .
Mpvj « .4(lR ; i^ ( ( 6117+p>n&)Ccxs+  ( ( b + ( b G j s 4 9 + ( p>i i^+ g»i2. .^)Cos 69+(£>^3+ p>tW) & Q
+C p\*5 + / > » u ) C < *  i 0  Q + jb  12.7 CoS U  9  -b  £  iz S  Co*l 4  9  +  (& 10-5 C *s  1 6 & + |b»30 CoS18 9 +  |b \3 1^ /J  ^
Where the parameters are evaluated for ;
Also = / * M f 7
General bending moment expressions:
• " ^ D ( l + A ) K e 4 7 C ' S ) * - ^ ( i b m + P > J i s ) C o s 2 , 0 + ( b i i ^ + ( b i ^ C Q s 4 O + ( ( b i ^ 1+ (b JJj,^ )C 3 s 6 0  
“b p > i ^ 6 ) C o s i O 0  + {3 .1 2 .7  C o s l2 0  +  P>i2,S CoS 1 4 0  +  jbiJUa C os 1 6 0
+  | b 1 3 6 c 0 s i s e  +  |5 i a i ^ x _ L _  . . . 3 . 8 . 6 .
Also
   (  2 i 0 - id '®  4 i0  - 4 > - 0  6x9  *1 0
d> ' s: SSl  i^ 2 7 ^  +CXWC + C$,30 ^  + c .^32>€'
U'C$ 7  ; B 1
+ c £ 3 4 ^ & + c X 3 5 e '10^ V c ^ 3 ^ e i 0,' \ c ^ 3y e i a % c ^ g £ i2  \ c ^ e iA xe+ C ; > 4 0 5 . - b c ^ i  e.I6 L e
- < ^ 6 i £“ ^ c W5 < * * ± *  cw e »  J _ -
J [ F c e .0) J
Again . . . . 3 . 8 . 7 .
V r C 0 «- e^l~ o ^ e a + c a5 0e*x+  c ^ i  ^ + c ^ 5 ^e8l9+ C$ 5 3  e101,e+  c ^ e ^ + C i ^ e ^ 19D
^ 5 6  ^ 6* +  < ^ 5 7  ei8l9+  Cj^gC?°^+C^ 5 5 e *2, — C^so) x _ i
- ( C z M ^ l9+c2 6 ^ a + ca « e£li9+ c2.t<*e’ A!'+ cw 5 e6l9+ ca6se’ 6,'9+ i:M7e&,'9+ <:z«s«&16 .
+ ^ 6^ 10l % c „ oe 16\ c ::ni^ l9+ c2 U e ^ 8+ c ,l i e ^ \ c ^ e ‘n C, 1 5 eMU+ cw ^
■+ c ^ 7 t  «-a,I" 8+ C aYg S R6ie+  C ^ j e - ^ 'V c ^ Q  e “IHe+  c ^ x  i _  1   3 . 8 . 8 .
? < * * !  I
As before the generalised bending moment expressions are derived from 
E q s . 3 . 8 . 6 ,  3 . 8 . 7  and 3 . 8 . 8 .
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The generalised bending mdm&nt expression is as follows:
M poj *  ( i+ /* ) + ^ i ^ ) G s s a 9 + +  (Puju+pMSz) CoS 66 +  (£]23+P>j;>4)GtfS&
—  ^(C% j>^  +Cj>*>g) CaS2.6 + (Cj^+C^^Cos 46 +  (C2.M+Ca^  Cos69+(c^ +£•)&£) ChS8>0
+  Ccfc3 5 ’* $ l 3 6 )Ga^ 0 d -ir(C^rf+C^^CoSiZ9 +-fra.3a+  c^o)ChSi48+(C^i-Cjy^S) Cos A'6®
.j 1 . r " '
+(C ^i+Cgf^ Q > s lW + (£ I^ 5—o(g^i5^CftS8.0^+C^CftS^8-pjj^oCaS8,46-K^T^X-i— ^
1< 1
- ^ ( ^ ^ ( C w b - C ^ c o s ^ + C i 5 0  Cos46 +C2,5L Cos 6e+cR5*Gs89+c^cosioe
+ 0^ 54  c o S U e + C ^ 5 5 C o s i4 6 ^ s 6  Cosine +C ^ 7  CoSl&O +  c^Cas3,O0 -V C ^  Cos 2,2.9 
-  C ^ o |x J L «  ^ ■ |(ci 6 i+ C ji6 j)CoS^e +  (C ^+C ^C os46+(C a,65+C w i)C «i68
^ ( c&>*T^C2.6$)Cas$9 +  ( c ^ + c2.T^ ) CoSiOB +  -C^fi'€£&$& +CJTH5, Cos i48+C ^C oS i69
+ C j ^ C * 3 0 e K a 8 l | x J L _ j  . . . . 3 . 8 . 9 .
A  similar expression is derived for M^jy.
r
90
The parameters associated w ith function wrj are as follows:
&A&* 2 ln ^  4  3 5^ *4105  w V  4 4 2 ^ 4 1 0 5 ^ 4  210 WVv-iAO w ^4i05Y^4l65m V4A1-O
21 w * 4 1 0 5  Yn^ViM0w3vx+^2m4-^2.W\vi4105,m2>4- 2.10 tvwV+iAom v^aj Xso- 7 m S4 3 5 y£ 
4“1 0 5 iA v 4 2 io ™ V M -7 4 4 2 ™ N -A ^ 24 iC 5 T ^  3 X 5i* m \ lA o w n 34 2 lo m V %  A2w5n, 
4 r7w 442™ n  j K 5 ^  = 7 ^ 6Yt-V-2>5n^4-i05 Ynvna’4g.to ^ 0^47^1) X s a *  aim ^n^lOS mn1* 
t i ^ O w V ;  2 4 ^ 3 5 ^ ^ 4 1 0 5  j& 55“ ^ 2 ^ n 5+ 3 5 r Y \^ .  K 5^ 7 ^ + 2 1 m V
f" ■
5^7 -  4 2 mn4 3 5 ^ 4 2 ,1 0 m n 4 IA em ^4i05yyia*41c>5 m54A2&mV4A2MV4A^vnvr4 A ^ orrfV1 
^56 - 7 n.4 21 m^ +105 Y\Hl05 M^+ A 20 w*Vv4A 2 w\^- A 20 yyvV4 ^  zow r^t-v 7 YY\6n4 210 w/V1- 
41A0yv*4C30wv4ns jK 5 <3ss7>YV4A2m54-A2oyyivv2^ -420m3n47 m*4 21 om5n,4iAowwi -^630 w w*' 
4 4 2  T^ 5n5l4  A 20 w&t44 2.0 wi y\4^  x^o -1 4 7  m s4 210 wi V  4 1 A 0 tt3 4  6 3 0 m2^ 1^  A 2- w4v, 
4 4 2 0  w^yy^A2 0  TY i^aH lO S m ^n ^A O S n ^A iO m 2- ^  j  ^ 1=£4 2 m V 4 A 2 o  tnV^Azorvm3  
4lo^w \5 n‘i'4 io 5  mn? 4 4 2 0  VYr*n^42io ww54 iA 0  wvV*  ^ J-0 5  m^YN2^ -1 0 5 ^ 4 1 * 2 0  wvvt3
42 io  yyyV441A6 yv4y\34A2y\^4105 w?V\&3X^3-  2ionm^4AAO yyt’vA*. Ai*wv\5
4105w\*v4 j  K&a e 42^54j0bw2a^442w2v\547Y\7 3’ Xcs 3 A2mn54Tmv\6 ;
C204 *  U »^435 w ^4105 rvm 4^A JL. jCEo5 -2 1  rn54 105w nS lA o m \i - X A 5 j
= 7 ^ 4 3 5 y?4 105 yy\V 4  210 yy\2y\x-  X 50 j  C2&7 = m74 l  AO mv\34  2 io rvftv^As-vAv—K 5 1 
C20&* 7 ™ ^ 4 3 5 r iM -iO S n ^ n ^ 210yt\'4^>_X52d C203 -4 2 w n 4 3 5  ^ < ^ 0= 7 n ,4  2lrvvi-
v
^ 2 U "K5743n,K43 -  5C^^X5845n.lC5e>42>YV)KA<2) SC 3 ,13  ^ X s^lnX si 45^ X 50
^214 3 K^O 4  3 vvK 52"47m  X .515 C . ^  » X a  4 1 1  yv X 5 3 4  3 w  X.5 ^ j  ~ X 6 * , 4 13 nfc^ a 4 U  vn K 53 
C2J7 sX434l5nX554l3vn X5A 5 C^S 417 n-^G^lSmX55 5 c213 =X654l33wn74l7mKS6
c220st7Y^4 21nfe4 i3 3 m an6 JCxa  *  C m  -  $ C ju ^ C ju v -y *  ^ 2 1 1 - — ^ ,  4bvtf ttXAO’V—3 Yl-1
- 3vvVu8 -  4^8 1 C2^ « C a 3-v^Ca2- s^ c2U 43im2'XA345wnX5o43Y\'JkM9
Yt—1 U - l  . / n “ ‘
4  3Ka93 C ^ ja - w  ^ -'2^ - 3Y^Ca245m'a’lC5o 4 3 ^ ^ ^ 4 3 4 7 4 1 5  n^Kso 4 5  K.50 i
c2*5 *  ■C;tl5 “  w CaA -  3nC^ i3 47 415wn K50 4  3 wm.X524 21 y\4i<5A 4  7 K 51;
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Also
s. C^6- m S . l v Y \ w i C 5 i-v 11 rm &$$+ 2.7 r \H C5Jl-v S>K^ o.
5>1W * CaM {“'■-a"1 cat>5 P4-  J5n. i K & P10 j £u& *  p4-  ac^o p“% p>u3=ac^p1'
- - 5 mcw sp4 -a .in -c i(l7 pu j  (iiM - 3 m c M o+aw cM 9 p‘»-35«vP''* j ’Se*o6P4-'7MC2o7P1's 
-a7n.C 8.oapM ; P>iW = a 5 w lV ^ + 9 n .c a.1 0 p * - - 7 f 6  j |biaa=TcM 7 p’!'-3m ti.o&Pa ; , .-.' 
PuS.4” 7»«P /,+i05lr'VT. i 1^2.5“ SCjaa?1® j ^Ia.6= Xln-P *" j |biJl=-tM3-W'Cao<tP-'5nCjj>5fs 
P>lSt7  a IbiZg ■» £usa * 0  •> i8YvCx.io-^vrvC^0o)-36'n,C^10 a*
$133 at^ c8,0 5 “ <1^ VLCitod 3 P>i34a 3 0 + 6 ^ 0 ^ 0 4  • £>135 at SSC^-^om Cg^g  
£>136 = ^°C^og—A2.vn,C^o7“ 30^C^o6 3 (^>137 = ~ rT2>mC^ 8 “ S ^ n C ^  5 P»13S=- — 16R.ruC^og 
£ i3 3  = £ i4o®(3 i H i * M 2- = 0 $ |6 i/i3 *illw tC w o Hr 8 AOWY15 6 0 ^ 0 - ^ 1 0 ^ ^ 1 0  a
&i45*‘m^ ^ ? i+ YlP8P*i33-P>443 3 (i^ ^ M m P  \  *3 £>a47-PVisa+wP^isg
H -Y ip^^jzi j |^ i4g = -n f^ 4 4 4 *4 ^P ^+84W*P'£ ) p>i4giP^(3i33+wif8p>12)44.n.P18'(2>135 
p>i5o = 8 4w n + 4 ^ m P “4  ^ f o s i - P l ^ + ^ P ^ t o s + ^ P 14^ ;  & 5 jt= 4& ttP  % ^ 5 3 = P ^ s  
+ m Pi ^ A 36+ r i^ l6£>i37 j  ^ 5 4 ~ P 1°Pl36+ m ^i 4 p)1374 ‘n ^l 8 ^8» 3 P>A5S=^ ^ 1 ^ 7 ^ ’ m ^ 1 
4-10.?^^^ P>A5^Pi^i3S+Yia-f>1&P>l ,2><34-TLpR'R'p>jl4o j P>i57 -  P ^ i^ H -m P ^ ^ o -^ P ^ P i^ i 
h 58 *  P1&^ 140-  " i p * * £>141 -  n  ? W ^i4SL 3 £>155 -  P*°P>141 +  m P * 4 £>a4<L > J3i<a= f  * * ^ 4 *  i
**2- A
P>161=P £>i44-m.PR£>i43+n f  £ is k  i
v
C£ *7 s £>i45-^iP>147'''0^ ,£>l4 <5 ~ 0(3 £>15l-°(4 £>153“  ^5  P>154~o(6 P>135 3 £>161
* ^ t & 4 5 - < % & 4 7 - ° ^ J 4 ^ - r t 5  £>151-**^153 £>14^+°^ £>151-< *3  P>153
-°<4 £>1 5 4 -^ 5  £>155 ” °^  £ l56 jC jl30  £ 1 4 6 + °^  £>16 4 ~ <*3 £>145-<*4-^ T - o ^ f ^ ^ P i a i  i
C^,3i =■ £>A45-°<1 £>154 +<*£ P>153-°<3 £>154"^4 £l55*-<*5 £l56 -<*$ £>157> C t e Z - £>450-*1 P>448 
4-‘<kP>146-^3 ^101-^4 P>l45-°^5 ^147“ P>143 3 f>i5i -  «<i ^>153+^3 to4-o<3P>155
-£ > 1 5 6 .-°*5£157-^6£>1583 = ^15^-^1^150+^ ^14^— °^ 3 £>l46-°<4 P ^ l - 0^ (h 147
-°<5£>i45 S C&35=(bA53-£* l £ l 5 4 + 0*ilfr5 5 -tf3 (il& 6 -0<4£>157-<*5p>l5fc +  o^  £>155
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Also
^ 1 ^ 5^  +  °^,P>150-°fs ~<5 ^161-0^6 ^ 5  j  c£37 -  (Al54“ (*lfrl55
-V <*£ £ j56 -  o<3 j2y ^ 7 -  <*4 P>i58 +<*5 P>15 <3+ 016 (i>160 5 C ^  ~ oLz  ftisjl- *3  P>450 ~°<4 #148 -  *5  (!> 146 
~ * 6 ^ 6 1 5  C ;U 3 - ( ^ 5 5 ^ 1  (*>156 4 ^ 5 ,  (3 1 5 7 - 0 ( 3  (bAsa +  c ^ P u 1^ + * 5  P>160 jC;>4Q = -o<3fcl5k  
“ (?i4p ,i5 0 ~ ^ 5 p 5i4 8 -“ o<6p >l4 S  i  c 2.4i=(i>J56-^i(2>iS7+^2/P>A5&+ ^ 3 ^ 155+ 014P>160 j
c ^ s 0^ 4 t e  4 ^ 5 ^ J 5 0 + ^ 6 p > i4 a  5 c a43  =  ^15T’~ ^ l  P>iS8~^X.^J52>+o<-a(i ^ 0 5  r  '-.
c 2,44~“ ^ 5 p ,i5 R ,~ ot^(bi50 5 ca 4 5 =  i> C g ,4G =-(ilS 34*o (ip> i66 j
C n 4 7 e £>l6i“ °<i P>i45-+clR ,^ i47 ’- ot3  ^ 5 1 - ^ 5 ^ i S a - 0^  (*>154
f2>i62,»jK4|_ j f>i63= 7nYlp>ia 3 (bi64.:s3VW\K45-oty(2>i6;i5 (2>^5= 5 m fc 50  + 3*7K43-3wn.p>ifi;i. , 
7 1 -1
P>A66 = 7 VY'v iK 5 i4 -5o < .7X 5o 4 '3vn Y L tC 49 ; p*i&7 « 9w m K 5£,+7°< 7  ^ s i+ lb m v t K s o j  ( i i ^ M m a K s y  
+  9<^ 7X sa,+  SllYvmK-15 i a £>163 +  j  (^70 = ^ 5 1^ X 55+ 13017X 54
+  33 1^ X 5 3  S P>i7 J 3 * 7 ™n-X,5 6 + 1 5 ^ 7 X 5  5  + 3 9 ^ X 5 4  » ^TO-8* f33  w ^ rJ+A 7 °C7 X 5 6 -t-4 5 ronX5 5  
p > i7 3 » ^ im n 8 +133oC7 mn6+ 5 1  rvmX. 5 6  5  £>1 7 4 =  &A47tt-7+32>9 m*Y\7 j  (3 1 7 5 -  6 3  m n 8  ; 
P i7 6 -3 p > i6 4 -m P > 4 6 3  i  P>177=5 £>165-™ '£>164“ 9 ^ ^ 1 6 3 3  (2)178517(2>166-2>m (b i6P>+Sa(bi€,4 
(3473* 3 (2 > 4 6 7 -5 m ./2 > i6 6 -3 a {b i6 5  j  (b ig o * ! ! -  £ > 1 6 8 -7 ^ (2 ^ 6 7  -9 v x (b i6 6 ;  £>131 = 13£>A6y 
~ 9 ™ p > i6 8  - 1 5 n (b  1^7 S £>iS2»1 5 ^170- l i m £>165 -  J U ^  P>a6& j  £ > i& 3 * i7  £171- 133™ £ i7 G> 
-£ 7 y ^ 1 6 ° > 5  P H 8 4 * i^ P » n R .-1 5 tn .^ 7 i~ 3 3 a ^ i7 o  5 £ A 8 5 = -k l£ A 7 3 -A 7 ™ lbi7£/-2>3rL(2>i7i./.
£>186 = ^ £ > 1 7 4 ~ 1 9 ™ £ l7 3 -4 5 n {3 i7 ^ ^  £ > 1 3 7  = US £ i7 5 -2 1 ™ N 7 4 -5 ln  £ 1 7 3 5  
P>i88s ^STm (bi75+S7rv(bA 74; £ifco> *  63rv(*>A75 3
C»t4& - C 2i i ^  3 i n a C ^ f 6- i5 n C g ,i3 P i0 3 Ca.45 s S n C ju iP 6 S C ^ - S C ^ i ^ p ^ - b ^ C ^ P - ^ i a C ^ ? 112*
CR51 = 5 C W3 P6 - 7 m C Xi4 e 10-£7Yi.C!U!)PJ45 C5.5 2 .--7Cm  f 8-  3 m C2 ! 5  P %  5 ia C 2 1 6  ;
Cr.5,3 -  3  Gj.15 P16- 11 raCj.16 p^i. 33rvCan  P18 j  Ca54 = U C ^ tf1^  15m-Cw7 e^AbnCwa PW 
CR55= 13Cw p14-15mC^18P18-51inC,,w Pw ; Cj>w = 15C21iP16- n i - a C ^ P ^ 57nC;, i0 
c157 = Pi8-  i3triC;ao P*’5' - 133.3 mY'8 P 5,4 3 Cj,58 = i.P> C2J,0 PM-  44S wN\7P M  j
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Again
C*58= 1 9 ^ 0  P*1 441 w V V 14 6C2(s3=441<mn7p2'1 i C^o=im C i^iP 4 42)n.Cai?kP8 
0 ,6 1 -  £>16^*4<<i (iiTfeP4- ^ £>177 P6+°^P‘i78PS'Voi4P>179Pi0-V°<5 {bi&o P^4-^6 frisi P14 
0<=>£=<0£>163P*4°<3£>A7C P^-V^4 £>rj7p64<*5 £>178P84«<6 P>njf A<5 0 6 3 “  ~£>AT6 P ^ i ^ P 6 
~ ^ P >iT8P8'V0i3p'179PiO4' o^ 4^8oPA;i4 ^ 5 £>181P144-°^6 £>182,P163 0 6 4  ^ ^ P V f c P 4
4 *^ 5  P»J77^6+ o(4  £>178 P8 5 0^65  =* ~  £>177 P 64  °*i P>17& P 8- < 0  £>179 PA°4  * 3  $ i& *P * * '4 ^ 4  (b ^ i P1^
r  -
“Vo^ 5(bi8RP16+ ^ 6 ^ 3 P i8 j C^6=s- ot-4p>lwP8'+^5p>A,KP4 4oCgp»^ 7 PS  0 6 7 5S~£>178f^<i£>A79P10 
-^1^180 PiR4*ot31^161 p14 +o(-4 & W  Pl6+  ^5p>l&3PAS> 4 ° ^  P>A84 Pa° a £>i«>P\«<6 P ^ P 4
C&69-— P>i73 f  10+°<i (bi%o P1**2- 0^ £>181 PA44^2» £>i&?l pi 64^ 4  £l83 p-^+oC  ^(J ^  P^+o^ ^ 5  p*A
O to ^ -o ^ I^ P S  O 71 - “ £>180 ^ \< * i  fc is iP ^ ^ fcm P ^ ^P iaaP ^ o ^ fb i& a  P ^ + ^ ^ s P 2,2-
4 ^ 6  £>186 P ^ iC g ^ *  -  (bifci Pi 4 +c<A £>i&fcPA6-  < 0  (bjL«3 Pia4ol-3^184PS'04 ' o^ 4 ?>189 P^+^Pl& G  P* 4 
4ot6(3i&7P2'6i  C^j3= -jbl&9.Pl4 4^i(bi&^P1L^(J>184p2'°^^(b485P^+oC4{iA86P2'44 o(5P>i87P2A 
-°^ 6£>188?*  ^5 0 7 4 - “* £>183 Pia4^4  P>184 P £>185 P8^ 0^  £>186P*4 4'°^4&187 P8' - ^  £>188 P8*  
“®<-6 P>A83Pi0 i  C^q5 =■-'(2)184 P ^ °+ ^ i (ii85P8'8'-<O fc l86  p8*4 - ^  {5^  p^-od^^issp22- ^  £>189 P^° 
0^ 76  =--(bi&5pRH <^l £>18<SP*4 - 0  £>187 P *6-<*3 £>1&&PW-o < 4 M 9 P 30 •> O ^ I *  - ( b ^ p 8-4 
4  oCa £>187 P864 ° ^  £>188 P8® - ^  £>189 P^ °5 C.^ 78 - ”  £>187 P86- 0*! £>188 PaS4 ^ £ > l8 3 P S°
Cgl<$ •=■ (2>jfcs P ^-o^  (b1 &3 p3 0 5 C^o = (bj8®> PS° b
C ^ g i  =  -  o t i  £>163 P 8' -  o t^ (i>  i7 6 P 4 4 ° ^ 3  ( 6 n 7  P 6 + < * 4  £>178 e * 4 * 5  £>173 P 104 ° ^ 8  £>180 P ^  ’>
r
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3 .9 .  Function v/g
^ 0% '— |  » the associated complex potentials are
cp0 * 0 0  = 0 j ■H'o8C « = x 0&C9 = | | £
The connected integrals bring
Y
_ l_  f a, 'c<0 ^ 4  = - ( n ^ + r i^ )
R * i  J c o 'C S )
Y
Hence
Cft8fs) = m 3(K66rS-X 6753-TM.'Ss-'S,0
= f t c a  ■
. . . . 3 . 9 . 1 .
Again
1  f  h - t f£ d (S  = - I M l 3  5 (rRiiru;i+3Sm.4+ 1 0 5 w M x  +  rR.im5 +i0Sinnil+i4&Tnf^n^ ^ 3  
Y
+(7  Yn^+SBn^-ViOB 7^4 'n4-R.lO m5* (yyv^ -v 4R.KVx5 n-\-i40 Yr>rr>+Ziovn:>n^)s,7-V(t7w6n+-35n,4
+105 vn4 n*+ ;uo m2- n?) 5 (Ri m5 aHio5 mrv44 140 m^ n3) 51 *4 ( r,i n6+35 m4n\los wftn4)^ 13
4  (4ilvnn543bm V i) S15+ ( t  ri64 Ri mV)-S i7+T mn6-$1<5+
1 f  <&. V <^ .d l_  =  -  84>R3. f  -  a n  Ycy S -  35 vmVS3  4 mXgc 5  - . ^ X q \ 3  - 7 nt5  
£/d  1 ui'OO ■ ■ D v.y
- ^ r » Y - 7 ^ 7 -*- «"M3 -i-3rnnS54W «^5n^3.vt a^V(:|:_ ^ VCT, a _ , Ki>>T4_7 r < \')
^  YY^ -  2>Y\$4 3
Hence
HiCgC 5 )= - l iE ! |" K 6 8 !+ i< 6 'iS S+K7t>35 +K-!1t 7 + ^ 7 ^ 3 + K i ^ 11+ K 1 4 ^ ls+ K 1 5S15+ K7 8 t 17 
4 7 m n 6 ^ 4 V \ ,7X*11 ~ m H s43vnt\^54 M Y ^ 43r\^ V ? a ( V ^ - ^ ^5 m*4 - 7 5 ^  3 .9 .2 .
Also
*CaCS)« 44Ca835HRC^4*S4 -VA.C^g5^64C^86'S8+^.C^875i0 -t'-|-C^8S-Si;i
+ 4 - cw9'5i 4 + ^ s . 'S i6 + ±  c » i ^ s+ u a ^ - i .  c ^ i t ^ - A ^ ^ + C o aI ft. *3 a '
Hence
X 8 CS)~'XosC$)4%c8CS) '
*. ^  ^8C ^^togS 4i_+  8m ^  C | |4 +  C |p  4C^e>6'S2'4  C ^ 5 4 4 ^ a ^ 64 C ^ -s 8
4 ^300^ 4 Co& . . . . 3 . 9 . 3 .
Where Co8 Is determined from condition (c)
C o » = - S ^ i  (czoo* i m y . i i -& n K & T )
The deflection function is expressed as follows:
Ws =  i£ i f 6 C ^ £ o g P  +  (Cj.?,5 P '*-+Cx5fepa +  6 JCts-8mi<47P4-5 « w n p 4+8aK.68P^CteS,9
+(<r*-?>4P"4+ C« 7 p4- 8 K « P 5' - 56,rlS'pS_8api0) Cos49 + ( * m P"6+ cS,a&P-56tnP4
-8tn .eS)O5s69 +  (p‘8+Ci,oe8-8 P £)Co£.80+«ml<:6<,P8--8n3C67P6-8 in .X 66+Bn3C67^ - - 3 . 9 .4  
Bending moment along edge of column capital:
= <§&(■$)
= P)i3^Cos494 i^<i3^os6e-7p8cosS94p>A<54l'X_A __
b J FCe^V
Hence on the column capital edge
^ * 3 ^  ^ ( ^ 0 ” P‘Bi)CoS3a4p>mCos404PmCos6©-7Cos364{bi^x J —  . . . 3 . 9 . 5 .
And
H e% = fx M p s
Where the connected parameters are obtained for P -  1 .
9 6
“ R . ln f ' l e l 0 9^-+C2,^o"lx -1 — 
I  F(ft<
General bending moment expressions:
+/*) 3U.'^ aCS) -  16(?/R2'(l+/^|((bjgo«|i151)CoSS.9+(2»i^ (^ S46-V i^^ CoS60-']P&CosSe+|biH|x J  •
Also . 3 .9 . 6 .
^ - ^ 4 ‘a '^ )  =  -e^ R- ^ 3 0 1 ^  + C303^ + c3°3C-4lB+ CioiC.4 ^ C ao51 61 - C30&€ 6L+ Ciw e*^30S^816 
+ c3M e'iO,' - t3io^’1Ol+ca iiel':''0~ *6  lbs,05^1'1 +P18.o4e-w''9+Cj,1ii.\v  _l  3 9 7
J fFce.ft}1 ••••<*•>;•/•
Again
ip8 (^ )=  S |R ^ r |c 3I3 e3-l9+C314.e^+C Si5£4'',)+C3i6£4l +Ci n e6iV c 4Ij £ 6; +4'im?&e?i-C3i3't' 6
j __
CRS)
+ c32,9e'K" '~ l i6p>£J.S£ 19l9+ c33oP.1X',9+£331tl4l9+^ai8e16l0+Ca3Sl v  _1—  1 . . .  . 3 . 9 .8 .
j  [FC?43]
The generalised bending moment expression is as follows:
M x S = !S^R5l(l-V^ ')^ (^o ‘" ^ i ) c^ ^ + ^ G^ 4e-t-^2»Cc>s66-'ie8cas2>9+ (2>iO)4^
— 8 *1 ^ ( l”/*) ^ 2,01 +C3 o^CoS2.6 -V(C^ -^V-C^o^CbsAO +CC3 Q5 “ C2>0 €>') Cos60 -VO^QrpC^GiS89
*Kc3cerc2>iq)GoSi0fr4- ^
-  8 ^  R^Ci“ ^ (C m >+c314) CoS 2A+ (C3l5+^31<i) Cos4& + f e l l  + c31&)Cos 60-V  ^9m P -  Ca^ Cos89
- Z i n f * a > s m  +  C z w ] x _ i _
I FCfte)
~  |(C3&1+C3U)C°S£0 +(C3<2,3'"C3t4)C0S49 ■V(C3^5-’C3^4)CoS6H(C3^-C32.S)G2S&e
"V(C^3>'"0^ p >2 . ^ ^ ^ ® ^ 3 ^ ^ oSi^  +C33iCosi49-V(i>2,R.ftCoSi6Q-VC33^x -J— "\
W i  J 
 3 .9 .9 .
T h e  p a ra m e te rs  a s s o c ia te d  w ith  fu n c tio n  w g  a re  as fo llo w s :
K6G «. Arlm xi+ 'bb'f^ • . ^  s Yn.+ 3 K6& « £ ,1^+35  W^-Vi05 iY\att4MllCfc7-m1rC64
J tlm 5 *  165 T f ia ^ 4 1 4 0 w 3a 4 3 5 w a 4 3 ^ X 6 7  j  K.7 o =  7^^4-35Y \^4ri05m ^tx-V -S ,aom ?v^
35rrv^ K 71 = ona744R vn5n4i40virm 34  m o j  ^ 7 ^ * Tm 6n-V-35w\l05m4'rv,:i 
+  Rl0vn^n.3 5 X 73 = & i Yn5aHl&5nm r$4j40 YaV3 3 ^<7 4 = JUn5 435yrAr\34  ^ ^ 4  
K 75 *  4 ^ a 5+ 3 5  w^yv4 5 = 7 n H  m^-n.5 •
C w ^ 6 6  j Cj^b= ^69 ^ ^ 6 8  ~ya8, ^ 6 6  +  3maiCG7  -  -3<*G&
C ^ 8 4 ® X T O - W - K ^ - S a X e a  -V 3m S'R ^ 7  - 3 m a " iC ^ 4 - 3 5  w V  4-°>yv1K g7 4- 2>X.&7 
C r8 5  = & 7 i  -  m  X 7 0  ~  3  a  X  fc°> 4  3 5  m 3  4  2> m n  X  6 7  4 7  y t \y \,4 165 m  ^ 4  3 b m  3 c?.8 6 = X ^ - m K q  j  
~3rLK7o4-7'm^4i05vn2’n 4 ^ iv v ^+ 7  > ££,47 ~ K 7 3 - m X 7 ^ - 3 n X 7 i4 ^ im ^ ,C^g8=X74-mK72) 
-3 n .X 7 a ,j C^g3=X75~ m K 7 4 -3 r iX 7 3  3 C^ 0 ~ ^ 7 6 ~  ^1<75~3^X*74 3 C ^ is 7 m n 6-mV:Y6 
— 3nX 75* C ^ ^ n 7-7 m %n.fe-3Y lX 76 j  C^ 3 a JUi-wm1 3 C ^sS Y H ritS  
c £2>5 -  56my)456<yr>^ 3 C^ 6 & 4 0 ^ 4 5 6  Y a H l6 & W t42£0'm3n  3 < ^ 7*  +  M  Kn6-V56^i3
4 ^ 8 0 m 4 r \4 4 ^ 0 m V 1 3C^8 = |c ^ 4 « r T n 14i6€>-m5a 4 ^ 0 w r v 34 5 6 o m 3a^ 3C R .^ C ^ 6
4 w \a45>6™ 6 f \4 7 &  a.4 4 4H9Yn4 n?- 4 5 6 0  va^n? 3  C3 0 0  s 168m?n.4'TOW 4
P>l»,o-K6^4^X67tnP 6 +105TY\ne1O3 ( b ^ *  2>aX6 6 p« s (3m »-3X47P 4 4-35iaae%4 ;u a P A51 
(5i<53»-35rnf6 +7mP10 5 £>i34~-:K-«, vY\P44 b a X fc 7  f a3 (b145^-R.lQai4 6 w:KG7 -*-6 a X 6 6
(2>196=--564-140 w *  > ^ 7 = ^ m - t ^ l 0 m n 3 p ^ * & m X 6£p4- j£ n X 6 7 P 8 
^ 1 9 955*  1 f a ? * - lZ r < lU v i  f '6 4- a  t o 5  PA0 j  (baoo » -U X 6 7  P4 4  Wl p>i95Pft+  n t o e  P151. 
t o i -  t o 5 ? 6+ ^ t o & P lc>4 a  t o Y P A4? £>s.a;i~ t o £ P g*  w t o T ^ - h ^ ^ S ’ P ^ - t o ^ 0 
4*84 w a P 4^ 3 (^S-O^518 4 a P A^ ,'j ^>^ ,65 ? ^-^iXggP^
c3oi®  t o 8“ ^  t o d + * A  t o i " ot4 P zo v j-d s  P»ao3-^6 t o 4 j  £30*,=-<*1 t o a
— °*-3  t o 3 “ ° ^ 4  t o o ~ o < 5  (b^0 i “ ° ^ 6  0 C3 0 2 ,® t o ^ ” 0^ £ 2 .0 0 + ° ^  ( i a o i - * 3 $>fcoa,-c<;4 ^ 0 3
—^ 5  p>2,o4 3 @>a,oi
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Also
C3 0 5 *  (2>fc00-< * l (^2^4 5 0 3 0 6 * ^ 3  £ *05  4* ^ 4 fci3& +^5 (ijtoo
c30T=P,2,0A“ oCi(i>^ + ^ ( b ^ 0 i - o ( 5 ^ ^ 4  3 Caoa = < * 4  £  ^ 5 4 -0 (5  p ( ? > m  SC^os)*^ aoa,-0^ ^  
+ 0^ P>204 b C3i0 * < ^ 5 ^ 0 5 + o(6p>i^8 I  C31i *  P>2,03-°^ P>*°4 i
^31^= P>a05“ o(Ap>A<3S'Vo(^ P»l<3 9 -0<3p»S.OO~^ 4<2>R,Ol” 0(5(2>^ 0^-.0(  ^(>>^3 j
P>ao6-3nK6T--YnAC66 j  p>ao*T» 3 5 m n + 3 m S < .4 7  S & m a T f t + ^ m 7^  (^ 0 3 = 4 £ m n + 3 5 rA ? >
 ^ 9
£>;uo = I'TL^r^.lvTi i  (b *u j% -S m n K fe T -V  0(7 ^ 6  3 (b ; t i£ = - 3 5 rn \v --3 X 6 7 ^ 7 + 3 my\4 < ^ 6
^>R13 — rTTn>r*+35 tt)o<7 -V 3 mrt K 47 j  (i>R,i4 = 7o<y-V j05 3 p>^5 » 3 p>R.n 4-m^ h.i<,6^
fo 6  = 5|b2ia-nap>a,ii +3ty\y\R'K 66 3 (^17 = -7 ( i a i3 - 3 rftP>aia4-3a(2>g,ii j ( i ^  = - 9 ^ 1 4 + 5 ^ 1 ^ ^
-*3 n p > ^ i^ y  p>^ i«5 « -R ,3 im n + 7 ^|i>Ri4 + ^ n {i)».i3 5  (b;uos l f c 3 r t ^ * i 5>nP>ai4 3 p>2 ,;us!K 6 6 m r\p*'
P > ^ -p > W 5 f4 3F>^ 3-(i>R l606 5 ^ 7 ^ 5  ^ 5 - ^ 1 8 f 103 fy* ^ 14
£a,«**-44Amn* ,{ > i6
Qsj^sf>w6f^-3»np^off16-i5a(2>*ofcPi0 SC314.  3 p>;uo -  wjbfcoaf^-anjbju*^ Ca^mfc^mP^Biftfao&P8 
-147 wrLp12} 0^16=35mP~^3m(i;uo-3 ft (3£oo>p4 3031^5  (b&oaP6-4Sw\*f10$ £$&=rlf^-$5r(?'£-mfax}$‘ 
C.3i3=7m^“4+i05mft3 C3^  = p > ^ -(iw 6 wp4 -3ftp>xo7f&i c3^i55 £>r*a-°<i fan*. -Vo(^p>^^-o(3  p. ^ 4
3 <^;tt s o L ^ ^ a i - ° i3 P 'a ^ -^ 4 ^ ^ 2 ,-o (5 ( i? u 4 -^ 6  p>«.asS 
C3 t 3 ssP>£Jl5l.~a(lp>^ 3 4 ^ . ^ ( i ^ 4 - '0t3Pt(R .5-o( 4 t e 6 - o(5p>^7“ ^P>SHi8 » ^ 4 * ^ 3 P *2i +oi4 fa t t .  
+ o(5(i>a33+o i€p>^ 4  j  ^ 5  2.4 4 * o (R ^ i(E > -^ 3 te 6 - 0^ 4 (2.^7-° (5  P>M8 a
C3 S.6 - 0(4 ^ j> ii+ o 5^ p>a2a + ° ^  (b ju i 3C32.7 -  (b;u4 -  0(4 £  a * 5 + *  a  P a u , -  ° < 3 P ^ - 0^  P>;u8 
CsaA ^ (^aa i+^paaa  3 Ca«^» Paas-^iPaas - fo ^ ju T -o ^ a a s  3 C330 =p>a&&-o<j foari*0tefrui&
C331= t o 7 - ° f i  ^ 228  sc33a*-o<i ^ 4+ oiaP‘^ ^ - ^ 5 - ^ 6  ^aa4 .
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3 .1 0 . Function
^ ° 3 " ; the associated complex potentials are
cf0 5 C x)= X o 3 C ^=-H ’o5 C^ = 0
Also the integrals
J U  2 i | ? ( ^ S ' V K 8 ^ 3 +  Ks^S5  + % s 7 W s ^  +  K s s S ^ -W w iS -13
Hence
Cf>i s  (X )  =  StB? S “  ^ 8 l l i - X a X'55 -3C83,S7 - X g 4 S 5' - K & 5  S ^ -J < 8 4 -S 13-
-Bess'S1 7  -3 c s s S i 5 -fC3oS'u -K s iS 'l s -3«"r>s^ & - ’a 3. $ :!-'1 V
and
c f  ^  C $ )  -  C O  C O
= l3 ^ >i s ' 5 -i-9vrLf'r+ X 1Q3 S'S+ K i io i 5 + K , iu i 1 +  K.ic,4- 'S -K io 5 Sa-K ic ,6 'S5- K i 01S’J 
— Kaos *5  ^— ^TVS11"^  . . . . 3 . 1 0 . 1 .
Again
1  _ J  d d  =■ — ^  K3^'S 'V l<9352 ^-l<.34-'S5 -V 'K .35^+^9G ,S5 - F ^ 'T l i l
A iy  1
+  Ke,sS1 3 + K 3 3 'Sl5+Kioo3l7 + K ia iS i '5 +K.io5,5:il+i<iQ3'SSAV 3n&'S;i'6 |
r
J  
Y
•  i 0 4 £ -  = - ^ ( - S T i X 8 i 3 - 5 n ^ j L * S 3 -*,rn3Ce3 'S 5 -9 n ; i4 ^ V
x j  (• '  ^  T> t
~ i  10.Xs5S3 --i3  aXsfe'S-11 “ ^ n .1<:sT ,Si3 ~ n a  XssS1E>- A3rt ^  i 7  -  ^ i  ^ -3<90 "S
-v m K 8 Q x -3 Y ^ K ,s i 'S '3 ~ 5 v n K s 2 /3 5 
a - i
-  7  vn ICssS7-  2) na m  K g s $ * 1 ~ 1 :5  m $ iZ> -  ib  va l<a7  S 1 5  -  W  w  &&& "S i 7
-  dSrYtKssS^- a i r a K ^ r t ^ -  ^3 m .K s iS 23  -  £2.5 m ^ a 8^ 6- £ 7 vnnP'S'17
4  m H 3 + 3 w n -s S + m n -S * a n ^ 4 -^  (  Kso. -  SKsVs8-5 K g » .s 4 '-7J<.& 356  
1  -  v -^ 2^- —3^-^4- ^ n - i
- 9 K g 4 3 8 - i i K s 5 S i 0 -A S fc * 6 :s i* '- i5 fc& 7 S i 4 -i7i<8& S*6 - i 5 X a 3  v ^ - a - i K ^ S * 0  
~ ^ ^ 5  mY\? -  ^ 7 a^ “S2*6  )  j-
Hence
YcqCS) =  -  C4 Co S +  ^ 4 0 1 S3 -+C40*.S5 - K 4 < » ,$ 7  +  C404S8 +  C^s'S11 +  c 406SiS
D  t.
+  c 407^ 15+ c 40S'S17+ C 409’S1S> +  C4 io S*’1 +  C411^ 3+  C4 i%l**+W VW1? $ M
_ y a ^ S ^ s w n ^ + w ^ + S ^ S 3  4- ^ 3  fJCgo _  S K u S ^ -S K s s .^ -T K s a .S 6  
i -n o -s ^ -s n s 4: \  a - i
- 3 K 8 i, SS-111<85 S10-1 3  3<S6SU - i5  Kfi7S1A-17 - I ' iK s ^ ’S1 5
-  2 .1  K ^ 2-0-  2 -S-5  w nas ^ - 2 .1  rv3  s w  )  j
=  .'vVgCS)  3 .1 0 .2 .
Also
Xc3« )  =  2 i f i ( c 4 isfc§^-C4i4 ^  + C415^ + C 4i6 £  + c 41T 5® +c.4ii
-v- C0 3  . . . . 3 . 1 0 . 3 .
U  /
Where C0 9  is obtained from condition (c)
r ,
C03 — -  -ma3Cio4.-»n4<.io5^
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The deflection function is expressed as follows:
t vni<io5 e 4  +  '(in X ^ 1 -VY\i<jo4e4 -*^K io ^e&- c4 i4 - |5 )  Cos^e
+  ( “ ^ 1 0 5  f V R X . 1Q6  e 6+ m X n o  p ' P 10* n  K in  ? * + c 4 i5 i?  )& s4e  
^f-JCiose4 -V3vYve"8,--m K ic .7^ -V n i^ o ^ e ’4 --nXAoseu + ^ . ^ io  +  Cos60
+ ( - K j 07 p S '^ - Y n ; K io 8 f i0  +  9 ^ p ~ 6- 9 n ? f l 4 + r i& io 9 £ ,«l -t- C417 £? ') CbsSQ 
8
+  f^ io s ? s-^ v n n e i; t+ m- f  S^ v v \n f  4 +C415 )  c o s io e+ ^ 9n f104 -n ^ + C 4 i9  £^)C osi^e
A.0  A A/
+ c 4 i5  +  ?l+VYiKio4e^-^ i< i06  ^ - X i i i - Y a X i o ^  +  a X io s  |  • • .••3 . 1 0 .4 .
Moment along the edge of column capital:
M ^ 3  + M63-4r^R^(i-VyU) ^ ^ 1 0 4  ^ - 3 &At0 p”k'V-2>fl^AC>5 ^ <“ -V m X m  f s--3n,KA04pl®
+  15nX-A06P*°)CqS&0 +£-3K}Q5p4'-5XA03P 44-5lT\.XiO£^S-V2>ftvXjliQ-V-R.i''n.XioT P ^
-V 3 n Xa u £4)  Cos40 -v (- 5 X i06 62>m. f 64- 7 m-Xie>7 plc,+ 5 m  Xaq$ f^ + w in  Kiag {>14
+ 9 n .K iio p R)C oS60-T(~7K i(j7e&- 3 f S+9mT)X,Ao8 p ^ + 6 3 m :ip'"4 -t-^ 7Y L ^ p i 6
+  15 n K i0o)')Cosge-\-(-9Kio^P40-V®>s>VY\api4 +3>'nnp6+l&9 yrmf CoSiO0
+ (-99n p ^ -v2 ,in e '^ )co sA ^ 0  4 r ( -K a i-m i< lAo4P4 4-9aKAO5fs) ^ >< *
Hence along the column edge i . e .  fo rP = l
=  4^ »R^ Cl-ty^ ) •|^il^Cc>S£&*VX}^ CoS4-0*VXii4 CoS00 +  X i i5 CoS 8.0 4*X u 6 CoSiOQ
+ K i l 7 Cos.m  +  K m } x ^ -  . . . . 3 . 1 0 . 5 .
Where the parameters are evaluated for P =1;
Also t t e 3 = /* ■ * * %
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General bending moment expressions:
%C^>  = ^KM^CoS^0+Kii3Co£>4Q+Kii4 CasOQ 4- XusOoSge
 ^ 4-Kin Cosi2.0 + K iig l x —v* ...3 .1 0 .6 ,
F C?iQ)
Also
- 6 tQetoCs>.<!>«/CS) =• S iB i { ^ i 4^e.R'xV 3C i4^ e 2'xe-V K i44-e ^ l^ - ^ 4 5  e.4"l 4 - K i 4 ^ e ^ ,'^-v K 147 
^ 0 > ) *  ■ 3> I
+ K j 4 g e sLe4 - K i 4 9 e 8 l 9+ K . i&o e 10,'e+ K i 5J a 10,'6+ K i5 » ,e l l l , '8+ K i 5 3 e i;:' + ^ i 5 4 £ 14 ''S
+ & 1 S 5 e l 4 ', + 'K i5 £ C 16 ie+ K i5 7 e 1 6 i,9+ K i5 a e i8 ‘‘6 + K i 5 9 t 16  &+  K i « s e R 0 6
+  K i 6J e ^ K i 6 a } ^ - L - ^  . . . . 3 . 1 0 . 7 .
Again
(~S) =* 3 ^  j ^ ( ^ 4oo p51 -  3m . C46A f  6-  15aC4G2, p io)  C ^ V ( - 3 n C 4 oa p 6 )  €  4 - ( 3  C^oi f  4
- 5 m C 40^ - S i r i C 4 o 3 p iil)e .4le - \- (5 c 4 ^ p 6 ^ 7 ra C 405^ i ( 5 .RjIn<C4Ci4 ^ i4 ^ e<6''& 4.('7 (:403p8
-3m C 454p u - 3 3 a C 40 5 p ^ e ^ - V  (s C 4 0 4 plO -.il vaC4 c3 f l 4 - S 2)n C 4 Q6 p ^ )e i0x6’
4-(llC405f i -  iS m c ^  pi6~ 46 acw  p ^ ) e ^ 19-*-(13^ 06 Pi4-  *5 m c ^ p  51 n  
- t ( l 6 C 4 o«T p1^ l7 v n G4o&p 5lo~ 5 ^ a C 4 0 S e ^ e i 6 l V ( kl 7 c w p :i8 “ ^ W . C 4 o 3 p » L ^ a C 4 i <i p4 ) e &l9 
+(i3C4o^p^0-^iyaC4top^4 -6 s a c 4 iip ^ )e .  4 r(iiic 4io p * -2 3 m C 4 iip *4-i5v\_C4i2.p?>6)e ’
+  ^ C4U p^ 4-  R3mc4 u p^-. ZW I p2>*) e ^ L9
4-(72Swm9 p^&) -V (- C400 w\p^-sn.C4oi p8^) ^  x
J?CW&
i4\ iie
|  (p>2-63^2/" 0(“i  ^2,<i4-P4 4 '^ ^ 8 .4 5 p 6- t^ 3 p>2.66 P&“  °^ 4 ^ 67  P1- 0^  ^6 ^8.6 3 ? ) e
- 2 A 9  A
" K ° ^  p>a65P6 - ^ 5 f > ^ P 8 - 0<:6p>a.67e10) £ - K f ^ P - ^ M s P *
+ ° k  fcu sP *-U2> h e r  ?iCLci4 PU-°<5 p>8.69 ^ )  ^ + ( r  <*3 fos.3 P*
“ ^4  P>8.64^>4- ^ 5  PR65P6 "  ( ^ 5  ? - < ^ 1  f > ^ 6 6  f  A°
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~ °^2> t e s P 1~ ° t4 te s > P 14- * 5  P>R70 ?'16- t e l * f  lft) e 6t 04-C-°^4 t e 3 P  2- ° ^ 5  t e - t P 4
~°^P>265P6) ^  +  ( t e 6 P 2>- < l t e 7 P 10+ ^ R t e k P ^ ~ ^ t e 3 p 14- od4 t e o f i  “ ^ t e j P  
” ^ 6  f> '^ ° )  £8^  +  ( 7^5  ^ - ^ 6 ^ 6 4  P4)  ^  ( f  267 P10- * !  t e s  Pu +°te. t e s  P *4
t e 3 P ‘l?0 e:i6Le'V ^ -o^ 4?>^ 3 P R3 ^ iO1'^ 
■VCteS?A;i~ ^ l  p>2.63?^ 4 Pl6 -°(3^a.1i Pi8- c^ 4 te ^ P ^ °” ol'5 t e ^ P 2 - ^ t e ^ 4) 6-*
+ ( t e s  Pl4-  °< 1 te o  P144 <*a, P>a7i p1* - 0^  t e £  p * ° -  °^4 t e 3 p22-  °^ 5 t e 4  P *4-°*6 te s p 4) e 
■^■(teo  t e ^ ^ 5 L 7 3 p 5,51-  °*4P*74 f 24- 0^ @> V15 P^6-  °^6 P>a76 f  * &)  ^  *  
" K te u  p18- 0^ ^ *  f ^ + ^ t e s p 512^ ^  p^4 — t e s p ^ ^ ^ T J p 36) 6 -1^ 19
+ ( t o ^  e21o6i  p2 6  -  <*4 Pm  ^ - ol*> H n  p8-<^ p m  e^ ) ^ 18
4 ( t e 3 ? 2 -< A ta 4 P * 44 * * t e f t P ^ * 3 £ a 7 6 f * s- -< 4 te 7  P3Ci-  * 5  fcaHfc p2*2”-  ^ t e l S  
f ^ W P ^ ^ l t e S  p2,6-* -^  t e f P * - *3^3.77 P2>- <^ 4 ^ 7 8 f3;i~ %  f>273 f ^ - ^ t e a ? 2*6)  e 4 ° 
+(f>275P^-oti?>a76PaS^ o(;t.P>«.77 ?3° - ^ N P 3!l"*ol4 ^ p  — ^ 5 ^ g (ip 36)
* C ^ 7 6 P 'La~ °<A t e 7 P ^ ° + ^ t e &  P2,1~ P5 4 - 0^  t e o  P36) lQ jrQ > Z ll p2*0 - 
-<*A t e s e 3* 4 °^ e>a.72> ^ 4~ ^ t e o  e ^ e 0^  ( t e *  p ^ « 4 t e s P ^ V * ^  ? ^ > 3:Lxe
+ ( t e ^  P3^-°^a t e °  P2,6)  e^4 ^ -4 0 3 5 p ^ 6)  e.2*6  \  ( -o ^  t e 3 P 2 4-°^ t e 4 p 4-°<3p>a65?6
",fl^ f» a 6 6 e a" oC5 P a 6 T P 1CL-^ f> a 6 8 P ia')T ' X f—  , n l
3  jJFCp.e)}4 J
=  ^p>2&4 e ^ 0+ p > ^ e ^ V f> ^ 3 C -4 ' V  P>^4£^ 4 p > ^ S ^ t94-^X&6£iCkV‘94-ib^7^iS'4{)^S-e-i^l’e
+  ^ 3 ei6 ^ + ^ ^ 3 0 e ^ 4 ^ M ^ 0bi t e 2 ' eW e4 'P>;L^ e^ Vl4 'f>^ 4 ^ 4 t^ ^ S^ + f>^ 6l  *  S % 0)
- { t e 7 ^ l^ ^ 8 ^ 4 ^ a ^ 4L64-^3Q0^+^3QAe^ ^ ^ 6 4 ^ « 8 ^ % ^ 3 o 4 ^ ^ P >305€'i0Le ’
+ ? > M 4 ^ le+ t a i s e ^ V t e ^ e 3^  f > 3 ! 7 ? * » e*41^ ^ *  r - L _ _
 3 .1 0 .8 .
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• i:
The generalised bending moment expressions:
MXo> *  Cos4-9 -VX1 1 4  Cos90 -bjC i l 5  COS8 Q +  XngCosiOQ
’t ,Kj[j7  CoslS.9*hK-jis^ x -
<O'R^O“/ /)-^(X j[4i,+^<-l43)C6s^0’V-(Kjt44*vKi^5)Co54-0-V-C‘^ 14C',rK i4 ,7)Cos99
■V(Ki4g>-V‘K_i45) Cos^Q^i<i50"V-Kl5l^c-ioSi09-VCXisx,+Ki.53)Cc>Sl(l-9*V-C'^1^4+ ‘^i55)^^®  
+(i<i59-VK.i^7)CoSl90+C1<-i5S‘'' l^5S>)Cx>si&0 ^K j^o  CoSilO0+Ki^Cos22.9+Ki^><~-^3
— ^ R ^ i * ’/ 9 ^ ( p > ^ 8 j + ^ m ' ) CoS^  +^a&3Cfts49+f;tjB4G»£60 +  ^ 5 C o sS0*V-^S6 CaslOG 
•f* fczgjCoSl'MS 4r CoSA4r0+ Cos 169 +  £>^30 C°S l&0+^b;jAj Cc>sJlQ0
+  f> ^ C o s m + ^ 3 GiS ^ 'V -P )^ 4 Cos;i6e + f>il95Cos^ “V X 1 ^ ^ "
j C ^ ’T + f> Wfc) ^  ^  (fe>9 + -V (^3ai+f>3o^) C0S66
•V(f>3C)3*Vp»3(i4)CoS8Q+(^3(»5+f>3O6)C6slO04' p>30T >^2,g&C^s 140-V* CoS 1G-6
4* fb$ioG°Si8 0 + £>3  j j  CosS,O0 +p>3 i^CoS *12,0 4- £>313 Cos 2»4-04- £>3,14 Cos £934 
4f)3^Qss30e4-p>3i7 Cos32,04p>3igCos2>4-0 + — p i  .3 i:10.9
The param etersp281 to f> 320 are as adopted in E q .3 .1 0 .8 .  A  similar 
expression is derived for M y^ .
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The parameters associated with the function are as follows:
K$o= 504-wm +564 m3+ 504 wry1+£016 m3w-*-75(»m5 4S04 YYt5a-t-45i2, w\v\3-*-3t52,0 w ^n.1"
Km « 72n. 4  2,52. YY\^+504 vn^ n, + 564m H  336 a 34 2.26& w V H lX .60 w\4 r\ +  S4 m6
72wi 472Yy\r\4 252 Yn34504Yvm*4- 504wsn 4 504 wm34 SO4w?ft-*-i;i60 m3 r\k 
X83* 3 4 7 2 W ^ 7 2 r^ 2 5 2 ,Y a ^ n 4 3 m H 2 S 2 Y n S n 4 i; i6 r^ -i; i6 0  mxfi5+ iK 0  m^rv1 
Xg4 = 3m 472w a+m ?47H w 7n . +756 62>o vnn^ -v 1680w\3 n3 r„ !
X.85=Sn.-V3m6ia-v^5^wL6n H U 6  n54 U 6 0  tn.4 rL34U 60 yn^a4
X & £ = 3 6 m V l 450 4  M5n34-504YYm54-i2.60Yn3 ir\4j X.&7 * B 4a6>4*g4-m6n H 7 5 6rn ^ rtS -U io m V * ; 
X88~252.wu64 U 6 m sA + t5 0 4 w 3 n5 i  JC ^s 36yi74  25R, m V 5
X 3 0  = S 4  m V V l i t m n 7 5 3 n H  36 m ^n .7
X 925 258a*+ j764m *a4 7 5 6 m 4 4564m 64 i5 ia .m *A *42.520 vn4 A 4  2 5 2 ^ ^ 4  504^4 ’ 
4 2 5 2 0 ^ ^ 4 3 7 ^ 0  Yn*n3 s 504vns4 -7 2 mr>4 &4 m3 4  1 5 1 2 ^ ^ + 2,520 vr^n-
4 2 5 2  m7 4  504 ma34  2.520 Yn5n.-+378Q ^ 0 * 4 1 5 1 2  vr\5A*-4;i520 mA4 4 7 2 m 7r\.45a4omi na 
X 3 4 » 3 ^ 3 6 * 0 * 4 - 2 5 2 ^ 4  504a3 42520 mn4in437S0 m V H T *  m H iS l *  rv\6a+2520 mV*
45040 m^n* 4504 va6 a* 4  6 30 n3+ 3 7 80 va ^ a ^  5040 m* a4 +3 m *r \j X 95  = 3m 472m r7 
4-1512w5rt42520 YflA3 4 5 0 4 0 m3 ak4 5 o4 m lVi4 6 3 0  yw\4437& 0  w\5 n2+ 5040 irr\3 A3 43Yn3 
4 7 2 m 7 n ^ 4 l5 i2 v n 5 n3 4 2 5 2 0 w \ 5 45040vn3 a4::> X,5 6  »  I 4 5 0 4 m 6 a 4 6 3 o  rt4 437&o 
+ 5 0 4 0 m^a3 4 3 m &47R  Yn8n.+l512Yn6 n £ 42520  ma-a44-5040 vn4 ir\34252im 6v\3 . |
+ 5 0 4  n€-V2520 m 4 a 442780 Yvv^a5 i  X ^  » 72m 7n 4 2 5 2 0  vYm4 415i2,m5 n*45040 vn3 r\^  
4-252,m 7n*4504YY\A542520 w 5n343780m 3 a4’4504Yn5n4 415l2YYm64-2520 m3^,5 [
v [
X 9 &rt 252Yn6 a H 5 0 4 n s 4 2 5 2 0 M 4 A^437&OYA^a4 4 5 o 4 M 6 n 3 4 A 5 i2  *0 + ^ 4 2 5 2 0  m V *  |
+ 252y\?4 1512 YY\*-a64  630  y ^ a 5  ^ 504-YY\5a3 41518. MA542520 m3 a 44252w\A6
41512, YY\3n54 5 0 4  MY\ \ 504 vn3n ^ 4 630 m5n4  5 X 10O =  2 5 2 n 64  1512. m V *  4-630 w\4 fl4 
4 5 0 4 YA7-n64 5 0 4  wi4 n 5 4 T  2,n84-25H vyv1*^7 j
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Also
K m - 504mn64  504Yr)^n5 + tT^ "mYv7+ J l^  3
X i O i l '7 ^ 4 £ ^ w V i ^ - 7 £ i r n ^ a T + 3 a s> b :Kio3  = ^ m r ^ + S M r ^
^104= (504-ma +5047i£-M764rTm>>4.i*t6 m5a 4  30&4- mP'rt^+^x vrm -^GSO mS-VJBr^wvV
+ 504 m^a) x - i —- ’
Ov-i}
K'ios -  £5£a3 + i5 i;tv Y \^ n M -6 3 0 m V w a 4 £ & £ ™ k + 5 0 4 v n ;in-4-504Yri4
X i06 = 72,m +7R.wn+^5^va3 4-5H vY \nH 504m 3a  3 X i< ^ -  S + ^ w H l ^ a H ^ J l Y r V ^
>
X i0&= 3m+7IlYW\5 Xios= Sa+aem*' 3 X 110=* U w +  &4m3 3 Km * 3 ^  A -^ m V v i^ m 4,
= Xio4-f ^ --SKjio p ^-V3m,Kio5 f  6+ m  3nXio4-f ^ + i5v \ Kio6 f 10
X i ^ = - 3 X 105 f  ^  5  X i o ^ f  ^  5 w  K i o e f & JCi i Q- V*  ? i m K i o 7  f  1?l+ 5  v \ K i n  f  ^
Xii4 = -5X i06e6- ^ ( n f 6+7YuXio7eA04-5vaK ioo)^+^n:Xiosei4-+ ^ Y iK iio ^  
X jis = ~ 7 K io 7 P s -  &+ ^ m K io & fu + m ^ p ” 4 - v ^ 7  y v ^ ^ + ^ y i-X io s
X i i6 =“ 3 X io & fi04-3>9Ynnf-i4 4 ^ m f  6+lS^> w a f  ^ 5 X n rjs ~ 5 3 n f lSl4-^7n^r4  
Xu&» — X ii i* -vaXio4f^-v-3aXio5 ^  3 Xu^ = ^Xio4.-^ ,\aX iii—54-aXiio  
Xi^,o=5’' ’ ^X.105" ^ ^ K n i  3 Xi^,i — 2>Q^ io 6 “V-6 yy\Xiq5  46nX.io4.
X i^ = ~ 3 6 X io 7 + ^ ^ X io g 3  X ia 3 « -3 o X io8 4 -4 ^ w K i07+30nXioG  
X i^ 4»—41SSa+7R,YaKi.o& 4 S 4aX io 7  3 X i^ s * ^^OwY'-VlGrtaKioS 
Kj^g » - i£ ia X i10 -i;to a X io s  3 K u 7 = 6X iio -30ifnX i03-l& 30™ n
^0K io 3~504w R'-3^,4a 3 Xi2.3»!Ki^G+Xii<5tn^4-Ki^o a^>& 3X430 ■= K12.& £ ^ 
+Yn.KiCT+K is .6 n-e4 iX iM  =  X 113?*■+ Kiaomp6 + K u in p w 5 X isa=  X-U m f  
+K-i2,[ j  ** Kis.0 p4 +-Xus mp*+XiR.R.npl:i- j  Xi34='7R.pa+X.6&1rini1'p
* 4 3 5  = X U i  ps+ K m v n p l'> + K 1^  n ? 14 i, K 1% = 7S.l-af V m  w n f  *  ; K137 *  X m f  4
+ K ij ,3  m p 1!-+ K i^ 4 .n p i4 i  K 1 5 4  =  K.l w p 104-Kji5_4 w p ^ + X i ^ r v p 18, i X i^ 3 = K i a .4 f i *-
+  K u 5  w  p16+ X3Y6 m?f R0 5 X 140 =  K u  5 ? 14 +  W ?6 m ^ p 18 i  
&141;* K ic t  p N - X j  j .6 vap^-+K 1 1 3  YLp ^
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Also
Ki ’S b f i - K 153 i X1 4 3 - K i3 &
”  °^ 1 - °^ 3 K i^ l "  ^ 4 ^-1 3 3 -  °^5 K-13,5 — ^ ^ i z i  3 ^Kl44ss X i s i -
4 '° 2^ Xi7>5 - °^ 3 X i5 7 —• °^ 4-X i38  X 133 — -^1403 X 145— X i3 2 "*°^l^i2>0 +°^2Xi41
~ 0^ 3:K u3” oi-4^131-^5^l"2),3 - o('6;^ l ‘S53 X ^ ^ X is s - o ^ X i^ s + o ^ X i^ - o ^ X iT ja  
““O^ 4^ i33~ '°^5^ i40~oi'6 -^ ^ ^ n i^ p 16 5 X i4Y  ~ X i3 4 —oii K i3 ^ + ° i^ /Kii30-*^ 3 ^ 4 1
—0(4 K i^3  — °L$X i 3 i -  0(4 X i ^  3 X l4 &= Ki*35 -o (^ X i3 7 4 - ^ X i 3a -  <*3 Xit>2> -  X 140
• ~ ^ 5 . ^ 3 Y 6 r t ^ p i 6 3  X l O O i  = - X i n ) 6 - ^ o ( 1 X i ,3 4  +  o i ^ ;^ i 3 ^ - o C 3 X i s o - * ^ 4 X i 4 i - ^ 5 X i R . 3  
~<*6 X ^ i  3 X 150 -  X l3 7  -  ^ i-X isa  + 0^  Kat»4 -  °^ 2> X l4 0  -  064- 2376 n7p16
Xi5A =6 7JlTip ^ + a t^ X i^ 4 - **1 X 1 3 6 — 0 £ 3 X i3 2 ,-o ^ K i’5 0 -^ 5 X l4 1 --o£<oXi;i3
^ 1S ~ °^ i X.it (3 +  o(x X a40-<^3^376 K a5 5 ^ ~ oCa ^ a n p ^ - V ^ X i^
- ° k > X 1 3 4 -  <*4 Xi7>2 ~ o ^ X is o  -  <*6X 1 4 A 3 X 1 5 4 *  X 1 3 3  - ^ 1  X1 4 0 +o ix. 2.376 n ^p 1 6
^3 X 1 3 4 - 0 4^ X 1^ 4 - 0 5^ X 132, - ^ 6 X 13^ 5 X iS 6 -K i4 o -^ i.^ 3 7 6 ^ i6 
X 1 5 7  °^ 3  ^ a f ^ “  °^4 X 1 3 6 -  o^ 5  K 1 3 4 -  X i 3 £ 3  X i 5  ^»  2-376 r£p i&
X i^ » - ^ 4 7 R n p  ^ 0(5 X 134- 0 4^ X 134 3X i6 o * - ° fe ,7 ^ f ^ - 064X 134  •5 X i 6 i= l - ^ 6 ‘T^n.p4  
X l6 ^=  X 141 - ^ X i£ 3 +<*2 X131 -  Xi3,2>" °^4 K l3 5 - ^ 5  X j.37 -  <6 X 133
^ 400=X 92+3aK 6 i-^^ i^  3 C40i = X93+5nXs2,+2>mXM 3 C4 0 2 -  X 34 4 -7 n .X & 3 + 5 m X ^Yl-d
0 4 0 3 a X954-2>nX84+7mX&3 3 C404=X96 +  ^ n X 85+ 3m X s43  0 4 0 5 =^X37+ 13n,X66+iimXs5
v
C406s*X9ft+'45nK&7+A5TnK£6 3 C ^ s  X33+47n,X8a+45 mX&7 3 C40S=XlOO+i<*YlXs$-VA7mX8S 
C403 = X ifli4 'W aX 96+ ^ '^ X s3  3 C 4 iO = X io ^ + ^ rv X 9 i+ ^ im X 3 o 3 ^ ,1Xic)'34-^5inf\n+^»rU<4i 
C4 a »  9aa+27 ri^-WiaSTf^rL8 3 c4 i3  =^04yi3-  1 5 3 2 ^ ^ 7 -5 7 % m V -  1260 m 6a -  2)576 v t \V  
-  6804ytAi7 +1512 n5 +7>7&0 m.4 0^+5072 rrt7a4-  504 n7- 2520 m7n.~ 12.60 m 4 - 12.60 m 6 
~1512.n4 - 5 0 4 m . ^ x  J - j  3 C4 i 4 = 1^5472 mn3+i2096m 3a *+ 2 0 l6 m a 4 +2016  m3 a3 
+  1152v> m + l$4 -4m 3+ i440m ^ + 4704m 3a + 2 0 i6 m 5 + 3 0 2 4  m ^ x J L - 3 
C415 » 2,88 n  +1152. m H il5 2 «  a3+4032 ra4a + 8064 ^ ^ + 2 5 0 4  ^ .^+2 .688  m 4  3
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Again
^416 ~ 432,m +45&m n.+3456 nan?* 4-172,8 m^-v 4 0 ^  m?n 304*7 = 6 4 +576 n^+576 m?+230 4 mV  
C4*s=72.0rrm+80nn. 3 c4 *o>=* 9>6n. 3
& 4 s *  3 ^R.47® vn.u(b^ 4 6  3 ^4ft»-3maX6i+oC»] ^ 4 4  0 (6^43=-S^X&a.-SotqX&i+sm Yt^
fe o  =*-7mnKg3-5c<YK^-3mrLy81 3^R.51*-3^ X 5 4 - 70(7 X83-15iYm.K*R.5 p>*sa= -  3 ^ X 8 4  
-aiwmXga-ilwmXas 3 ^ 5 3 s ~ lSmnK&6-i ^ 7X 85-£7m n k& 4 3 ^54^-15yxm.K%7-i3o(7K86 
-33m nK85 3 t o 5  = -nm n.X s8-35^7X87-S9mnX&6 3 t o 6 as- i ^ ^ K 8 3 Tnot73C8&-45wn3<&7 
fcR.5'(=~ £*m,riX$o — i^^X io-S im nJC gg 3 (ba58=-£3 m a X a * -210(7 X 30- 5 7 nnriX&o> 
fe59 51 ” ^  n,2>~ £2)0(7 X 3 * -  6 3 tnuK^o 3 £>*60 *  -  £7 mni0-  ££5<*rj ytmt\s -  63 mn. K^i
fe&j ® - £70(7 n?-€75 mRn? 3 -S i  mni0  3 ^ 4 3  -  ^ 4 7  3 ^ 4 4 *  2> 4*
(b^ 4 7  3  7  t o  -  ^ ^ 4 3 + ^ ^ 4 6 3  | % 7 -  9 ^ 5 1 - 5 m p a50
-3n(b^43 3  p>a€S=ll(2>R.5R-7^P2.51-^to0 3 £>2.63- A3£253-9m £>25*-15n.£a.5i 
t o o * 1 5 ^ 5 4 * l i n r > ^ 5 3 - ^ l 3 (3 7^1= i7 ^ ^ 5 5 -^ ^ ^ 5 4 — 
tea.= i (2>P)^ 6-15na.p)g.5S-33ap)R54 3 ^7 '3ss^ 1P>£^~-lt7nri^ 5 6 “*2>2)n^55 
fe 7 4 -£ ’z>P>£S8~^m(6?i57-45n^56 3 £ *75 * £5 ^^58~5iia(3u
(2>£76 -  £T$£6<b- £^ wi £>as9 ■“ 57a  p>^ 5g 3 p>^77 = 2.9 $%(>i -2,6 m. -  €2>n £>35  ^3 £>278** 31 £>26 *
-27m(b16-&9n(bi &3(b273*-£9m.£>26a-75ri(2>26i 3
£>JtU~c400?R- ^ wC40iP6- i £n-C4oa.p10 3 ^a83ss'sc401^"’ 5m-c4O«.f8
-a ia C 4 0 3 f1£ j ^ 2 3 4 -  5 c46».?€>-7m,C403p10-  ^ a C x i+ f^ }  @£$5 =. 7C403p&-9m C4Q4  p!2
- 3 3 nc 4 £ ) 5 3 ?>2£6 -  9C4o4?10- i l ^ C4 0 5 P ^ - ^ n C ^  f l * 3 ^ 8 7 “ 4 ic 405^ * '-
-45nC 40 7 e2‘°3 g>aaa»  13C4o6f « - :15mC4<y7 p12> -5 ia c 408e;L2' 3 f>2.«9 = l^C 407e16-47m 04^ 2,0
V
-5 7 Y ic 4oo)p2.43 f)2i3 0 =:i7C40geia-l9 m C 4O3 e2‘a - 6 3 n c 4^ 2 ,6 3  t e a i - ^ c ^ e 2*0 
-2.1m0410^ 4 -  69ac4iiP2*& 3 £ 2.92. -  2*1 c4io C4np £ 6-75aC4ia p^o
p>2,33=* 2-3C44if2,4^^mriC4j2,p£a-2.1S7vr\ni0p ^ 3  w*fi?p3°
P>2,35s2»5C4jaP2i6-739  p>396=-C400Yn. -^e>aC401f^ 3
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Also
P>2.97 -  P*2.63 P>2,64P4 +  f>265 P ‘6“  £>246 P *-< *4  £>267 PjtL o <5 P>26& P l2,- ° ^  £>2.69 PJ4
p>a 9 8 = ^ a ? >2.63p2,“ o(sP>2.64P4 -*^4P)2,65C^-o<5P)2.66P%- ot6 ^ 7 P l0 i  £2,99 =  ?2.64P4
Pg~ ^ 3 ^ 6 7 P10" ^ 4 ^ 2 *6 8  P ^ - ^ S ^ S p 1^ - ^  ^ 7 0  P1 6  
^ O O ^ ^ ^ s f e ^ S p 2* - ^  f e 6 4 p 4Lc^5p,2 i6 5 P 6~ ^ 6  P>a 6 6 p &i  ^ 3 0 1 =  P>265p “ °^ iP a & 4 P 8 
+ ^ a  P&C7 f - i0- o^ 3 f e e s p '^ - 0 ( 4  p»2,63f1 4 -° < 5  t o o P 16- £ > O T P 18 5 P>302L— * 4  t e P 2* 
”” << 5 p ,2 6 4 ? 4 ‘“ 0fe P >a 6 5 P 6 3 £>303= £ 2 6 6 P8-°^ 1  £>2,67 Pi0 + ° ^  £2.62 Pi2  ~ * 3  P>263 P14  
~ ^ 4 t o o P ^ “ ^ 5 (^ 2 ,7 iP 48- ^ 6 ( 2>a7aP2,05 ^ 3 0 4 = - ^ P ‘2,63P2,“ ^ 6p > a64P 4 i ( ^ ( ^ ( ^ P 10 
"■°flf>a68P i a "',0{a ^ 2 ,6 9 P A4!,” 0fe P ^ O P 16- 0^  P>27J P 18-^ s P > Z 7 a P 2,0~ o(4 P a73p a ^3 
1^306- - ° < 6  £>2,63 P2, j  £>307 =  P ^ S ? 12* - 0^  £>2,69 P14+<*2. P>270PA6- ° ^ 3  P>2.7jPJ&- ' ^ 4  i ^ ^ P 2,0 
- 0(5 £>273 P2*2, * 6  £>274-P *4  3 £ 3 0 8  =  £ 2 6 9 P l4 - <*i£ > 2 7 0 P A6‘P°<2.P>a7lP1?‘“ <*3 £ > 2 7 2 P *0 
- 0(4 f>^73P ^Z -  °^5 P>274P2,4'k' ^  p>2*75 P2*6  i  £>309 -  £>270 Pi6 - < * i  P>2.7iPA8+°<2» £>272 P2,0
5p*3iO = P>2TTJ P ^ i t o P 2,0 
+ ^ ( i 2 .73P2‘2 ~ ^ 3 P > a 7 4 P a4- c<4p)2l7 5 P 26- of5 £>276P24- ° ^ £ > a 7 7  P3 0  b £>311 =  £>272 P 2,0 
-  ^ 1 ^ 7 3 P 2*2*4 - ^  t e 7 4 P a 4 ’" 0^ 3 P W 5 ^ a€- ot4 p ,a76 P3 8 - * 5  £>2.77 P30 * - ^ 6  £>278 P3 **
£>512 « £>2,73 PW -  °(l £>274PM  *°<2. £>275 Pa6-o <3 £>276 f a& -  * 4  £>2,77 P30” ^5 ^278 P3 ^< 6^f>273pM
£>313 -£ > 2 7 4 P E4~<*1 £>275Pa6+°<& £>276P2,8- °^3£>277 P3 0 ~ °<4 £>278p32— * 5  f>273P34-°<6fo80P36
£>514= £>275p^6- ^ !  P>276P^a ^ ^  t o 7 P 3 0 ~ ^ 3 p s2.7aP32‘- °^ 4  £>279P3 4 -° ^ 5  £>280 P5 6
£ > 3 1 5 -£>276Paa- ° < i  £>277P3 0  +  c<a  £>278 f 32* - 0^  £>279P34- - 0^  £>280p3 6
£ > 3 1 6 - P>a77p3 ° “ <?^ p )27aP!52*4’^ 2 p >279 f 3 4 - ° < 3  £26^ P 3 4 3 P>317® t o a P 32* - ^ !  £>279 £3 4
4 °< a f> 2 8 0 p 3 * 3  ^ 5 3 6 « P a 7 9 f 3 4 -“ °<i £>280 p 3 6 |> £>319 =  £>280 f ^ 6
£>32.0 *  -  £>263 P2, 4 °< 2  £>264 p4 -°< 3  £>265p6-< * 4  £266  P & -  0^ 5 £>2.67 f 1- ^  £>23 P12, *
no
3 .1 1 .  Function wp
tOop-  ^ the associated complex potentials are
^ C*) = _ 8 ^  ^  R 3 % ° ^ C < ) = 0
Also the integral
+ m $ + w ^ x  la% ( 1  -t 4  R ( i  ^  +ft(rflyvw$2>)^
*  CS)
Then
% « > ' f c j. « ) + ^ « ) = | | | ^ [ ( i + m s + ^ > ^ S + m 3 4 ^  . . . 3 . 1 1 . 1 .  '
Again
^  Ad  a -U v^4- n j j  y lag )  4- V j
i
Y
2 ;u
Y
1  fj3cg l co ' frO d6  - ~ Ti0.b^r_ ^^+YnS^-vv v (aciri^tVYx<M 4.7 n ^ 7 m n t^ n h ^ m ^ 3 m i^ M n l
(*)/C^) 87vD\ ■S(i-w'$R'—2>r>^ ) J
Hence
V CbC -o . i ^ B c f - t  +  ^ n s S n m A ^ ^ a m ^ s t f t ^ a j m r , ^  ( ^  > < . 3 . 1 1 . 2 .T q ? v .> j t  v J  1 r  J
Also
% cK'S)“  ~ «v (i-+7 n.2'-V2>mx) i j g ,S - ^ +Co^
- 'X p ( l )  . . . 3 . 1 1 . 3 .
where Co\> is determined from condition (c)
Cob-”-~  (^ yysl 4-x\'l )
&*-!>
The resulting deflection function 
13p -  -  <^ ^ . ' l ^ i+ T a ^ + a m a*-.p’ ?'~(3tYn+^mne4 ')C os^-aYve;iCos4e-ia?f
— (v rv -m ^ ^ + ^ w a? ^ -! w\v\?K-+ 2^^^Cos^Q-(Yip^Ap4 )c^s4&-rri>^.n*Y6 -fyy^yv*-^. .  3 . 1 1 . 4
mMoment along column capital edge :
=• ^ i+ y^ |j(^ ^ w -(i>2.ao)Cos^O+HP^CDS4Q+ £>2.2> i|x J _  —
Hence along the column capital edge
M p p =  ^ ^ ^ (P > 2. ^ “ P)^o)Cas^e + ap^CDs49+p>s,5i|x_L^_ |  .............3 . 1 1 . 5 .
Where the parameters are evaluated by substituting ? =1
Also .
General bending moment expressions:
-JIB ("S') = %AAb(l-V/^ ^ (jb j^ -|b £ 3 o }C °S ^ 4 n P^Ca£49 +  (b;£,2>i^x _ i____
Also . . . 3 . 1 1 . 6 .
P M  
. . 3 . 1
g ^ ^ C^ e^l9+C^ ^ ;i + C^ e4 *l~ C^ 2 > ^ 4  + ^ 7 ^ 6 ^ - CS2>a^  + P>S/2>be%L0
~ C 3 ^ e ^ 9-*C34oe10 ~ (^ | i^ 5 6 t U + C 34 i|)t i ^  - 4 m y \  P6^ A-3^? 6e 6 l6] x l - 6)
■ ’ •  3 . 1 1 . 7 .
Again
v ^ c t ) * -  ^  U  P V 1- a n f _ A _ _ ^  •v |c 343e;‘i - C S4ll€ ,il+ C 3 « £ 4i9+c346t ' li9
+ C 3 f l t 6i9+C34s€€ l+C34<5e4i6+C35oe8''+C35iC.lotV<<6ft i mn€.W -!lln?'p1V l,'+C.2>5 A x _ l_  1
J {Fce.e'if J
. , . . 3 . 1 1 . 8 .
The generalised bending moment expressions are derived from E qs .3 .1 1 . 6 ,  3 . 1 1 . 7  
and 3 . 1 1 . 8 .
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Generalised bending moment expression:
Mx.£> =*• PSAO) ^  ^  ^  P ^  Cos4® + [i>2.M .^ X _ i  — P^ |
-  ^  C1' / )  ^ (C a M + ca*4) +  C^b-CMfe) Cos 49 +  (ciV l -C j-^ c ^ s o
+  ^ *2 3 ) CoS 8 9  ~ £osio& -  ^  p>^ 36 Cosi c2>4 i^ *  1
^Fc^ 3
- (  ( l - C M ^ V 0^  ~ 4 r m P 6Co^49-3Y\.5l paCos6&'l><._i___1
■> FCftB) J
4- ( I - / - )  (P^-3n.p6)  CoS^ -  m.p^| *_L_^ - V ^ 3 4 3 ” c344)Cos^9
" ^ ( C ^ ^ + C ^ ^ C o s ^ + ( C a y ( 4 - C 3 ^ ,) C o s 6 © + ( C ^ 4 < i - V C 3 5 o ) C o & 8 6  '
+  (^3SA+ <<6P ^>m ri)C osloe-R ,l^p ^sa9+C 35^x 3 1 1 9
A similar expression is derived for Mgja.
The parameters connected with function wp are as follows:
£>2.23= U m P *-  4 m n P 6  5 v f tp ^ v m p fc  3 | b ^  =  3  (2»^^= gnro^^-vagYt^p6
p,2 .3 3 -6 m p X'4 -a 6 w \n f6-v4mYp'pi0  j  f ) ^ 5* 2 & n p *+ 4 m *V ip *J  (iR 2>S*4m np6 j  [basG* 6 w n P 6 
P>R.37 2 ^^^VTyv*- j  j2»S.2>8 = 3m -V7 vy\v\ 3 £>3 3 $ -  3 m V + (b jt3 7  j  |b2.4C> = Vn f>R.S7*¥ 451X^4-2>(i>;t3& 
p>24i* 2)y\. ( b ^ 7 ~  vrvf>a3.8+  3 5 x13 (bg,4a *  3in(&£a&-fc4w m
C s3b =  P5^ ' - o(i  fo 3 3 ' ' - <* i l p * 3 4 - ‘*3 p >aa5 5 C 3 3 4 s ^ | i a 3 ^ - <s(3 (2 > ^ 3 -0(4  P>a34“ *5P >*35 -< *1 (^ 3 6  
C3 ,2>b:s|b ^ ^ " ," c^lP>^ :i4 - 4 ^ ^ 3 5  0 c 3 3 6  ,s^ '3 p ,S.2»^4o(4^a334-0<5(i>R34 +  0^P>X.35'-ol».^».36 
C 3 3 7 S'P ^ 3 4 - " ^  (^^35 5  Co>o)^ *^ 4 {b ? .3 2 ,4 *^ 5  ( b ^ a - V o ^ ^ ^ - V o lo ,^ 2,6 3 C3 3 3 *  < *5  
+ < * 6  P>*33+®<4f>fc36 5 C 2>4o=:o (6 |b8i^ 4 ^ 5 ^ 3 6  •» ^ 3 - 0(3 ^ ^ .
- ^ 4  p>235 4-1^36 5 C s^ .R .n p ^ + Y n ^ p ^ ^  C ^ s - a m n p ^ o t ^ p ^ l i ^ + o i ^ ^ o
0 3 4 4 * 0(2. S v ^ r y P ^ + o C i ^ ^ p H o i A ^ Q p 6  
4o(5 (bg.41 P8 4o(fip.^4?.P1C> 3 C3 4 5 = p5^ P 4 -  °<iP6 ^R404^p»R,4A PS-< * 3^*42,
£,346 *  0(3 ^ - - 0 ( 4  P 4-  0 (5  p»R40 P6- ^ 6  P>M4 P & i> c3 4 7 =  P>£40 P 6- < * 1  P>R4i P &
+<** P>*,4ilPA0 -V°<3 5 ^ 2>4 4 *  2>Ynn^4 P&—0 ( 5  (2>^ p 4 - . a £.6  p ^ o p 6
C 3 4 ^ 3  3 C3 5 0  *  2 >vtMTyoC5 p^~ol4  [2>j^ 3  p 4
C 3 5 i * P > ^ P A0 4 r R , l Y \ V i P ^  3  C3S2.= 2>wrio(i p ^ 4 - o ( . ^ ^ P 4 ~ ^ 3 ^ 4 0 P 6- ^ 4 ^ A P & 
- o ( 5 ^ P 1 0 + ^ 6 ^ 1 n ’ *p a  i
3 .1 2 .  Function wq
~  D ‘n e^9 ra s^ forming the functional equations are
L  £ d d  =* -  j  ^Y n+rna4^vvNYV+^m^)^ 4*(rri%-VS.‘A.-VRvvvl'n-v-v\3>)
v  ■ ■ V  a
i -  f i ^  cp '  c<fl d a  = - ( - y i a ^ - V n  R .a .z )
o'Cd) <2-32 *^  
y
Hence
cfc<i/C'S) = 3lB2 f K 7 7 T — K i t X.79  ^5 -.rift-^7  ^ . . . . 3 . 1 2 . 1 .
D ^  3 5
Also
i _  f  ^  — SlE2  (7 14-^m^+wV-VZv\!>-)-5-V-(-nrv+,2.vvin)x>2'4.Yi^5l
T t i  ]  1 6 D  J2 ^
y
y
- 7 YnnRs7 -  ( X ^
Hence
Tco-fr)*  “ — f  ( i + ^ VT'^-'’VY^Vt+ a.rvx)'S +  ( w \ - V t? -Vn} 5 -\- YiX^s'S 4-n X -q ^ S ^-T  yv*s 5 
» A6 D (,
-V mXlqsS3—^ ^ 7 7 ^  + w K ^ ft^ + ’TYttYV^ -V- wa Ao^ S-Km+Kq^-virt'-^H
l-ro^a.-£*■$* ^ 3
. . . 3 . 1 2 . 2 .
Also
Xc<^C$) -  - ^ -  j^H ^rnVw v^n-v^’1*4-nK^js- m X 7 7 -vrinX^t){pg 1  +(^YAV\-^.Tn^-m:bn'-^mn'i'
+  -VWX78 - X rj7 -3  K 77 n ^ ) i  +  ( r> ? -7 .rt-  m ^ -8 w V  -  bm°rv1' +  m;f6i<*4-Xr]s) 1
^ • _ ■ ■ ^
+ ^ vy\n’i*~4 vWY\*VX7 9 )  ! lf  -v 4 w*- T -V Co . . . 3 . 1 2 . 3 .
6  8  I
Thus
Uov = RefwCV) 'fc^(’y) +  T ^ C O l and U o ^ =  2 ^ 1 *4
4
The final expression for wq is obtained by combining the two individual 
deflection functions and tOoq, . The constant coq is determined from
the boundary condition (c).  Thus
03c^  =  « .^ft4  4 ^ X 7 7  P4—^  1^ X 7 5  pa+gYwY2’p6 4-&Ynnp*’
4- 4- 4 m V f  6 -v 4m3p*4- 4wn3 Pi0)  Cos 4- ( -  4Kis p -  4 m 1<73 p6-  4 -n?p-^+a.rriVf f  *
P^ 3 5
4-£m^4-$w?hp44-4vx4-4in?,p&)Cos49 4-(^i|.K7<5f4~ 4 m ^ p a-v4vY\10a’p64-4w\p*')Gas69
4-(r4n*P64-*Y'?'P4 )Cksse4J. 4-m.4 p4 + 4 n>p4 + k m *a *p H u 4 p1V a w V l pH4m \,p4p4
-4 m K q *j4 4  -Y iX q a -i-  4nR'-T n 4-YV4-4m *Y\i -  4m sn 4 -4 m X q riP5' -  4wXn& p6 
3 3
4-^('Sma-SYr>3-4 m 2,a~&"ma'l4-4n.K^o)4-4m K^-4iC77~i^Kr\7 n.z)  Cos2£
•I '  ■
4 * ^  ^4na-Sy>.-4m^-35tm,;Sv-iR.,vn?'n.R'4r4m jCi^4-4X^s) Cc>&49 
+£? (4 m n * -16 mv> 4- 4 K i Cos 66 +  16 n£ £ a Cos &9 
4- 4(14-Hrr^ 4  m V  4- &rvM- yv K.*jg -  m'Kn7 — mn £og P * • .  . 3 . 12 .4 *
Also
Coq. = -  s s l fo m & n -iL  nX7S4-14 4mV4ToHm4*n 4+4w V s-4m V l.
44B \ ■ . 3 3
Bending moment along the column capital edge:
Bending moment expressions are derived separately corresponding to the two 
individual deflection functions wcq and woqand later added for the complete 
solution. Thus
Due to function wcq -
M P<1,C = ^  { c ^  4- m X 7& -43irxX77> -3ntOn}cos;>e
- ( X 7 ^ “ 7w\Y);L)C os40-7Y \2-GisS 9 -m X q 7-V 2 ,n X 7& |x  _ i_ _  3  1 2  5
■* FjC&O  ................
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Due to function woq ■
l - V v w ^ + r t ^ - V - S . m C o a ^ + ^ C o s 4 e  +  ^ v n y tC Q S ^ ©  - ( < * 4 0 C o s 3 . 9 - o d 4 i C o S 4 e
-o^C Q sG a-^Y^cosga -  _ i__ 1
F i CP/QVj . .  . 3 . 1 2 . 6 .
Final ly on the column capital edge
v
General bending moment expressions:
The bending moment expressions are obtained for each individual 
function wcq and woq and later added for the complete solution.
Due to function wcq -  
- ^ 0 1 4 / - )  Re- % %C%)
- ( K ^  p 4 - m X ^ f  -  ( K t s P 1i 7 v w > i 0 ) c 6 ^ 9 - 7 t t V c o r s S 9
- m X ^ p H i a i C q s P * } *  J _  . . . . 3 . 1 2 . 7 .
•> P(&&)
Also '
<3pu/ =■ i B * '  -vC2,fe2)e 6v6- v c ^ e 6 + c 3^ e^ e
tO'CS) ^  16 D >
+C36o>t'\ c^ q^ - ^ C yj ^l y,  —V... . . 3 . 1 2 . 8
a . i Fee,elr
Again
v j^ C S ) -  ^ ^ | j ^ c3S0e^ 9-  -vC3g ^e4l % c3g3e6 - v c ^ e 81- c3s5^ * J k
FCW
-fciQ
+  c3&7e^V<4* 4 * ^ 0 e 6^ +  + c3^3^"
+C 334e 1 0 ',+C3«>5C1Cl + c357 C1^ e4-C3 5 g e 1 6 l 94-C2>^ | x  3  ^  9
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The bending moment expression takes the following form
M x < ^ *  pH K i s WL^G-V2,n.K7e?10-Sn-Krlr{ p9)Cosa.e - ( f t 7Sp4_ml<:79
-5Li n s P1* )  Cos 49- (x ^ P  £ T mn.V°)Cos6 0 HfYU<T7 f 4+ 2 > n P  8 J x _L.^
— 2 ^ ,(1 - /^ )  ^(Cn)5^-\rC36o)Cos^O + (C5fci+C3^)^49 *V(C363+ c364c>oS^
^CC2>65+c366)CoS«9 ■+ Cc367+C2>6*) CoSiO 9 + (C ^ + C ^ & s U e + C ^  &S 149 + C ^ ^ x  J   ^
2 j^ ( l- / } j^ (C 3 £ 0 -c3&l}D&^9+C3S;i^49 + C3&3Cos69+C3£4CoS&9-C3<^ x JL_^ 
' ^ C2>86+ c3st)^ ^ 4 -(C 3 8 s-VC3^Cos49-V (Cs^o-VC^^Cbs^Q+Ca^ Cos^O-VC^GoslOe
+ - ^ < 3 5  CoS1094-C3%CoS 15.9+-C3«37 Cos 146+*C333CsS16e+C33<3*lx —L —^ 1 . . .  . 3 . 1 2 . 1 0 .
5 { ? ( * * ? [
A similar expression is derived for M ^ c .
Due to function woq 'w
=. — ) ( \2 .+A K V CoS^ Q ^.m1*fs'G>s^e+Y\^p6Ccrt.2'394-3.WvCoS^G4-^Yip^Cos2)90cs9 
6 4  v f *
+-^VnYlf ^ Css3QC^9) 4 - ( 4 + ^ / ^ ( ^ j 3  +• Y^p6S4vvL3 9 -^ S f \^ e
+  S'vx’ie  . . . . 3 . 1 2 . 1 1 .
S im ilarly
^ J ^ (4 4 U h )(S 5 5 u i+ -m 5lf>;i'CcA2'd+YX.LP6C6S^ 2,9 4*%vnCoS^e +  %.vi(>^  Cos36Cos9
+^Ynnf4■Cos36Cos6)4*(lX+4^X^^4• vrx^^S ^a -V ^ f  6 S iv^e  -  a.m Sv^o-Sln-pV^e  
4-^w n.p^S\n39S ln9)| . . . . 3 . 1 2 . 1 2 .
Thus
and ^ V =
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The parameters associated with function wq are as follows:
K 7 7 *  - X 7 8  =  3 (rriH #U v 4- 3 K 7 3  -  5(;i»nYi4-wn?-)
Y W
0 (4 0  = K n 7 + ^ & ty i+ 3 n .K q ^ " ,3a30i7  3^4i=K 7% -K 75Ya-£ lYYa 3oi4£=:3<75“ r7YYm*'
0 C4 3 *  l-\-^Yn<HYY>'J-n.-V^Yk^-VYi.X7?>* 'm T<>7T 3 ^ 4 4  = 3*n^™ a4r3Y \,'iC 7S4-3w ;K .7%  
^•4 5 ® 5 ^ -V 3 5 Yi.3 + 5 rri^ 7 3  3 ( ^ 4 3  = 6 X 7 5 - £ ™ 3r<.7 $ - 6 n K . 7 7  3 (*>fc44 -  56a '2’- 4 ^ X 7 5  
($Z45 -  4R.Yna^-V 6a K -73 3
C;>>5 3 ~  R.™ X 7 7  P4 -  4 n l< 7 &P^ 3 c3 54  = * t ^ n  P*1- 4 m K 7 %P&-  p>&43 Y tp i0 $ C3 5 5 S 4 K 7 SP4  
+  m ^ 4 3 ? 8+ ^ 4 4 ^ P U S C 356*  (*>*43 f S m p ^ P 1® YV(h;>45P 14 5 ^ 357=* ( b ^ p i m ^ p ^  
-S 4 Y t4 Pl6 3 C 358« @>a.45PIC,+  &4 3  C3 3 3 S C ^ - 04! c‘2>54—o4R *$£?>*>(>+<*4 ^ 5 7
-^ 5 C 3 S S -° < 6  8 4 n 3 p i ; l 3 C3 4 0 * -< ^ A fcn:K 77P 6 + < * * C a & 3 - * 3 c3 5 4 4 -^ 4 c3 5 5 + o45c35<3-0feC3 y I
C341 = C354-'-o4i c2»5S‘" ot^ c354-Vo43 c3 5 7 - o44 c3 S ft-o45g4Yi>P1^  3 C ^ g s f lC ^ n . *.77 P 6
"“^ 3 5 3 - 0(4 ^ 5 4 -4 .<^ 5 0 3 5 5 4 - C3 5 4  3 C363=“ C3554r<*iC35&-o^C357-a£3 C3S8 
- ^ 4 ^ 4 YL3 P1 J!-3 C3 6 4 s-oC 3  ^ .n K 7 7 P6 ~o<4 C3 5 3 - o t 5 C3 5 4 -V ^ 4 C3 5 5  3 0 .3 6 5 = - C o ^  4 ^ 1 ^ 5 7  
+ aLZ .C '&&-* 3 $ 4 Y^P1?L S c366 -  *"o4'4 £ * ^ 7 7  P6-  C ^ - 0^  c3 5 4 5 ^367 = --0 3 5 7 - * ^ 3 5 8
+ ^ S 4 a 2 ‘Pi2'3  C3 GS = - 0 ( 5  a ,n X 7 7 p 6 -o ^ 0 3 5 3 *>  c36s *
C37i *  S4n> P 18- 3 C3 7 2 , =  S.Y1 K 7 7 P6  “ ^ 1 ^3 5 3 4 - ^ c354+o43 c-355-V-<544^ 2> 5^ S c357'"o(6c358 5 
C3 7 3 = 3o(A*-m xrvK 7 7  3 C-3 7 4 - 3  0 3 7 5 = ‘»
C 3 7 4 *  ^ o4-4 — BvnoC^-baci^ 3 C3 7 7  =  2,31  ^ C ^ fc ^ -A & S m ^ Y v ^ iS n c l^
0 3 7 )^® "4-41vv\n4 3C3^o*<3(43f^w\o644P6 -.3no(45P103 ^351* 3 a °i-4 3 p 6
C38^=^44P 4 - ^ o44bP6 - i 4 rr w v x V S ' 0 3 5 3 *<4 ,4 5 p6 - 4 9 * ^ ^ 10
C3 & 4  »  4 * 5 j  C3&5-m°<43p44. 3 C ^ e s ^ -w w a -^ p ^ - 0 ( ^ 3 7 3 P4 + ^ ^ 7 4 P 6
^ 3 ^ 5  P8" ^  P10- ^5 C3TT P1 P 44 d C3S7  ^  YYNalCqq.p8'-od3 C372> p^
- 04 4^374P6  *"°^5 C3 7  5  P4- 04^  0.376 Pl °  ■ > C3 &S> *  C373 P4-°<AC374 P^-V ^JtC ^ p*
^ oC3C 376P 1°-<^4C-2>77P i 8 '-oC5C374 p i4 -oCfe C375p1 6  j
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Also
<*3 P^— <*4CyT3P4-,,<*5c&74P6*,,<*6c3'rl5 P* j
Ca^ o *  Cyi4 P6-<*1 c2»15 P^  3^76 Pi0-  P ^ .0(4 Cvifc f>14 -  0C5 C^ O) pi6
C3><M * ot,4 VvwvK.^  P4 ~*6 c374PGi C2>75 P*- <*i CV7€> P10-V-<**£3*17
-  <*3 CyT*?14- 06*  cyTS>PA6 5 c2>°>3 * *5 mnKn p *- oC6 C ^ p ^ C a ^ *  C376 f^o^C^n p 
4"<*Hc3rI&fi4~oi2>C3Tl9P'165 C3°>S5°U mnKTlP*' i f  i^ -^ iC ^ 8f 14
-VoL5vC2>T<3pi 63C2>^ TsC2n8Pi4 -^ iC 3r]3Pi6 3 C ^ o > 8 *  C ^ r , ^  pl6
Ym XT7P*4r<*fc£37:iP4- * 3 c3 l4 P 6- <*4<:y i5P 4-*‘<5c376Pi - 0^ c'3,-n P 1Jl
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3 .1 3 .  Shear force expressions
The shear force expressions are derived functionwise from E q .2 .2 .8 .
It is necessary to derive exp lic it expressions for corresponding to each 
deflection function as they are later combined to.satisfy certain boundary 
condition (d ). The radial shear force can be expressed as
ft p = - 4 D  ftp 5 - . where = l lC * )  • J "
r | P
The radial shear force expressions corresponding to the 
individual functions are as follows:
-  6 P10- 5 4 a 3 K 6  Pi0~  4 8 m n f>6+  i4 4 m r v * f i0 - £ ma a p 10
-5 4 m rr >p14-V36mir\2'P 40) ,  Co52© f 8 +2 ,4n ,f4  4 2 A 6 i a t n ^ p ft)Cfl&4.e--
+ ( l 8wn;ipi0- ia r J l K.6 piC>- 6al<.6 p6- 6maP6>) CoS 60 -4 m .af 4 44K *Tn-P 4
- 3 6 t a T t ^ P 1^ + ^ 4 .m V p ^ - M 4 T ^ p * - a 6 m :iYii e ia T[ X - J   A ..—3 .1 3 .2 .
| F ( e , Q ^ i
=. M a  | p ^ p a+  ifcnp6*  6 m?a P10+  54n?Pi4 -  bSri^P*0)  Cos 2d
+  (iB n ^ P ^ + 6 rvp 6)C o s 6 9 -4 v r ip 4 4.36imn?lp1H  x - i  .  . 3 . 1 3 . 3 .
J
GLp3 » 4 ^ R ^ p ^ ( P ;iC i8 + 6 p 3'+w 2'Cif tp6-v-mt c jloP10+9vv, :cao P J4 4fcK>n4 p i&-R m C 1o>p6' 
+  S.4vnx f  6 n .C ^ p 6 -6n,C ^c>Pi0'V4w\nC13pio4-2)60ynV'P14)  H*(P4 c i^
4 -60 'm V p 15l -*ia 'm 2>p4 4 ^ n 1"c ^ p lx' - ^ c ^ o p & - .  i^m -S ^O yn rP 'P ^-V T ^  vv'Ytp4  
4  4,maCl 2>e%+540rf\n ? p 1 6 )Cos49 +  Cca.op$4 3 0 Y n V - f 1 4  +  6 Yr\%p * i-$ n * C 1 6 e * 0  
-l» .e><m?'ttpi - 5 4 0  n?Pl4 - a 6 t t ? R- 7 2 r o 9Yi p 6 )  Cos60 +  (60vnap*-io$YYm ,Lp 8
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-IS O m r^ f 1'l+3£>wip‘1)  Cos gs + ( ’sonz-p10-)-54-'n-'l f  s )  CoilO0 — iX.m-+ n^Cio,?8
+540m n?P16-».r<vCi4p4_6rici o)e8+6waCj.o P « 4 x  _ i  1 3 13 4
" •»  ••
V
= .  Jl^ 4.5inn?’f 6-lS..Yvp>43f ^ -va.4vnf6-7Jtm ap10+vn'a‘ f>44Pi 0
+ 9 ^ P >44 f  i4 -6n-£>44Pi0)  CoS 2.0 + 0 2 .mn £>4 3 p8- 1&p4 - i 0gu.aPi:- 2.m (S44P&) O£40 
+  (i&p>43n2,p10+^44p6)C os60-4m p)4sP4c- i a im2if6-+ ,,r2.nf\6mTnp>44 ^ ’l x ~ l —  R/1
. . . 3 . 1 3 . 5 .
&p5 »■ ‘m n  |jp  |^>6S P2** rr£ p6+ m2, (b7J Pi04  avta jb«up14 +  3 a 2* pM/^  ?l\  %m (2)63 P+M£>76p 6 j
- ^ ^ ^ P €L-6 a (b 71pl0-6m n(b7oPi0+6Yirtn(b72,P^)Gi5Z6+-(.Jb7oP4+4e“ ' f  4
+  m2*(b72,P12^ ,2)in?,(2)7oPi2*-V756Y\4 p2‘0-2.m f>7ips+6n(b69p4-6 n p )7 2 .f12M - ^ ^ s P 6 ;j
+ 6 rY\vi.(b'73P16)Cbs 40 Jr(£*ji?(>-\rrnL$ * } 'b ? Sir^^s piG-  2.m (672. P 10-fcw\p“ Sn^rj^p-14
-6m n(b6^p6+504ww3Pi *)G>s68 4C(2>72,f 6484w 2‘rP*p16-5 n 24(b63f 2*w(b73pi2*
-  504 n3pi6~24n)Cos«0 4-(p 7 3 pi0- i 6aYn^pi4-V2.4 ranp2*) CoslOe 4r
4  ^ ^ r^ p 4)  Cosi2*0 -  p>63 ~ Yn2‘(b7oP^4 4 rr?*p&4 -5 u2,^72l p ^ z m ^ g a p ^  4a(b7o Pft
4  6 mnn(2>7 iP ia" l*  —  1
i  {F C f4 5M  . . . 3 . 1 3 . 6 .
GLf6 = M £lR|p^(2.P)32>P2,42.m^(b^ps-iftYl^3p64.i2,0Yn^p6-2 >60inr\Vpi<tm 2‘ P>37piO
-  9> p ^ 4 y v  ^  pAC^ -i 2,0 w V  pi4 -V2,70 in?e1&)  COS2.6 4 ( 12. mn. 40 TTX p 4
• -5 4 0  Twn^p^+^m ^ 7 ?V 2 .0  m3 p12*-. 1 2 ,0  w n p i 24i&O wo?* pA6)  Cos404(i8n2, ^ P 10
-  p>yi p^-40 Yr^p*10^  so r A i p 14- ! ^  yv^p14)  Cosse 4(^,0 mp -  0 0  mYipia )cosS0
+*50iapi?Casi06~4rnf>52>p4-6Omsp&4 5 0 O w n p ^ -^ y m n & ^ p ^ ia o w w ^ P ^ x " I
■> [rce,6)}5/2, j  •
. . .3 .1 3 .7 .
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a A% R^ P P^+sn^ibm  Pi44 Sn24 |bi7>6 pia
—2* m (bj^sp^*2um p>i4-^>f2*-6Yi£>i3a/p6-6n.(bi2>4pA04  6wn (b13 3 pi0-vStvm {bi<z>5 f l4)  Cos2*©
+ (f»is,3 P4 +84m f’"44 m 2,p>i35P1* -  w ^ jb ^p 4 (bi33 p12*- 2,m (bi34 P4-  Rw (bi44+0n*p>yy[p*c>
-&wp>j«55Pl2*+6 np>i4«>p4-v 6 mm p>i ,^{tp&+ 6way\ {b j^ep ^ O ^ O  4 ( ^ 3 4  p6+42,p%Yn*£>i36pi4r 
+ ^ £ > 1 4 4 P W - ^ m  p>12>5P 10 - i 6 &  v n * p ' * - 6 i r v | b i ^  P i 4 - 6 n P > i 4 4 P *
4  6ttmp>i37 PA^ -6mrm£>i4'5p6)Cos6& + (p>Jo)5p8-vm2*(bi’i7P 16+a4m 2>+ 3 n .^ (b i^ p ^ 4 
-Sr^b^p^-Jlm jbise f 1*-84mp'"4-6n,(i>A37?1)“-’ 504ftm 4  6YWl{bi$ftp*^.6mn£u44-p4)Cos$e 
+(P>r*>6PA04im*(bi3% Pi84 4 R - V - 9 n * ( b i 4 0  pS -H m ^i^  P14-6Tl(bi38PlS
—2.S2.up * 4 6rcm.|by&sp**4504 wiSip*)Cos 106 4 (p w P ^ rm ^ iT jo .P *°- Sri*(b^j p* 8 
4 7 5 4  m'o!lp4 -^ m ^ i'2>aP16- 6 m. ( b ^  p ^ 4  6 ma jbi4o P*442.52.vxMn-) Cosl^ O 
+ (^58  Pi4  4r^a(bi4o P2'*-SYi*^i4^p’i0+S78P'^ R,m £>439 pi8~ 6 n (^40 p £ * -6wyi £>444 p*6)  Cos 140 
■VC^^P^rri^pi^ip^4-&m$3i40p*°-V4Yip>i4ip^4_6mm (b i^p^C os 160 4 ( ^ 4 0  P1- * ^ ! ^ ^  
4R(mp)i4iP^4.6n^i4^P^)caSl60 4(-h4lP*°42.m(bi43.P!a4)Cos2.O0 -  (**42. P**- CosRJie 
-(ii434m *{bj^txP84SYv*(bi35PA6-R m  (bi32,p4-6n.p>i3SPe4  6rYvn.p>i3>4pi;ij x  -___ «s, ~1
J ^ f 7* ]
• • • 3 . 1 3 . 8 .
Gtp^  -  ^  2.7iR|p P* 4 2.^ * 1^  p64 p^ -VSmJ1 ^ 1^5 pA4 + 5m?- £>157 p iS4  2.4 mfc^ p 6
- 12. a X ts  p 6-  6 t l  (b| 0)S p ift_ 7 R m ^K^j p 1&4 6 mu (bis«, p *4)  Cos 2.04 ( - i 2. ^ 67 P 44W\*p>^ 6p i ^
-IC&r^X^j pi*4756  pac>-  Rm(bio>5 p8-  6n. (hiss, p**4- ARmn.XG£,p84  6 mm ftiy j p16)  C&s 4©
4  P ^ + i S n ^ X ^ p 1 -  £ m  (b ^ g  p i0 - 6 a ( b ^ 7  Pi4r4 -504m m ; ip ^ )  Cos60
4Cp>lS6Pa484m*rn.pi<°-Rm|bi<b7PA*-5 0 4 n *p i 6)Cos'&^4(P)iio>7P1-i68mn,pi4)  CosiO©
4 S 4 a p i;tCosi5l©-lR.Yaa'X67P%4Sm-*'P>i<i4  PA^ 4 m X 6 6 P 4 472.ni<»67 p8
4 6 mm-(b±35Pi Z } X  r - i—vc.."\
J {FCp4 5/* J  /  . . . . 3 . 1 3 . 9 .
= 4<lR^p XjZ3 pJ%
-2 .m K ia oe6 - ^ r u K 12,6p2*-6nKiio)e6-6 n X ia d p 104 6m a K ia6pA04 6 m u X ia 2 p 14)  Gjs2*0 
+  (^ iao  p44:K#&p 4+ m * K ia a p1H w * k ia 6 e 449r£Xj&oPA* + 3 a *fc ia4P *0-& w fc ia ie s
- S m X i ^ - ^ n X i ^ p ^ - ^ n X i ^  P4 + 6 m n K iis  p H C m Y iK j^  p 16)cos4e
■+0<i2.1 p6+ 2.88m fS X ia s m ^ p 14*  razX i^7  p N -S n ^ X i^ p ^ + s n ^ K u s  pz2*-2.m p-10 .
~ 2»rn Xiaa p“ ^ -6 uXi^sPi4- 6n-^ia.7 ?*+6 mn Xi24f  i 8+6mnK^ 6 p^) Cos 60
4 (X i^ p & 4 m zX i2 ,4 P ^+ m2iXm42.1384- n4pa44 S n > K A^  p*~2.rnX i23p i2, -SGm^p"4- ^ ? *
w 6nK^4.p1^ -GaX^s + 6 wm pRo-v ©mu Xia7 p4) Cos 6©
+ (^ i2 5 ? i0+m?4*i<:i^5P A&+2*88m3 p"*4 S n & X i^ p k -  2 .m K i^ p H -A 4 4 m p’ -  6uXi2.5 pAa 
-172,$ YYmp“  *4142.56 m a 3 p**46m riX i2 .g  p^C os iO ©  4 (X ig ,4 p 12‘ 42.376 mr^n2* p2*0 
472. Yu2,p‘’4 + 3 a * X i^ p 4- 2 .m X ^ 5 p A6- 142.56 ns Pao-4 3 2 i n p~4-v 17 2.8 m V ) Cos 12 9 
4 (X iS 5P i4 4R532» m u *p 2--475R nrm*pi84 4 $ a  m n^ '*)C o s i4 e 4 (a 3 7 6 ri? p i ^640u2,)Cb$169
'PX is64Ya2,X izo p & 4 W *X i2 (ap16-aY Y iX u 5e4-6 n .X ia o p <54&vmaXia1e i* ^ y .  -JL— ^ j  
. . . 3 . 1 3 : i 0 .
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-  ^ ^ • P ^ ( 6 m p H 6 m i p6-5 2 m t \^ 64i6&™R^piH 4 m 3a p lo-V367wvi p1^ -24»m?'pld)Chs20
4 (3 6  m F-npH 2 8 n.p4+ ^ v?p1!t-  & W?f\p Cos404 ( 5 4 -mYV1 p 104 4ww\ p6 )  Cos60 - m  wfp*
The shear force corresponding to function wq consists of two parts; one due to 
function woq and the other due to function wcq. Thus
4 ftm  K76 P la n .X ’vr p6-V 6n (bRAS Pi0-  24 wm K 7& P10-  6ma (b^ 4  p H } Cos 20
+ £ • 4Kq&P ^(*>244  p 36 p *2 4*7 56 n 5  p 2m  (b243 ps 4 6 a  £>344 p ^  
412m aX77 f*+  6YYm(bR.45 p i6)  Cos40 4  ( -  243 P 64  (h R45 Pi 4 4.1& ft^Kq 7  P i042w  (^44  p10  
- 6 a ^ 4 5 p i44504Yv\n4 PlS)C(js 6 0 + (r (b^44fV ft4v(\?'r?p i6-.2Tfirvp)R45Pi-5o4r?pA6)Cos8e 
4 *^ 2 4 5 P1-  168 wm3P CaSiO0  4 ft 4 a 3  pASi Cas 1 2 0 - 4 nrfaoft P ^ -^ n ^ p ^ p 1 -^ 4mXqqp^ •
form of E q . 2 . 7 . 1 . to obtain the generalised expression. The associated 
parameters are the same as used before.
4  28 m^yvp^-168 n*p* 4 2 4  n^p dJl• I *  _ _ i ______  _  1 "
J ^Cp.o)}5^  [F (e .$ }v4 . . 3 . 1 3 . 1 1 .
&P(C<*/) = ^ ■ ^ P |(2 i< 7 7 P 'l4 2m ;i^ 7 P 6-m^Pa4ft Plo - ^ ' l P243Pl4 4 5n?'(2>^ 4P)pi0 
4R4rt&7£p% .£m n(b£4$P,i'^ x  -   ^ I j  3 . 13 * 12 *
3 . 1 4  Solution for the particular case of fla t plate structures, 
with square panels supported on square columns.
The deflection function is taken in the following form:
v
4- 'USjp + }_ A n i& n  
where n = 1 , 4 , 5 , 8  & 9.
The deflection function taken in this form satisfies the
differential equation ^  and the basic symmetry conditions (a)
and (b ). The biharmonic functions wcq, wcp and wen's are compensating
functions as before; chosen such that functions wq, wp, wn's individually
satisfy condition (c) on column c ap ita l. The parameters An's are
determined by satisfying condition (d) at points P „P 2  and Pg.
Due to diagonal symmetry only one half of the quarter panel is
taken into consideration. Since the present analysis is generalised in
character, the square panel case is a particular solution of the generalised
analysis. Hence in solving this problem the generalised analysis is adopted
with due regard to diagonal symmetry.
The boundary conditions(d) which are satisfied along panel centre
lines are as follows:
fctfr/ipiQ  i O f - Q  at point P,
.CoSot-A.dtj3/30.Siv\cl = 0  at point P2
/ /*\ * m a t point PoM /c>P  = 0  3 GLp-0 3
The coefficients An's are derived by satisfying the above boundary conditions.
C H A P T E R  IV
S O LU TIO N  OF PARTICULAR CASES: THEORETICAL RESULTS
4 . 1 .  Introduction
One quarter of a typical panel of a fla t or L ift—Slab, as
i
\
the case may be, is considered, F i g . 2 . 7 . 1 .  Bending moments are 
computed at about 39 points along the column and panel centre lines 
at regular intervals of l/2 0 th  of span. The boundary conditions are 
satisfied at points P^, ?2 '  ^3 / ^ 4  an^ ^5 * The following steps are 
followed for the numerical solution of the problem:
Step 1
The mapping function is determined for the particular aspect 
ratio of the column by the generalised computer programme based on 
the Schwarz-Christoffe I transformation. Thus values of m and n are' 
substituted to form the mapping function.
Step 11
(a) Arbitrary values o f f * 9 at regular intervals are 
substituted in E q . 2 . 5 . 1 .  to obtain the curvilinear Iines&(0* lines.
(b) The'eVei ines are superimposed on a rectangular
■ ■ v  ' .
co-ordinate system containing one quarter panel of the slab considered. 
For each of the points at which bending moments are to,be determined an 
approximate value of its curvilinear co-ordinate is fixed from its nearest 
intersection o fP^O lines. N ext by using the generalised computer
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programme based on.the 'Newton Raphson1 method, the curvilinear 
co-ordinates of a ll those points are computed. >
(c) The values of 5ih<tand0jsoi.,(Fig.2 .7 .1 )  are also determined 
from a computer programme for points P^  to P^. \
A  brief theoretical stud/ of the 'Newton-Raphson' method for 
the determination o f curvilinear co-ordinates and also derivation of S irv *  
and Cosdfor points on the plate are given in the Appendices 3 & 5  
respectively.
Step 111
For the 5 points P^  to P^, the parameters associated w ith the
eleven deflection functions wq, w ................w ^,w p are computed using
the eleven main computer programmes for the individual deflection  
functions. In this connection it is only necessary to feed in the data 
consisting of values of m, n and the curvilinear co-ordinates of the 5 points.
Step IV
The values of the chosen parameters are then fed into the 
computer programmes determining the 'deflection derivatives and 'shear 
forces' corresponding to each of the eleven deflection functions and for the 
five points, to enable to form the equations defining the boundary conditions.
Step V
The boundary conditions are then set up at points P^  to P^ so as 
to obtain nine simultaneous equations involving coefficients A^ to A ^ and 
are then solved on the computer.
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Step V I
The moment coefficients corresponding to each of the eleven  
functions are then computed for the 39 points by the generalised eleven  
computer programmes.
Step V II
r -
The moment coefficients are fin a lly  assembled by a computer . 
programme based on the series solution to compute M x  and M y .
The bending moments Ms along column or collar edge are 
then computed by another programme.
In the present analysis the bending moments are computed for 
yU-*0*2 / which is the average value of Poisson's ratio for reinforced 
concrete.
4 . 2 .  Num erical solution of case Nos. S^cmd L.S .4.
The numerical solutions for the two cases are derived, in which 
c /a  and c o /a  are equal to 0 . 1 0 .  Considering the rectangular column or 
the lifting  co llar as the case may be, the aspect ratio being 1 * 2 , the 
following details are obtained:
m = 0 .083281; n = ( - ) 0 . 165511.
By equating the column area as given by Eq.2 . 5 . 1  to the area
n
A =C 1xCL= C if the following relations are derived 
0*2. £ 11419.
A  = 4  J  c i*7 i*2 .
Hence R/c = 0 .5497638; Since c /a  -  0 .1
also R /a = 0 .05497638 .
Firstly the lines and ' 0 ' lines are computed at arbitrary
intervals and are as shown in Fig .4 . 2 . 1 .
The position of the 39 points in curvilinear co-ordinates at which 
the bending moments are calculated are obtained by using the generalised 
computer programme for transformation of co-ordinates and are given in 
Table 4 . 2 . 1 .  Values of 0 and 9 for the points to are obtained from 
the same tab le . The angle d  between the X -ax is  in the direction of 
increasing p at points ?2 and P^ are computed as follows:
Point ?2
S in & i  = G‘3856385 j  C o S < ^ **-)0*92.2.6S
Point P4
j co&<*4 0*537>O5l4
The conditions of symmetry along X = :b 0 '/2 . and b|2.
i . e . + i - . A  / which must be satisfied are as follows:R  2 .
W )/3 X  . 0 ,  & x *0  ja r  CX/2..
)  0 ^ * 0  JoT* ^ = i b / 2 .
In this particular case the above boundary conditions are
satisfied a t the five  specific points P-j to f^&can be written as in E q . 2 . 7 . 5 .
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M  = 0- ae =0 a t  point P
M .C o s o C - l- ' .^ .S ih o 6 * 0  a t point
?><? P ^
2 ^ - 0  ; -  o v a<?-o at p°int po
2 ^ . Sinot +  4 .M .C o s « : * 0  at p ° int ?A 
P c>e ^
f f = o ;  V s 0 at point Pj.
> •••• 4 .2 . 1 . ;
wjiere tSCf.S) is taken in the form of Eq.2 . 7 . 1 .
The nine conditions above yield a system of 9 equations a fter a 
series of computations leading to the determination of deflection  
derivatives and shear forces, the values of which are given in
Tables 4 . 2 . 2 .  and 4 . 2 . 3 .  The resulting equations are as follows:
3 3  5
1.482875x10 A ^ l  .499966x10 A2+ 2 .484935x10 A 3+2.489046x
5 7  V 9
10 A .+3.091232x10 A ,+ 3 .091229x10 A ,+3.413013x10 A_+
4  5 6  /
9 11 4
3 .4130x10  A + 3 . 532778x10 A = 4 .09778x10  .
0 7
-3  - 2 . Z  - 2 . 4 -
1 .269376x10 A . + l  .832183x10 A 0 -2 .183692x10  A 0+ l .225447x10 A . -6 .028261x10  A_  
I Z o 4  O
“2* 7 —2 » 3 —
-3 .959825x10  A ^ l  .048288x10 A ?- 4 .7 1 1144x10 A g- 1 .4881x10 A ? = -2.5569x10**
3  3 5  4
1.7438061x10 A . + l .7514992x10 A 0+ 2 .9147172x10 A 0+ 1 3 .974165x10 A ,+13.43255x  
1 2 3 4
106A5 -2 .1 2 3 3 2 1 6x 1 0  A 6 - 3 .21 90277x 10  A 7 - 6 .5081986x 1 O^Ag- 7 . 8903232x10AA 9=
4
4 .8 8 7 7 3 8 x 1 0 .
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3 .2 9 1 4 1 4 x l(? A ,+ 5 .9 1 4 7 1 2 x lo \ ,+ l .6 64 366x10% ,-8 .695490x10  A , -1 .827820x10  A ,  I 
1 2 3 4  5
8  &  iO 12. 4
-1 .010341x10  A 6 - l  . 8 8 8 8 8 x 1 0  A -,+2. 734623x10 A g+ 4 . 789695x10 A ? = 9.357948x10
-Z Z 4  v 4- 6
4.587724x10  A .+2.723207x10  A 0+ 3 .864076x10 A 0+ 2 .779844x10 A =+3.890202x10 A .
1 2 3 4  5
-1 .4 1 3 5 4 5 x 1 0 ^ -1  .98153 l x l O ^ - 2 . 045469x10 A Q- 2 . 865766x10  A ? = 68.1482
•*4 - 3  j 3
1.869016x10 A . + l  .475551x10 A 0 -5 .094934x10  A 0-3 .624648x10  A . + l  .241403x10 A .
1 2 3 4  5
-3  7 -3
-3 .850822x10  A ,+2.019261x10 A _ - l  .739038x10 A 0 -7 .026938x10  A 0  = 2 .211773
O /  O 7
1.17219x 103A .-1 1 .7 7 1 7504x 10 A 0  -13 .6943923x10 A o - 1 .088174x 1 0 A . - 4 . 909042x 1 0* A,I 2  o 4  0
+ 2 .3 0 2 9 6 3 5 x 1 0 ^  + 2 .3 6 7 4 4 1 x 1 0 ^ -2 .1 2 4 8 1 2 5 x 1 0 ^  -1 .8299701x10 A = 3 1 6 .5 2 5 5 x 1 ^
^  ^  ^  ^  ^
8.585593x10 A . -8 .7 7 0 9 2 6 *1 0  A 0 - l  .007947x10 A 0+ l .006068x10 A .+8.668991x10 A .
I z  o 4  o
-8 .6 6 8 9 1 3 x l0 6A . - 6 . 641752x10® A ,-+6.645751x10 % + 4 . 7 7 0 5 7 5 x 1 0 %  =2 .23766xl04
O /  O 7
-3  Z - 3  4-
3 .227657x10 A , + 3 . 1221x10 A „ - l  .818818x10 A 0+ 8 .017616x10 A ,+3 .484627x10  A c 
1 2 3 4  5
-2. 6 - Z  s
-7 .525797x10  A z - 4 . 204893x10 A ~ -5 .404919x10 A 0+ 4 .142051x10 A  = 2 .0 5 39 6
O /  O 7
The solution of the 9 equations yields the following values of the 
coefficients:
- 1
1 4 * 5 0 ^ ^ 5 x 1 0  
^ 2> = ~ 4 7 -0 9 )4 i8 9 X id '4 
A 4  -  -$4 *731 64  *  10 ^  
-&5 = £ 5*70197* 10- 6
216 -  79*7 9 3$  x 10r7
-  $4*3i30;i0 *1 0- U
4 . 2 . 3 .
These coefficients are fin a lly  introduced in  Eq.2 . 7 . 1 .  
and the final solution is thus obtained. As stated before, the 
bending moments are also expressed in the form of E q . 2 . 7 . 1.
Table 4 . 2 . 4 .  and Table 4 . 2 . 5 .  give respectively bending 
moments M x and M y  at 39 points and bending moments M  ^  and 
along column capital at r^ u la r intervals. f
The above bending moments are fin a lly  compared with that 
obtained by model testing on the M oire apparatus.
4 . 3 .  Numerical solution of case n o . L . S . 2 .
The numerical solution is derived for co /a  = 0 . 1 6 .
Thus proceeding as before
m = 0 .083281; n = -0.16511 and 
R/c = 0 .5497638 and R/a = 0 .087962208  
To obtain the curvilinear co-ordinates of the 37 points at 
which bending moments are calculated the lines and *0 ’ lines 
are computed as before and are shown in Fig.4 . 3 . 1 .  The transformed 
co-ordinate values of the points are as in Table 4 . 3 . 1 .
Also
Sir\ok«CT3&7M3& > CbS*****->m i95B3 v a* Po»nt ?2
S itV *4 *-0 ’&603731> 0*5056650 at point
As before, nine simultaneous equations are obtained by satisfying the 
relevant boundary conditions.
The solution of the nine simultaneous equations
5 56*5806*10*
-4  „4
A3 = -50*3668 *10 ; j*4 = -75*09043X10 7
J5t5'-59*68S57xl06 -A 4 *  93*1340 X10 7   4 . 3 . T .
^ 7 - “ 63*91605x 10^5M --19*7635xJLO *
A o^lg -IB S U X IC T1/  
is being fin a lly  introduced in E q . 2 . 7 . 1 .  The bending moments r
M x and M y  at the 37 points and and M q along the column
capital are computed as before and are given in Table 4 . 3 . 2 .  and
Table 4 . 3 . 3 .  respectively.
4 . 4 .  Numerical solution of case nos.S, and L . S . 3 .
The numerical solutions for the square panels are derived 
for the two cases in which c /a  and co /a  are equal to 0 .1 0  .
Thus
m = 0 .000063; n = (- )  0 .166666  
« 0 ’ 0 0
Also
R /c = 0 .589277? R/a = 0 .0589277  
Due to diagonal symmetry, one half of the quarter panel of
v
the slab is considered and the boundary conditions are satisfied at 
points anc* ^3 * lending moments are computed at 2 0  points
along the column and panel centre lines. The curvilinear lines and 
'■0 ' lines drawn for the purpose of determining the curvilinear co-ordinates 
of the 20 points are shown in Fig .4 . 4 . 1 .  The transformed curvilinear co­
ordinates of the 20 points are given in Table 4 . 4 . 1 .
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Also
Stn.oi.2 *  0*4471653 3 Cosofc-fco 0*8944514 ai P0 '*11, P2 *
-*4*55 0 6 XiQ ^As-5 ^ 9 9 5 * 1 0 ^ . 4‘2>&74 XiO4  
3*42.96* iO ^A i- 3*950 9 X 1 0 ^ 4  -  2/1493 X i0 g. A5 
4 4 * U 6 5 * io i ? A & 4 7 * 4 £ 7 £ * iG i iLA 9 * : im e 8 * io 5 
6*4317* 10~?Ai -7*7160 *  K f  1"A4 4 m  Wtx 105. A s 
+ i '& o i^ ^ ic T ^ A s - r o 3 n  xxoA?y^3 * ^ #i a i s
The solution of the above simultaneous equations yield the 
following values of the coefficients:
The deflection derivatives and shear forces are computed as 
' before. The five simultaneous equations derived by satisfying the
boundary conditions are as follows:
1*203^9 x iCrAd4-175964  449*0Q  134* 1 (7 . A  5
41* g>2.4x iC £M 4  r6 4 i4 9 X i0 ‘1f 3420 2.4 *  1 0 4
2 > -^ 3 X lo tA i-4 ,3 ^ x i0 ? A 4 - V 4 ‘6870xi04 .A5 
+l'0174xiO ?’A 8 + 3 ,l i3 ix l0 ? A 9 =  1’163334 .
1*5037 ^  10aA i+  5*4982. x i04A 4 + 1* 4810 * 1 0 6. A  5
A 4 **-*79*57.59 x 10~4
xiO" 6 r
-51*6975 Xio"9 
Ac>= 33*79^2) x 1 0  J
4 .4 .2 .
The coefficients are then introduced in E q . 2 . 7 . 1 . to 
obtain the final solution.
The bending moments M x and M y at the 20  points and 
M  p and M q along the column capital are computed as before and 
are given in Tables 4 . 4 . 2 .  and 4 . 4 . 3 .  respectively.
4 . 5 .  Numerical solution of case n o . L . S . l .
The numerical solution is derived for the square panels of 
the slab in which C o /a  = 0 . 1 6  
Thus
m = 0’000063*0"00 ; n = -0.166666
Also R/c = 0 .589277  and R/a = 0 .09428432 .
The curvilinear lines and '■O' lines drawn for the purpose
of determining the transformed co-ordinates of the 20 points, are as
in F ig .4 . 5 . 1 .  The transformed curvilinear co-ordinates of the 20
points are given in Table 4 . 5 . 1 .
Also
SxaoC  ^«0*4467306 l C o S ^ - 0 ‘S 9 4 ^ 6  at point 
The deflection derivatives and shear forces are computed at
the 3 points as before. The five resulting simultaneous equations are 
solved as usual.
The solution of the five equations gives the following results:
A * *  93*907510 x 10- i
- 7 3 * 5 1 4 - 3 4 0  *  10
A 5 » 55*328370 * 10
-6
A q = -17*705402* 10r&
A $ * 13*162.643* 10
-10
4 . 5 . 1
The final solution is then obtained by introducing the coefficients  
in E q . 2 . 7 . 1.
The bending moment values M x and M y at the 20 points and M p  
and M  @ values along the collar edge are given in Tables 4 . 5 . 2 .  and
4 . 5 . 3 .  respectively.
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138
^  a r * r^ - r\ r-\ ;a t I OH OF RE CTAM'^ULAR IHTC) C U R VI L I N E AR COORD I HATES
?o i ::t RE c t a h q u l a r  
x / a  .
COORE I HATES 
Y/<X
T rt.ANSFGRHED
p
c u r v i l i n e a r  c o o r d s . 
e
i 0 0 5 0 0 0 0 . 0 0 0 0 0 0 0 ■ I . 0 0 5 8 3 0 0 - 2 , 8 1 5 7 0 c ~5
2. 0 1 0 0 0 0 0 0 0 0 0 0 0 0 5 5 5 2 0 8 6 ~ i • 8 . 2 0 6 3 0 0 ” 5
5 0 1 5 0 0 0 0 0 0 0 0 0 0 0 3 6 9 5 6 4 0 - 1 - 1 .  1 9 7 2 0 0 - 5
4 0 2 0 0 0 0 0 O 0 0 0 0 0 0 2 7 6 3 7 1 9 - I r  4 . 9 6 1 0 0 0 “ 5
5 0 2 5 0 0 0 0 0 0 0 0 0 0 0 2 2 0 6 5 9 5 - 1 I . 6 8 8 9 1 0 “ 4
6 0 3 0 0 0 0 0 0 0 0 0 0 0 0 1 8 3 6 6 8 0 - I  • 2 . 0 4 1 2 9 0 “ 4
j 0 3 5° ° ° ° 0 0 0 0 0 0 0 1 3 7 3 5 5 0 ~ i I . 5 2 0 3 7 0 “ 4
p 0 4 0 0 0 0 0 0 0 0 0 0 0 0 t 3 7 6 0 5 2 - 1 I . 9 3 I T  I  0 “ 4
9 0 4 5 0 0 0 0 ' 0 0 0 0 0 0 0 1 2 2 2 7 9 4 - I 1 . 9 0 0 0 0 0 -  4
I  0 0 5 0 0 0 0 0 0 0 0 0 0 0 0  . 1 1 0 0 2 7 7 — 1 I . 8 7 7 3 6 0 -  4
i i 0 5 0 0 0 0 0 “ 0 0 4 1 6 6 7 1 0 9 6 5 4 2 - 1 8 . 3 2 2 6 4 1 - 2
12 0 5 0 0 0 0 0 ~0 08 333 3 1 0 8 4 9 8 9 - 1 I . 6 5 2 5 5 6 ■ - 1
1 3 > 0 5 0 0 0 0 0 - 0 1 2 5 0 0 0 1 0 6 7 3 3 9 - 1 2 . 4 5 2 4 6 3 - 1
14 9 0 5 0 0 0 0 0 “ 0 1 6 6 6 6 7 1 0 4 3 7 0 4 ~ i 3 . 2 2 1 6 8 7 - 1
z i  I 0 5 0 0 0 0 0 - 0 2 0 8 3 3 4 1 0 1 5 5 3 5 - 1  / 3 - 9 5 3 6 9 3 - 114 jv 0 5 0 0 0 0 0 - 0 2 5 0 0 0 0 9 8 3 7 2 9 8  . 4 . 6 4 2 8 8 5 - 1
1 7 : 0 5 0 0 0 0 0 - 0 2 9 1 6 6 7 Q 5-00340 “ 2 5 ,  2 8 6 2 5 0 - 1
I 3 ;r 0 5 0 0 0 0 0 - 0 33 3 3 33 9 1 4 8 6 5 9  ‘ -  2 5 . 8 8 6 6 0 2 - 1
19 c 5 0 0 0 0 0 “ 0 3 7 5 0 0 0 8 7 9 5 4 6 2 — 2 6 . 4 4 0 4 5 8 - 1
2 O 0 5 0 0 0 0 0 ~o 41 6 6 0 7 8 4 4 8 4 8 1 ~ 2 •6 . 9 5  2 332 - 1
2 I 0 0 0 0 0 0 0 - 0 0 4 1 6 6 7 9 9 5 7 6 2 8 ~ I 1 . 5 7 0 7 9 6 0
2 j 0 o o o c o o ** 0 6 2 1 4 3 7 6 -  1 1 . 5 7 0 6 4 9 0
J 0 0 0 0 0 0 0 “ 0 I25OOO ' 4 0 9 5 8 99 “ I 1 . 5 7 0 5 4 2 0
■ ■* 4 0 0 0 0 0 0 0 - 0 1 6 6 6 6 7  ' 3 2 6 1 9 9 1 “ I  . 1 . 5 7 0 6 8 8 c
25 0 o c o o o o - 0 2 0 8 3 3 4 2 6 22 0 8 1 “  I 1 . 5 7 0 7 0 6 0
26  . 0 0 0 0 0 0 0 - 0 2 5 0 0 0 0 2 1 8 S 7 6 7 ~ I  J 1 . 5 7 0 6 9 3 0
27 0 0 0 0 0 0 0 - 0 2 9 1 6 6 7 1 S 7 S 557 “  I 1 . 5 7 0 7 0 8 0
2C 0 0 0 0 0 0 0 . ~0 3 3 3 3 3 3 1 6 4 4 1 5 3 -  I 1 . 5 7 0 6 3 7 0
2 9 0 o o o c o o - 0 3 7 5 0 0 c 1 4 6 3 2 13 ~ I . 1 . 5 7 0 7 4 4 0
5 ° 0 c o o o o o ” 0 4 1 6 6 6 7  . 1 3 1 7 2 5 0 “ I 1 .  5 7 0 7 2 0 0
3 i . 0 0 5 0 0 0 0 - 0 4 1 6 6 6 7 ■ -I 3 08 2 01 ~ I i * 4 5 i 6 53 0
3 2 0 IOOOCO -Q 4 1 6 6 6 7 - 1 2 8 1 2 0 1 - I  . - ■ * - 3 3 5 6 42 0
3 3 0 I  5 0 0 0 0 ~0 4 1 6 6 6 7 1 2 4 0 0 2 9 ~ I 1 . 2 2 5 8 3 3 0
34 0 2 OOOOO ~0 416  6 6 7 1 1 8 8 6 7 7  • ~ I 1 . 1 2 3 8 4 5 0
3 5 0 2 5 0 0 0 0 - 0 4 1 6 6 6 7 1 1 3 0 8 2 0 ~ I 1 . 0 3 1 2 3 0 0
... /■»■ 0 3 0 0 0 0 0 ~0 4 1 6 6 6 7 1 0 7 0 2 6 6 - I 9 . 4 7 5 8 0 2 - 1
37 0 3 5 ° ° ° ° - 0 4 1 6 6 6 7 1 010  10 2 “ I 8 . 7 2 8 8 8 2 — 1
8 8 0 4 0 0 0 0 0 ~0 416 6 6 7 ■ 9 5 1 8 1 8 9 — 2 8 , 0 6 4 7 6 0 - 1
0 02 9 0 4 5 0 0 0 0 - 0 416 6 6 7 8 9 6 2 1 0 2 - 2 7 . 4 7 4 8 1 3 — 1
TABLE 4 .2 .2 .
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D E T E R M I N A T I O N  O F  D E F L E C T I O N  D E R I V A T I V E S - C A S E  N Q . S 2 a n d  l . s .
f u n c t i o n  w q
P O I N T C U R V I L I N E A R c o o r d i n a t e s
P 0
•‘P i O t Z I O O O O 0 * 0 0 0 0 0 0
? 2 0 * 1 0 1  533 0 . 3 9 5 3 4 s
?  3 0 . 0 8  4480 0 . 6 9 5 2 4 9
P 4 0 * 1 1 3 0 0 7 I * 0 3 1 0 5 6
P 5 0 * 1 3 1 7 3 3 1 * 5 7 0 7 9 6
F U N C T I O N W i
P O I N T C U R V I L I N E A R c o o r d i n a t e s
P 0
P  x ; 0 * 1 1 0 0 0 0 0 * 0 0 0 0 0 0
" 2 0 * 1 0 1 5 3 3 0 . 3 9 5 3 4 2
m 3 0 * 0 8 4 4 8 0 0 * 6 9 5 2 4 9
" 4 0 * 1 1 3 0 0 7 1 * 0 3 1 0 5 6
* * 5 0 * 1 3 1 7 2 3 1 . 5 7 0 7 9 6
F U N C T I O N W2
P O I N T C U R V I L I N E A R C O O R D I N A T E S
P 0
P i 0 * 1 1 0 0 0 0 0 * 0 0 0 0 0 0
2 O . I O I  5 3 3 0 . 3 9 5 3 4 s
" 3 0 * 0 8 4 4 8 0 0 . 6 9 5 2 4 9
« 4 0 * 1 1 3 0 0 7 1 . 0 3 1 0 5 6
" 5 0 * 1 3 1 7 2 3 i * 5 7 0 7 9 6
F U N C T I O N W3
P O I N T C U R V I L I N E A R C O O R D I N A T E S
P 8
P i 0 * 1 1 0 0 0 0 0 * 0 0 0 0 0 0
*'2 O . I O I  5 3 3 0 . 3 9 5 3 4 s
„ 3 0 *  0 8 4 4 8 0 0 . 6 9 5 2 4 9
- 4 0 * 1  I  3 0 0 7 . 1 * 0 3 1 0 5 6
- 5  . : 0 * 1 3 1 7 2 3 1 . 5 7 0 7 9 6
d e f l e c t i o n d e r i v a t i v e s
D W / D P d w / d b
- 3 . 8 8 7 8 7 1 3 0 * 0 0 0 0 0 0 - 5 2
- 5 * 7 9 8 5 s 3 3 - 6 . 6 7 1 2 3 6  - I
- 1 * 4 5 2 6 8 2 4 - 1 * 4 0 5 7 1 9  0
- 3 . 3 8 7 1 2 8 3 - 7 . 3 7 9 4 0 3  - I
- 1 . 5 7 0 9 1 4 3 - 4 *  500459  - 8
D E F L E C T I O N D E R I V A T I V E S
D W / D P D W / D 0
- 1 * 4 8 2 8 7 5 3 0 . 0 0 0 0 0 0  - 5 2
- 1 . 8 8 9 3 8 0 3 - 3 . 2 9 3 7 0 0  - 2
- 3 . 2 9 1 4 1 4 3 - 4 * 5 8 7 7 2 4  - 2
- 1 . 3 6 6 6 0 2 3 “ 4 . 0 6 5 1 8 0  - 2
- 8 * 5 8 5 5 9 3 2 - 2 . 5 5 8 0 0 4  —9
d e f l e c t i o n D E R I V A T I  V E S
D W / D P D W / D 0
- 1 • 4 9 9 9 6 6 3 0 . 0 00 000 - 5 2
- 1 * 3  41121 3 - 1 * 3 5 4 7 3 9 2
- 5 . 9 1  4712 2 - 2 . 7 2 3 2 0 7 2
8 . 5 6 2 7 3 5 2 - 1 . 3 5 0 8 9 1 2
8 . 7 7 0 9 2 6 2 - 6 . 2 6 3 6 4 7 - 6
d e f l e c t i o n D E R I V A T I  V E S
D W / D P D W / D 8
- 2 . 4 8 4 9 3 5 5 0 . 0 0 0 0 0 0 - 5 2
- 2 . 6 0 7 3 8 2 5 - 1 . 3 4 0 5 1 5 4
- 1  . 6 6  4366 5 - 3 * 8 6  4076 4
1 . 0 2 4 5 9 3 5 - 1 . 0 7 8 6 2 9 4
1 . 0 0 7 9 4 7 5 - 3 . 8 5 6 9 1 4 - 4
TABLE 4 .2 .2 .(C o n td .)
F U N C T I O N  W 4
P O I N T
P i
C U R V I  L I  N E A R  
P
C O O R D I N A T E S
•&
D E F L E C T I O N
D W / D P
D E R I V A T I  V E S  
D W / D B
O « I  I o o o o 0 . 0 0 0 0 0 0 * — 2 . 4 8 9 0 4 6 5 0 . 0 0 0 0 0 0„ 2 O . I O I  533 0 . 3 9 5 3 4 2 3 .  433 43 6 3 — 3 . 7 6 8 1 3 1
»3 0 . 0 8 4 4 8 0 0 . 6 9 5 2 4 9 8 . 6 9 5 4 9 0 5 - 2 . 7 7 9 6 4 4
- 4 0 . 1 1 3 0 0 7 I . 0 3 1 0 5 6 1 . 2 0 6 0 4 5 5 2 . 0 3 6 0 6 2
"5 0 . 1 3 1 7 2 3 1 • 5 7 0 7 9 6 - 1 . 0 0 6 0 6 8 5 4 . 1 6 9 8 6 0
f u n c t i o n w 5
r -
D E R I V A T I  V E S  
D U / D S
P O I N T C U R V I L I N E A R
p
c o o r d i n a t e s
0
d e f l e c t i o n
D W / D P
P x O . I I O O O O 0 . 0 0 0 0 0 0 - 3 . 0 9 1 2 3 2 7 0 . 0 0 0 0 0 0
« 3 0 . 1 0 1  5 3 3 O . 3 9 5 3 4 s 4 . 6  4 6 6 8 0 5 “ 3 .  6 5 9 7 5 6
"3 ■ 0 . 0 8 4 4 8 0 0 . 6 9 5 2 4 9 1 . 8 2 7 8 2 0 6 ~ 3 . 8 9 0 2 0 2
•4 '  0 . 1 1 3 0 0 7 1 . 0 3 1 0 5 6 1 . 4 1 6 9 8 5 7 1 .  593739
"5 0 . 1 3 1 7 2 3 1 v 57 07 9 6 - 8 . 6 6 8 9 9 1 6 2 • 4 0 2 4 8 2
f u n c t i o n  W6
p o i n t  c u r v i l i n e a r  c o o r d i n a t e s  d e f l e c t i o n  d e r i v a t i v e s
P B D W / D P D W / D B
P i 0 . 1 1 0 0 0 0 0 . 0 0 0 0 0 0 —3 . 0 9 1 2 2 9 7 0 . 0 0 0 0 0 0
M 2 O . I O I 5 3 3 0 . 3 9  53 4s 3 . 6 7 4 4 3 4 7 - 3 . 8 2 9 3 8 1
• 3 ' 0 . 0 8 4 4 8 0 0 . 6 9 5 2 4 9 1 .  0 1  0 3  4 1 8 1 . 4 1 3 5 4 5
* 4 0 . 1 1 3 0 0 7 1 . 0 3 1 0 5 6 - 2 . 5 3 1 . 3 7 1 7 2 . 8 8 8 8 5 1
•5 0 . 1 3 1 7 2 3 1 . 570796 8 . 6 6 8 9 1 3 6 2 . 0 8 9 9 4 5
f u n c t i o n W7
p o i n t C U R V I  L I N E A R C O O R D I N A T E S d e f l e c t i o n D E R I V A T I  V E S
P 0 D W / D P d w / d b
P i 0 . i 1 0 0 0 0 0 . 0 0 0 0 0 0 - 3 . 4 x 3 0 1 3 9 o . 0 0 0 0 0 0
•* 2 0 . 1 0 1  5 3 3 0 . 3 9  53 4s 5 . 0 1 5 7 7 9 9 “ 3 .  7 1 7 6 6 1
- 3 0 . 0 8 4 4 8 0 0 . 6 9 5 2 4 9 1 .  8 8 8 8 8 0 1 0 x . 9 8 1 5 3 1
. 4 0 . 1 1 3 0 0 7 1 . 0 3 1 0 5 6 - 2 . 6 4 0 2 1 7 9 2 . 2 4 5 3 1 4
"5 0 . 1 3 1 7 2 3 x . 5 7 0 7 9 6 6 . 6 4 1  7 5 2 . 8 2 . 2 2 3  4 1 0
f u n c t i o n W8 (. -
p o i n t C U R V I  L I N E A R C O O R D I N A T E S D E F L E C T I O N D E R I V A T I V E S
•PS P B D W / D P d w / d b
Pi 0 * 1 1 0 0 0 0 0 . 0 0 0 0 0 0 - 3 . 4 1 3 0 1 3 9 0 . 0 0 0 0 0 0
" 2 0 . 1 0 1 5 3 3 0 . 3 9 5 3 4 s 7 . 0 0 0 7 3 3 9 . 1 . 2 4 7 8 7 8
. 3 o . 0 8 4 4 8 0 0 . 6 9 5 2 4 9 - 2 . 7 3 4 6 2 3 1 0 2 . 0 4 5 4 6 9
*4 ‘ 0 . 1 1 3 0 0 7 1 . 0 3 1 0 5 6 I . O O 5 8 5 9 9 - 2 . 7 7 5 1 8 8
-5 0 . 1 3 1 7 2 3 x . 57079 6 - 6 . 6 4 I  751 8 5 * 54S 7X 4
F U N C T I O N  W9
P O I  N T  C U R V I  L I  N E A R  C O O R D I  N A T E S
P 0
P i  o . i i o o o o  o . o o o o o o
• • 2  O . I O I 5 3 3  O . 3 9 5 3 4 2
. , 3  0 . 0 8 4 4 8 0  0 . 6 9 5 2 4 9
»*4 0 . 1 1 3 0 0 7  1 . 0 3 1 0 5 6
••5 0 . 1 3 1 7 2 3  1 * 5 70 79 6
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D E F L E C T I O N  D E R I V A T I V E S  j
D W / D P  D W / D B
— 3 . 5 3 2 7 7 8  1 1  0 . 0 0 0 0 0 0  - 5 2  j
8 . 4 9 9 0 0 3  I I  1 . 2 3 1 8 0 2  9  ;
- 4 . 7 8 9 6 9 5  1 2  2 . 8 6 5 7 6 6  1 1  |
9 . 8 2 6 4 6 6  1 0  - 2 . 1 7 0 5 6 6  1 0  ;
- 4 * 7 7 0 5 7 5  1 0  1 . 3 2 9 2 8 3  4
TABLE 4 . 2 . 2 ,  (C ontd.)
FUNCTION 
PO I NT
P i
** 2
«3 
•« 4 
*5
UP :
C U R V I L I N E AR  COORDINATES
- O . I I O O O O  - 0 . 0 0 0 0 0 0
O . I O I 5 3 3  o ; 3 9 5 3 4 2
0 . 0 8 4 4 8 0  0 . 6 9 5 2 4 9
o . I  1 3 0 0 7  1 . 0 3 1 0 5 6  ,
o  . 1 3 1 7 2 3  I  .  5 7 0 7 9 6
DEFLECTI  ON DERI  VAT I VES
DW/DP 
4. 4 8 6 5 7 8  
5 . 8 6 1 6 2 2  
1 . 0 8 1 0 6 3  
4 • 0 4 7  57 4 
2 . 3 9 4 7 5 7
4
4
5 
4 
4
DW/D0 
0 . 0 0 0 0 0 0  - 5 2  
3 . 5 6 6 1 1 4 -  1
6 r 9 5 5 3 9 2 1
3 . 7 0 0 4 4 3  1
1 . 8 9 8 9 4 6  - 6
TABLE 4 .2 .3 .
D E T E R M I N A T I O N  O F  S H E A R  F O R C E S - C A S E  N O . S 2  A N D  L . S . 4
f u n c t i o n  WQ
P O I N T C U R V I L I N E A R C O O R D I N A T E S S H E A R  f o r c e
p e Q P
P i 0 . 1 1  0 0 0 0 0 . 0 0 0 0 0 0 4 *  5498 59 0
■. * 2 0 . 1 0 1 5 3 3 0 . 3 9 5 3 4 2 4 . 9 3 7 4 5 1  0
■ •  3 • 0 . 0 8 4 4 8 0 0 . 6 9  5 2 4 9 5 . 9 1 9 2 1 3  0
. ,4 0 . 1 1 3 0 0 7 1 . 0 3 1 0 5 6 4 . 4 2 2 3 8 8  0
« 5 0 . 1 3 1 7 2 3 1 . 5 7 0 7 9 6 3* 7903  53 0
F U N C T I O N Wi
P O I N T C U R V I L I N E A R C O O R D I N A T E S S H E A R  F O R C E
p 0 Q P
P i O . I I O O O O 0 . 0 0 0 0 0 0 - 1 . 2 6 9 3 7 6  - 3
m 2 0 . 1 0 1 5 3 3 0 . 3 9 5 3 4 3 - 8 • 4 4 2 5 1 6  - 4
-3 o . 0 8  4 4 8 0 0 . 6 9 5 2 4 9 — 1 . 8 6 9 0 1  6  - 4
* 4 0 . 1 1 3 0 0 7 I . 0 3 1 0 5 6 6 . 1 8 4 7 7 9  ■”  4
*5 0 . 1 3 1 7 2 3 I • 5 7 0 7 9 6 3 . 2 2 7 6 5 7  — 3
f u n c t i o n W2
p o i n t C U R V I L I N E A R c o o r d i n a t e s ' s h e a r  f o r c e
p 8 Q P
P i O . I I O O O O 0 . 0 0 0 0 0 0 - I  . 8 3 2 1 8 3  - 2
- 2 o . i o i  5 3 3 0 . 3 9 5 3 4 3 - 1 . 0 1 1 3 9 2  - 2
"3 0 . 0 8  4 4 8 0 0 . 6 9  5 2 4 9 - 1*475551  - 3
” 4 0 . 1 1 3 0 0 7 1 . 0 3 1 0 5 6 9 . 3 7 0 6 3 6  - 3
“5 0 . 1 3 1 7 2 3 I . 57079 6 3  . 1  2 2 1  0 0  - 2
F U N C T I O N  W3
P O I N T  • c u r v i l i n e a r  C O O R D I N A T E S  s h e a r  f o r c e
p  e qp
P i  o . i i o o o o  o « o o o o o o  2 . 1 8 3 6 9 2  2
* ' 2  o . i o i  5 3 3  0 . 3 9 5 3 4 2  1 . 6 6 3 4 9 3  2
”3 0 . 0 8 4 4 8 0  0 . 6 9 5 2 4 9  5* 09 49 34  1
" 4  0 . 1 1 3 0 0 7  1 . 0 3 1 0 5 6  - 1 . 0 0 1 4 2 0  2
••5 0 . 1 3 1 7 2 3  1 •  5 7 0 7 9 6  - i  . 8 1 8 8 1 8  2
TABLE 4 .2 .3 .(C o n td .)
f u n c t i o n  w 4
P O I N T  C U R V I L I N E A R  C O O R D I N A T E S  S H E A R  F O R C E
P  B  Q P
I O . I I O O O O 0 . 0 0 0 0 0 0 - 1 . 2 2 5 4 4 7 - 2
2 0 * 1 0 1 5 3 3 0 . 3 9 5 3 4 s - 5 . 0 3 0 1  6 9 ~3
3 0 . 6 8  4 4 8 0 0 . 6 9 5 2 4 9 3 . 6 2 4 6  4 8 - 5
4 0 . 1 1 3 0 0 7 1 . 0 3 1 0 5 6 6 . 6 3 8 9 6 1 - 3
■5 0 . 1 3 1 7 2 3 1 . 5 7 0 7 9 6 8 . 0 1 7 6 1 6 - 3
F U N C T I O N  W5
P O I N T  C U R V I L I N E A R  C O O R D I N A T E S  S H E A R  F O R C E
P  B  Q P
P i  o « i i o o o o  o * o o o o o o  6 . 0 2 8 2 6 1  4
" 2  0 * 1 0 1 5 3 3  0 * 3 9 5 3 4 2  - 7 * 1 6 0 3 3 0  2
-  3 0 * 0 8 4 4 8 0  0 * 6 9 5 2 4 9  - 1 * 2 4 1 4 0 3  5
" 4  0 . 1 1 3 0 0 7  1 . 0 3 1 0 5 6  - 3 . 0 7 9 8 1 9  4
« 5  o . 1 3 1 7 2 3  1 . 5 7 0 7 9 6  3 . 4 8 4 6 2 7  4
f u n c t i o n  W6
P O I N T  C U R V I L I N E A R  C O O R D I N A T E S  s h e a r  F O R C E
P  0  Q P
P i  o . i i o o o o  o . o o o o o o  3  * 9  5 9 8 2 5  - 2
* 2  0 . 1 0 1 5 3 3  0 . 3 9 5 3 4 2  2 . 3 0 7 7 4 5  - 2
" 3  0 * 0 8 4 4 8 0  0 * 6 9 5 2 4 9  3 * 8  $ 0 8 2 2  - 3
- 4  0 * 1 1 3 0 0 7  1 . 0 3 1 0 5 6  - 2 . 0 2 6 0 8 0  - 2
• •5 0 . 1 3 1 7 2 3  1 . 5 7 0 7 9 6  - 7 . 5 2 5 7 9 7  - 2
f u n c t i o n  W7
p o i n t  c u r v i l i n e a r  c o o r d i n a t e s  s h e a r  f o r c e
P i p  ■O . I I O O O O
0 QP
0 . 0 0 0 0 0 0 I • O 4 8 2 8 8 7
w 2 O . I O I 533 o . 3 9  53 4s - I . I I 9 O 2 8 7
" 3 0 . 0 8 4 4 8 0 0 . 6 9 5 2 4 9 - 2 . O I 9 2 6 1 7
» 4 0 . 1 1 3 0 0 7 1 . 0 3 1 0 5 6 9 . 0 4 7 4 23 6
” 5 0 . 1 3 1 7 2 3 1 . 5 7 0 7 9 6 - 4 . 2 0 4 8 9 3 6
F U N C T I O N  W8
P O I N T C U R V I L I N E A R C O O R D I N A T E S  ' s h e a r  f o r c e
P x
P 0 Q P
O . I I O O O O 0 . 0 0 0 0 0 0 4 . 7 1 1 1 4 4  - 2
• • 2 0 . 1 0 1 5 3  3 0 . 3 9 5 3 4 2 2 * 2 6 0 1 9 4  - 2
» 3 ‘ 0 * 0 8  4 4 8 0 0 . 6 9 5 2 4 9 1 . 7 3 9 0 3 6  - 3
•’ 4 0 . 1 1 3 0 0 7 I . 0 3 1 0 5 6 - 2 . 5 0 3 4 4 7  - 2
0 . 1 3 1 7 2 3 x . 5 7 0 7 9 6 - 5 . 4 0 4 9 1 9  - 2
TABLE 4 .2 .3 .(C o n td .)
FUNCTION W9
POINT CURVILINEAR COORDINATES SHEAR FORCE
P B QP
P i  o . i i o o o o  o . o o o o o o  I • 4 8 8 1 0 0  9
• • 2  0 . 1 0 1 5 3 3  o .  3 9 5 3 4 s  - 2 . 5 9 9 6 8 4  9
. , 3  0 . 0 8 4 4 8 0  . 0 . 6 9 5 2 4 9  7 . 0 2 6 9 3 8  9
• •4 0 . 1 1 3 0 0 7  1 . 0 3 1 0 5 6  - 4 . 6 2 2 2 2 8  8
••5 0 . 1 3 1 7 2 3  1 * 5 7 0 7 9 6  4 . 1 4 2 0 5 1  8
FUNCTI ON UP
PO 1 NT C U R V I L I N E A R c o o r d i n a t e s SHEAR FORCE
e e QP
Pi 0 . 1 1 0 0 0 0 0 . 0 0 0 0 0 0 - 4 . 8 0 5 5 5 7  0
*' 2 O . I O I 533 o . 3  9 5 3 4 2 - 4 .  443 423 . 0
' " 3 0 . 0 8  4 480 0 . 6 9 5 2 4 9 “ 3 . 7 0 7 4 4 3  0
\ * 4 0 • 1 1 3  00 7 1 . 0 3 1 0 5 6 - 4 . 9 7 6 5 9 7  0
*'5 0 . 1 3 1 7 2 3 1 . 5 7 o 7 9 6 - 5 . 8 4 4 3 1 3  0
V
A.
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145
TABLE 4 .2 .4 .
CASE N O . - S a  AND U S . 4  
THEORETICAL DETERMINATION OF 
POISSONS R A T I O = o • 2 0
JENDINQ MOMENTS
PC I NT
0
■' 2 ' ■ ; 0
3 0
4 0
5 ' 0
O 0
7 0
8 0
• 9 . 0
1 0 0
1 1 0
1 2 0
13 0
1 4 0
15 0
1 6 0
17 . . 0
1 8 0
1 9  ; 0
2 0 0
2 1 0
2 2 0
2 3 ' 0
2 4 0
2 5 0
2 6 , 0
2 7 0
2 8 0
2 9 0
3 0 0
31 0
3 2 0
33. . 0
34 0
■’>  3 5 ' 0
3 6  . 0
.37 0
3S 0
39 0
RECTAMQULAR 
X/<X- • 
0 5 0 4 6 0  
1 0 0 0 0 0  
1 5 0 0 0 0  
2 0 0 0 0 0
2  5 0 0 0 0  
3 0 0 0 0 0  
3 5 0 0 0 0  
4 0 0 0 0 0  
4 5 0 0 0 0  
5 0 0 0 0 0  ' 
5  0 0 . 0  co 
5 0 0 0 0 0  
5 0 0 0 0 0  
5 0 0 0 0 0  
5 0 0 0 0 0  
5 0 0 0 0 0  
5 0 0 0 0 0  
5 0 0 0 0 0  
5 0 0 0 0 0  
5 0 0 0 0 0  
0 0 0 0 0 0  
0 0 0 0 0 0  • 
0 0 0 0 0 0  
0 0 0 0 0 0  • 
0 0 0 0 0 0  
0 0 0 0 0 0  
0 0 0 0 0 0  
0 0 0 0 0 0  
0 0 0 0 0 0  
0 0 0 0 0 0  
0 5 0 0 0 0  
1 0 0 0 0 0  
1 5 0 0 0 0  
2 0 0 0 0 0
3  5 0 0 0 0  
3 0 0 0 0 0  
3 5 0 0 0 0  
4 0 0 0 0 0  
4 5 0 0 0 0
c o o r d i n a t e s  
y / a
0 . 0 0 0 0 0 0  
0 * 00 0 0 00  
0 . 0 0 0 0 0 0  
0 * 0 0 0 0 0 0  
• 0 . 0 0 0 0 0 0  
0 . 0 0 0 0 0 0  
, 0 . 0 0 0 0 0 0  
0 . 0 0 0 0 0 0  
0 . 0 0 0 0 0 0  
0 . 0 0 0 0 0 0  
. - o . 0 4 1 6 6 7  
- 0 . 0 8 3 3 3 3  
- o  • 1 2 5 0 0 0  
— Q . 1 6 6 6 6 7  
— 0 . 2 0 8 3 3 4  
- 0 . 2 5 0 0 0 0  
“ 0 . 2 9 1 6 6 7  
"*0 . 3 3 3 3 3 3
~ 0 . 3 7 5000  
“ 0 -. 4 1 6 6 6 7  
“ O. o 4 1 6  6  7  
- 0 . 0 8 3 3 3 3  
“ O. I  2  5 0 0 0  
“ 0 . 1 6 6 6 6 7  
- 0 . 2 0 8 3 3 4  
“ O • 2  5 0 0 0 0  
- 0 . 2 9 1 6 6 7
“ 0 . 3 3 3 3 3 3  , 
“ O . 3 7 5 0 0 0  
- 0 . 4 1 6 6 6 7  
“ O . 4 1 6 6 6 7  
-.0 . 4 1 6  6  6  7  
- o . 4 1 6 6 6 7  
: - 0 . 4 1 6 6 6 7  
- O . 4 1 6 6 6 7  
- O . 4 1 6 6 6 7  
- o . 4 1 6 6 6 7  
—o . 4 1 6 6 6 7  
V - o . 4 1 6 6 6 7
- 2
- 2
- 2
THEORETICAL b e n d i n q  MOMENTS
Y=MY/«&a*
1 394 7 3  
8 4 0 9 5 4  
1 7 2 4 9 6  
8 8 5 2 7 2  
7 4 9 8 9 8  
8 6 3 6 0 3
2  2  4 1  o 3  -
8 4 2 4 6 0  -
2 7 6 9 7 0  -
3 9 4 0 5 0  ~
7  6  6  2  4  0  -
9 4 6 6 5 0  -
8 3 7 8 0 0  -'
4 4 7 4 9 0  -
4 0 4 2 9 0  -
2 3 9 3 8 4  -
6 0 5 3 9 9 - -
9 1 0 9 6 8  - 2
1 3 0 1 7 7  - 2
2 5 0 2 4 2  - 2
0 4 0 9 2 7  - 2
1 2 0 7 1 6  - 2
0 9 2 5 5 8  - 2
5 7 3 8 8 9  - 2
4 2 7 9 2 0  *“ 3
5 2 8 9 4 2  - 2
57053.1 “ 2
0  3 1 0  8 6  “ 2
3 7 0 50 6 “ 2
4 75 9 51  “ 2
4 3 5 s 45 - ” 2  
3 2 0 9 1 7 , - 2  
1 4 7 8 8 3  - 2
9 4 0 4 9 7  “ 2
7 2 6 4 8 1  - 2
5 2 8 7 6 0 ' “ 2  
3 7 2 2 8 0  “ 2 
2 6 7 9 6 4  “ 2
2 2 6 2 1 5  “ 2
- I
X=MXv/<&<*•*- 
0 6 9 7 3 6 - i  ' - 2
“ 9 0 4 2 9 3 6 “ 2 “ 5
“ 4 2 6 4 9 3 4 -< “ 5
- I 3 1 0 7 4 1 - 2  : “ 3
-6 4 2 8 1 4 0 - 3 -  2
2 0 1 5 8 x 0 - 2 — 1
2 9 8 5 0 7 1 - 2 - I
3 6 3 7 4 2 6 - 2 “ 7
4 0 1 1 7 7 7 - 2 ,  “ 5
4 1 3 0 1 0 6 - 2 “ 4
4 1 0 4 2 0 2 - 2 “ 3A 0 2 9 2 3 0 - 2 - 1
3 9 130  50 - 2 8
3 7 6 7 5 4 9 - 2 4
3 6 0 7 3 2 8 “ 2 8
3 4 4 7 8 7 2 - 2 1
3 3 0 5 4 8 6 “ 2 1
3 1 9 3 6 8 0 - 2  ' 1
3 1 2 7 1 9 2 “  2 ’ -2
3 1 1 8 2 7 7 “ 2 2
- 1 2 0 8 1 8 5 “  2 - 6
— 6 1 4 9 7 3 9 ^ “ 2 - 6
“ 5 7 7 2 5 6 4 “ 2 “ 4
“ 5 2 4 1580 “ 2 - 1
~ 4 5 14 9 0 8 “ 2 2
“ 3 8 4 1 8 5 9 “  2 1
“ 3 4 4 4 1 9 9 “ 2 2
- 2 9 1 6 6 1 6 “  2 3
- 2 6 8 7 0 9 9 - 2 ■3
- 2 6 0 6 9 2 6 “ 2 0
“ 2 4 4 6 2 7 4 “ 2 3
“ I 9 8 2 6 0 2 - 2 .00
“ I 2 7 2 5 0 3 “ 2  , 3
“ 3 9 7 5 4 V3 Q “ 3 2
• 5 4 1 6 1 5 0  " “ 3 ; 2
1 4 5 0 7 4 0 - 2 2
2 2 2 9 0 1 0 — 2 2
2 803082- - 2 2
3 1 1 2 6 3 2 - 2 . 2
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TABLE 4 .2 .5 .
CASE N O . -S a  AND L . S . 4
THEORETICAL DETERMINATION OF Be NDINQ MOMENTS ALONG COLUMN EDGE 
pOISSONS R A T I O = o . 20
POINT RECTANGULAR COORDINATES THEORETICAL BEND INQ MOMENTS
' x / a y / cl K p ^ 'iP /S a 1 K e = K © /^ a l
40 0 . 0 5 0 4 6 0 O• OOOOOO - 1 . 0 6 9 7 3 6  - I - 3 . 1 . 3 9 4 7 3 - 2
41 0 . 0 5 0 7 1 9 ~ o • 0 1 2 0 1 6 - 1 . 1 4 3 9 6 1  - I - 2 . 2 8 7 9 2 3  . - 2
42 0 . 0 5 1 2 9 6 - 0 • 02 293  7 - I « 4 2 3 6 3 2  - I - 2 . 8 4 7 2 6 4 - 2
43 0 . 0 5 1 6 4 5 - 0 . 0 3 1 8 7 0 - 2 . I  7 2 2 8 4  “ I - 4 . 3 4 4 5 6 8 - 2
4 4 . , 0 . 0 5 0 9 9 7 - O . O 3 8 2 8 0  . . - 4 . 1 5 0 6 0 5  “ I - 8 * 3 0 1 3 1 1 ■ — 2
45 0 . 0 5 0 0 4 5 - 0 . 0 4 0 4 9 3 -  5 . 4 4 9 8 2 8  - 1 —1 . 0 8 9 9 6 6
46 0 . 0 4 8 5 5 0 - 0 . 0 4 2 0 7 5 ~ 5 * 4 3 4 5 9 °  ~ i - 1 . 0 8 4 9 1 8 - 1
47 0 . 0 4 3 6 6 3 . - 0 . 0 4 3 5 8 8 5 7 0 3 8 2  - 1 - 5 . 1 4 0 7 6 5 —
48 ; ' 0 • O36 0 28 - 0 . 0 4 3 4 3 5 - 1 . 2 5 2 8 3 3  - x - 2 . 5 0 5 6 6 5 - 2
49 O . O 2 5 7 6 7 - 0 • 0 4 2  587 - 8 . 0 9  48 45 - 2 - 1 . 6 1 8 9 6 9 - 2
50 O . O I 3 4 4 9  • - 0 • 0 4 1 6 7 4  - - 6 . 4 6 9 1 1 4  - 2 - 1 . 2 9 3 8 2 3 - 2
51 0 • 0 0 0 0 0 0 - 0 . 0 4 1 3 0 2 - 6 . 0 4 0 9 2 7  - 2  . - 1 • 2 0 8 1 8 5 - 2
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2 '  Lines r-'-O-' Lines
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TABLE 4 . 3 . 1 .
CASfc:  N 0 . - L . S . 3
T R A N S F O R M A T I O N  O F  R E C T A N G U L A R  I N T O  C U R V I L I N E A R  C O O R D I N A T E S
P O I N T  - R E C T A N G U L A R  C O O R D 1N A T E S  
: X / &  ' Y M
: i  0 . 0 8 0 0 0 0  0 . 0 0 0 0 0 0
2 o ; 1 5 0 0 0 0  ' 0 * 0 0 0 0 0 0
3  0 . 2 0 0 0 0 0  0 . 0 0 0 0 0 0
4  0 . 2 5 0 0 0 0  0 . 0 0 0 0 0 0
5 0 . 3 0 0 0 0 0  0 . 0 0 0 0 0 0
6  0 . 3 5 0 0 0 0  o . o o o o o o
7 o • 4 0 0 0 0 0  0 . 0 0 0 0 0 0
8  0 . 4 5 0 0 0 0  o . o o o o o o
9  v  o . 5 0 0 0 0 0  o . o o o o o o
: 1 0  0 . 5 0 0 0 0 0  - 0 . 0 4 1 6 6 7
1 1  0 . 5 0 0 0 0 0 - 0 . 0 8 3 3 3 3
1 2  0 . 5 0 0 0 0 0  - o  . 1 2  5 0 0 0
: 1 3  0 . 5 0 0 0 0 0  - o i l 6 6 6 6 7
: 1 4  0 . 5 0 0 0 0 0  - 0 . 2 0 8 3 3 4
: 1 5  0 . 5 0 0 0 0 0  - 0 . 2 5 0 0 0 0
: 1 6  o . 5 0 0 0 0 0  - 0 . 2 9 1 6 6 7
: 1 7  0 . 5 0 0 0 0 0  - 0 . 3 3 3 3 3 3
1 8  0 . 5 0 0 0 0 0  - 0 . 3 7 5 0 0 0
1 9  ^ 0 . 5 0 0 0 0 0  - 0 . 4 1 6 6 6 7
: 2 0  o . o o o o o o  - o . o 6 6 6 6 6
2 1  0 . 0 0 0 0 0 0  - 0 . 1 2 5 0 0 0
: 2 2  o . o o o o o o  - 0 . 1 6 6 6 6 7
2 3  o . o o o o o o .  - 0 ^ 2 0 8 3 3 4
■ 2 4  0 . 0 0 0 0 0 0  - 0 . 2 5 0 0 0 0
2 5  0 . 0 0 0 0 0 0  —0 ^ 2 9 1 6 6 7
2 6  o . o o o o o o  - 0 . 3 3 3 3 3 3
2 7  o . o o o o o o  - 0 . 3 7 5 0 0 0
28 o . o o o o o o  —0 * 4 1 6 6 6 7
4 9  0 . 0 5 0 0 0 0  - o . 4 1 6 6 6 7
3 0  o . 1 0 0 0 0 0  - 0 . 4 1 6 6 6 7
3 1  O i l  5 0 0 0 0  - 0 . 4 1 6 6 6 7
3 2  0 . 2 0 0 0 0 0  —0 . 4 1 6 6 6 7
3 3  0 . 2 5 0 0 0 0  - 0 . 4 1 6 6 6 7
3 4  0 . 3 0 0 0 0 0  - o • 4 1 6 6 6 7
3 5  0 . 3 5 0 0 0 0  - 0 . 4 1 6 6 6 7
3 6  0 . 4 0 0 0 0 0  - 0 . 4 x 6 6 6 7
3 7  0 . 4 5 0 0 0 0 - 0 . 4 x 6 6 6 7
T R A N S F O R M E D  C U R V I L I N E A R  C O O R D S .  
P 0
x . 0 0 5 8 3 5  o  - 2 . 2 1 7 3 0 0  - 5
5 . 9 1 4 2 4 3  - 1  v i . 3 1 4 8 1 0  - 4
4 . 4 4 1 4 4 2  - 1  - 9 * 9 3 5 4 0 °  ~ 5
3 * . 5 4 5 6 4 °  “ x 1 . 0 3 1 5 8 0  - 4
2 . 9 4 8 9 0 1  r i  1 . 3 4 7 2 3 0  - 4
: 2 . 5 2 4 6 9 3  - 1  7 . 9 0 5 6 0 0  - 5
. ' 2 . 2 0 7  x 6 °  ~ x  2 . 5 9 5 6 0 0  - 5
1 . 9 6 0 0 8 1  " i  1 . 2 4 9 5 0 0  - 4
i • 7 6 3 4 7 1  - i  6 . 1 6 1 3 0 0 - 5
: 1 . 7 5 7 2 0 2  - 1  8 . 3 4 6 6 9 3  - 3
i . 7 39 2 5*  " * i  1 . 6 5 8 2 7 4  - 1
: i . 7 i 6 3 79 - I  : 2 . 4 5 9 4 6 9  — 1
: 1 . 6 7 1 9 8 9  - 1  3 * 2 2 9 6 1 8  - 1
: 1 . 6 3 6 4 1 9  - 1  3 . 9 6 3 2 8 1  - x
: x . 5 7 5 * X I  4 * 6 5 3 8 3 5  - 1
: 1 . 5 2 1 1 7 4  - 1  5 . 2 9 6 7 1 0  - 1
: 1 . 4 6 4 8 4 3  - 1  5 . 8 9 6 0 0 7  —i
: 1 . 4 0 8 1 3 3  - 1  6 . 4 5 0 4 6 3  - 1
: x . 3 5 1 6 4 6  - 1  6 . 9 6 1 6 1 9  - 1
9 . 9 5 7 7 2 5  r i  M . 5 7 0 7 9 6  * °
6 . 5 6 6 9 7 1  - 1  : 1 * 5 7 0 7 7 8  o
5 . 1 0 2 0 x 8  r i  : 1 . 5 7 0 7 4 8
4 . 1 4 0 9 4 1  - x  ; 1 . 5 7 0 7 7 1
3 * 4 7 3 ° 6 7 — x x * 5 7 ° 739  °
* 2 . 9 8 9 3 0 0  - x  : x . 5 7 0 7 7 9  o
• 2 . 6 3 1 5 3 2  - i  1 * 5 7 0 7 7 4  o
: 2 . 3 3 3 7 9 2  - x  1 . 5 7 0 7 8 0  o
: 2 . 1 0 2 6 4 0  - x  ; x . 5 7 0 7 9 3  o
: 2 . 0 8 8 1 9 6  - x  : 1 . 4 5 2 3 2 0  o
• 2 . 0 4 6 2 3 3  - x  1 . 3 3 7 0 3 8  o
: 1 . 9 8 0 7 5 0  - i  ; 1 . 2 2 7 4 5 0  o
: 1 . 9 0 0 1 0 7  - x  x . 1 2 5 5 6 0  o
. 1 . 8 0 8 2 0 0  - i  : 1 . 0 3 2 8 6 6  o
x . 7 x 2 0 6 3  - x  9 • 4 9 1 o  8  5  - 1
1 . 6 x 6 0 3 1  - 1  8 . 7 4 1 7 5 1  " i
; x . 5 2 2 9 6 3  - 1  8 . 0 7 7 2 6 6  - x
: x . 4 3 4 4 8 0  - x  7 * 4 8 5 6 6 6  r - 1
a 
o
TABLE 4 .3 .2 .
(PO ISSO N 'S  RATIO= 0 .2 0 )
C A S E  N O . - L . S . a
T H E O R E T I C A L  U E T E R M 1 N A T  I O N  O F :  B E N D I N G )  M O M E N T S
P O I N T  R E C T A N G U L A R  C O O R D I N A T E S
X / &  . ' t / a .
: I  , 0  * 0 8 0 0 0 0 0 * 0 0 0 0 0 0
. 2 0  . 1  5 0 0 0 0 0  * 0 0 0 0 0 0
3 0  .  2 0 0 0 0 0 0 * 0 0 0 0 0 0
4 0 , 2 5 0 0 0 0 0 * 0 0 0 0 0 0
5 0 * 3 0 0 0 0 0 0 * 0 0 0 0 0 0
6 0  * 3  5 0 0 0 0 0 * 0 0 0 0 0 0
7 0 * 4 0 0 0 0 0 0 * 0 0 0 0 0 0
8 0 * 4 5 0 0 0 0 0 * 0 0 0 0 0 0
9 0 • 5 0 0 0 0 0 0 * 0 0 0 0 0 0
I O 0 , 5 0 0 0 0 0 - 0 * 0 4 1 6 6 7
U 0 * 5 0 0 0 0 0 - 0 * 0 8 3 3 3 3
1 2 0 * 5 0 0 0 0 0 - o * i 2 5 0 0 0
13 0 * 5 0 0 0 0 0 —0 * 1 6 6 6 6 7
1 4 0 • 5 0 0 0 0 0 - 0 * 2 0 8 3 3 4
15 o *  5 0 0 0 0 0 , - 0 * 3 5 0 0 0 0
1 6 0 • 5 0 0 0 0 0  . - 0 * 2 9 1 6 6 7
17 0 • 5 0 0 0 0 0 - 0 * 3 3 3 3 3 3
1 8 0  •  5 0 0 0 0 0 - 0 * 3 7 5 0 0 0
19 0 * 5 0 0 0 0 0 - o *  4 1 6 6 6 7
2 0 0 * 0 0 0 0 0 0 —0  •  0  6  6  6  6  6
31 0 * 0 0 0 0 0 0 - o * i  2 5 0 0 0
2  2 0  * 0 0 0 0 0 0 - 0 * 1 6 6 6 6 7
* 3 0 * 0 0 0 0 0 0 - 0 * 2 0 8 3 3 4
2 4 ^  0 * 0 0 0 0 0 0 —o *  3 5 0 0 0 0
2 5 0 * 0 0 0 0 0 0 - 0 * 2 9 1 6 6 7
2 6 0 * 0 0 0 0 0 0 - 0 * 3 3 3 3 3 3
2 7 0 * 0 0 0 0 0 0 - o *37  5 o o o
2 8 0 * 0 0 0 0 0 0 . - 0 * 4 1 6 6 6 7
2 9 0  * o  5 0 0 0 0 - o *  4 1 6 6 6 7
3 0 0 * 1 0 0 0 0 0 —o *  4 1 6 6 6 7
3 1 o * z 5 0 0 0 0 : - o * 4 1 6 6 6 7
3 2 0 * 2 0 0 0 0 0 - 0 . 4 1 6 6 6 7
33 0  *  2  5 0 0 0 0 - o *  4 1 6 6 6 7
34 0  * 3 0 0 0 0 0 - 0 . 4 1 6 6 6 7
35 < > • 3 5 0 0 0 0 - 0 . 4 1 6 6 6 7
3 6 0 * 4 0 0 0 0 0 - 0 . 4 1 6 6 6 7
37 o «  4 5 0 0 0 0 - 0 * 4 1 6 6 6 7
THEORETICAL BENDINQ MOMENTS 
KX=MX/^a*- KY=MY/©a*
- 8 . 2 2 3 3 9 4 - 2 - I . 6 4 4 6 7 9 - 2
- 5 . 4 9  496 7 r - 2 - 3 . 6 7 549 5 - 2
- 2 .  5 0  5 0 0 1 - 2 * 3 . 1 0 6 1 4 2 - 2
^ 2 . 5 1 2 0 2 0 . “ 3 - 2 * 3  6 5 5 8 5 . r 2
*1 * 3 3 0 2 8 0 . ^ 2 * 1 . 6 7 1 5 5 5 ^ 2
• ; 2 *435558 •^2 - 1 . 1 2 0 7 5 3 - 2
3 . 1 7 9 0 7 7 - 2 - 7 * 32 07 30 - 3
3  * 6 i 4 6  5 5 . r - 2 - 5 . 0 3 3 8 4 0 - 3
3 * 7 5 9 5 5 4 - 2 - 4 * 2 9 1 1 2 0 - 3
3 . 7 4 2 2 0 5 ^ 2  - 3 . 6 3 8 8 6 0 "3
3 * 6 9 1 9 5 6 - 2  - I * 7  5 I 730 - 3
3 * 6 1 4 1 2 0 —2 I . 1 6 4 4 7 0 - 3
3 . 5l 6 731 - 2 4 *  7 9 2 7 0 0 - 3
3 . 4<>9 4 6 4 - 2 8 * 7 3 5 9 7 0 - 3
3 * 3 0 2 4 4 9 ■ — 2 1 . 2 5 6 3 4 7 - 2
3  .  2 0  4 9  79 ; —2 1 . 5 8 1 8 2 4 - 2
3 . 1 2 4 0 2 1 —2 1 . 8 1 5 0 0 3 - 2
3 * 0 6 4 2 6 © “^ 2 1 . 9 2 4 7 4 3 r * 2
3 . 6 2 7 6 2 6 - 2 1 * 8 9 3 3 0 0 ■j-2
- 8 . 6 2 4 2 0 7 —3  - * 4 »  3 i  2 0  5 3 - 2
- 4 . 772 737 - 2 - 2 . 2 5 9 3 8 3 - 2
- 3 .  72 4o  5 0 . - 2 - 1 . 8 7 2 4 3 7 t- 2
- 3 . 3 6 6 6 2 6 —2  — 4 * 0 0  7 1 8 0 - 3
— 3  * 0 2 1  4 4 8 - 2 ' 8 . 7 4 7 3 7 0 “ 3
- - 2 . 6 9 8 1 7 9 - 2 1 . 8 0 6 7 7 5 — 2
r - 2 .  4 4 2 2 6 9 . —2 . 2* 43  3 6 7 5 - 2
- 2 . 2 8 2 5 4 8 - 2 2 . 7 9 0 5 4 7 - 2
^ 2 . 2 3 2 3 5 2 r - 2 2 * 9 0 2 7 9 6 - 2
- 2 . 1 0 7 0 9 5 — 2 2 . 8 7 7 6 4 3 . —2
- 1 . 7  4*3  7 4 - 2 . 2 *  8 0 2 8 7  5 - 2
- I  * 1 6 5 9 3 2 - 2  v. 2 . 6 8 2 5 7 2 —2
- 4 *  4 0 O I  4 0 - 3 2 . 5 2 9 5 0 3 - 2
- 3 . 5 9 9 7 2 0 “ 3 2 * 3 6 2 0 7 8 - 2
1 . 1 5 3 3  40 . ^ 2 2 . 2 0 0 8 7 4 - 2
I * 8 6 3 2 7 8 ■ - 2 : 2 . 0 6 3 9 4 6 *!*2
• • 2 . 4 3 0 1 9 6 ^-2 X . 9 6 3 6 6 8 —2
• 2 . 8 2 1 4 0  4 . r»2 2 * 9 0 6 3 6 2 ; r ,2
• TABLE 4 .3 .3
(PO ISSO N 'S  RATIO = 0 .2 0 )
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C A S E  N 0 . - L . S . 2
T H E O R E T I C A L  D E T E R M I N A T I O N  O F B E N D 1N Q  M O M E N T S  A L O N Q  C O L L A R  E D Q E
P O I N T R E C T A N Q U L A R C O O R D I N A T E S T H E O R E T I C A L  B E N D  I N Q  M O M E N T S
x / a ■ Y / a K P = M P / < g a * K e ^ M e / ^ a *
4 0 0 . 0 8 0 7 2 9 0 . 0 0 0 0 0 0 - 8 . 2 2 3 3 9 4 *i-2 - 1 . 6 4 4 6 7 9  . . r * 2
4 1 0 . 0 8 1 1 4 3  ' “* 0 . 0 1 9 2 2 4 “ 8 . 7 5 0 7 0 2 - 2 - 1 . 7 5 0 1 4 0 - 3
4 2 0 . 0 8 2 0 6 7 • " 0 . 0 3 6 6 9 6 — 1 . 0 7 3 2 6 3 - 1 ^ 2 . 1 4 6 5 2 6 — 2
43 0 . 0 8 2 6 2 4 - 0 . 0 5 0 9 8 8 - 1 . 6 0 0 5 1 9 - 1 - 3 . 2 0 1 0 3 7 r-3
44 0 . 0 8 1 5 8 8 - 0  . 0 6 1 2  4 3 ^ ^ • 9 75 I 8 5 “ I - 5 * 9 5 0 3 7 1 - 2
45 0 . 0 8 0 0 6 4 - 0 . 0 6 4 7 8 3 “ 3 . 8 5 5 5 9 8 - I - 7 . 7 1 1 1 9 6 - 2
46 0 . 0 7 7 6 7 3 - 0 . 0 6 7 3 1 3 “ 3 . 7 9 5 7 6 8 - I “ 7 . 5 9 1 5 3 6 r-3
47 0 . 0 6 9 8 5 5 - 0 . 0 6 9 7 3 5 r i . 7 7 8 1 1 8 “ 1 - 3 . 556 2 35 r - 2
4 8 0 . 0 5 7 6 3 9 - 0 . 0 6 9 5 7 0 - 8 . 6 9 9 4 3 0 r - 2 - 1 . 7 3 9 8 8 6 - 2
49 0 . 0 4 x 2 2 4 - 0 . 0 6 8 1 3 3 - 5 . 6 8 9 3 8 6 r - 2 - 1 . 1 3 7 8 7 7 - 2
5 0 0 . 0 2 1 5 1 6 —0 . 0 6 6 6 7 2 “ 4 * 5 9 7 7 8 2 ^ 2 “ 9 * I 9 5 5 6 5 - 3
51 0 . 0 0 0 0 0 0 - 0 . 0 6 6 0 7 8 “ 4 * 3 x 2©53 ^*2 - 8 . 6 2 4 1 0 7 “ 3
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FIG. 4.4.1 C ase No. Si 8. L.S .3 C u rv ilin e a r  y  8. 'e 1 Lines
TABLE 4 .4 .1 .
CASE - N O . - S i  AND L . S . 3
TRANSFORMATI  OH OF R'ECTAMQUL AR INJO CUR V I L  I NEAR COORD 1 NATES
POI  NT RECTANQULAR COORD I MATES
X /d r / a
I 0 * 0 5 0 0 0 0 0 * 0 0 0 0  0 0
2 0 * 1 0 0 0  0 0 0 * 0 0 0  0 0  0
.*> 0 • 1 5 0 0 0 0 ,0 . 0 0 0 0 0 0
4 : 0 * 2 0 0 0  0  0 0 * 0 0  0  0 0 0
5 0 * 2 5 0 0 0 0 0  • 0 0 0 0 0 0
6 0 . 3 0 0 0 0 0 0 . 0 0 0 0 0 0
7 o* 3 5 0 0 0 0  / 0 . 0 0 0 0 0 0
s ; o * 4 0 0 0 0 0 0 . 0 0 0 0 0 0
9 0 • 4 5 0 0 0 0 0 . 0 0 0 0 0 0
IO 0 * 5 0 0 0 0 0 . 0 . 0 0 0 0 0 0
1 1 o* 5 0 0 0 0 0 “ 0  • 0 5 0 0 0 0
1 2 0 * 5 0 0 0 0 0 "”0 * 1 0 0 0 0 0
13 0 • 5 0 0 0 0 0 “ 0 . I  5 0 0 0 0
1 4  •; > 0 . 5 0 0 0 0 0 “ 0 • 2 0 0 0 0 0
1 5 0 • 5 0 0 0 0 0 - . 0  * 2 5 0 0 0 0
1 6 o * 5 0 0 0 0 0 “ 0  * 3 0 0 0 0 0
1 7 0  • 5 0 0 0 . 0 0 - 0 « 3  5 0 0 0 0
iS 0 • 5 0 0 0 0 0 - 0  * 4 0 0 0 0 0
i  9 - 0 • 5 0 0 0 0 0 - 0 • 4 5 0 0 0 0
2  0 ■ 0 . 5 0 0 0 0 0  . — 0 • 5 0 0 0 0 0
t r a n s f o r m e d  c u r v i l i n e a r  COORDS,  
p e
9 . 8 9 9 0 6 4 - I . 1 . 1 4 5 1 0 0
5 . 7 8 1 9 4 4 - 1 6 . 8 8 6 0 0 0
3 * 9 1 3 1 8 4 . “ I 1 . 9 2 7 8 0 0
2 . 9 4 2 7 3 7 - I - 1 . 4 6 2 3 0 0
2 . 3 5 5 9 2 5 . - I 1 . 4 9 6 3 0 0
1 . 9 6 3 7 0 8 - I 4 .  1 9 8 6 0 0
I • 6 8 3 3 4 6 - I 4* 7 8 0 3 0 0
I . 4 7 2 8 5 6 - 1 7 . 7 6 6 9 0 0
1 . 3 0 9 4 6 3 “ I - 2 . 5 2 8  000
I . 1 7 8 5 3 6 - I ’ - 7 . 5  I 6 0 0 0
1 . 1 7 2 6 7 6 9 . 9 6 6 6 3 3
I • 1 5 5 6 4 6 - 1 I . 9 7 3 7 3 1
I . I 288 40 — I 2 . 9 1 4 2 9 3
I . 0 9 4 1 9 6 - 1 3 . 8 0 4 3 6 1
I . 0 5 4 2 1 8  . ' - I 4 . 6 3 5 7 4 0
x * o i o 6 6 6 - 1 7 5 . 4 0 3 9 8 6
9 . 6 5 5 4 3 1 - 2 6 . 1 0 6 5 5 1
9 . 2 0 3 4 9 4 - 2 6 . 7 4 7 3 2 4
8 * 7 6 0 0 5 6 "” 2 ^ 7 . 3 2 7 5 9 3
8 . 3 3 3 5 8 1 - 2 . 7 . 8 5 3 9 0 5
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TABLE 4 .4 .2  
(PO ISSO N 'S  RATIO = 0 .2 0 )
CASE N O . - S i  AND L . S . 3
THEORETI CAL^ DETERMI NAT I ON OF BENDINQ MOMENTS
I
PO I Nt RECTANGULAR
x / a
c o o r d i n a t e s
v / a
i 0 . 0  5 0 0 0 0 0 . 0 0 0 0 0 0
2 0 •  1 0 0 0 0 0 0 . 0 0 0 0 0 0
3 0 . 1 5 0 0 0 0 0 . 0 0 0 0 0 0
4 O.SOOOOO 0 • o o o o c o
5 0 . 2  50OOO 0 . 0 0 0 0 0 0
6 0 . 3 0 0 0 0 0 0 . 0 0 0 0 0 0
7 O.35OOOO 0 . 0 0 0 0 0 0
8 0 • 4 0 0 0 0 0 0 • 0 0 0 c o o
9 0 . 4 5 0 0 0 0 0 . 0 0 0 0 0 0
l o o . 5 0 0 0 0 0 0 . 0 0 0 0 0 0
i i 0 . 5 0 0 0 0 0 - 0 . 0 5 0 0 0 0
12 0 • 5 0 0 0 0 0 - 0 •  IOOOOO
1 3 c • 5 0 0 0 0 0 —0 . 1 5 0 0 0 0
1 4 0 • 5 0 0 0 0 0 . —C . 3 0 0 0 0 0
15 0 • 5 0 0 0 0 0 - 0 . 2  5 0 0 0 0
1 6 0 . 5 0 0 0 0 0 - 0 . 3 0 0 0 0 0
17 0« 5 0 0 0 0 0 - 0 . 3 5 0 0 0 0
1 8 0 . 5 0 0 0 0 0 - 0 .  4 0 0 0 0 0  .
* 9  , 0 • 5 0 0 0 0 0 - 0 . 4 5 0 0 0 0
20 0 • 5 0 0 0 0 0 - 0 • 5 0 0 0 0 0
THEORETICAL BENDING MOMENT 
K X =MX/  : K y = My / < i a i
- 9 . 9 4 0 8 6 5 - 2 - I . 9 8 8 1 7 3 - 2
- 9 . 7 6 4 2 6 7 - 2 “ 6 . 9 3 2 5 4 3 -  2
- 5 . 1 0 2 5 4 9 -  2 - 6 . 7 3 2 5 5 8 - “ 2
- I  * 7 5 6 5 9 3 - - 2 - 5 . 5 9 7 3 2 2 _ — 2
4 . 9 3 4 0 8 0 “ 3 “ 4 * 4 2 7 5 3 9 - 2
2 . 0 6 9 5 2 9 - 2 ~ 3 * 4 5 7 8 9 6 • — 2
3 . 1 7 6 3 7 1 - 2 - 2 . 7 2 2 5 6 1 - 2
3 . 9 1 6 8 2 5 — 2 / - 2 . 2 1 1 9 8 4 - 2
4 . 3 4 1 8 0 9 - 2 - 1 . 9 1 2 3 9 8 - 2
4 . 4 7 8 0 6  4 — 2 - 1 . 8 1 0 7 4 4 - 2
4 * 4 3 8 7 3 8 - 2 - 1 . 6 8 3 7 3 7 ""2
4 * 3 i 7 9 6 7 — 2 - - 1 . 3 1 7 2 5 0 - 2
4 * 1 3 ^ 3 3 9 - 2 - 7 . 5 2 3 2 5 0 “ 3
3 • 9 1 3 3 8 7 “ 2 . - 5 . 0 9 4 2 0 0 ~4
3 . 6 7 4 0 7 7 . -  2 ■ 7 . 1 2 5 8 9 0 - 3
3 * 4 4 3 i 4 i - 2 1 . 4 6 1 8 4 0 “ 2
3 • 2  4 4 0 6 6 ' - 2 2 . 1 2 1 6 5 1 - 2
3 . 0 9 6 2 2 9 - 2 2 • 6 2 9 6 9 6 - 2
3 . 0 1 5 6 8 9 - 2 2 . 9 3 7 0 2 1 ; - 2
3 . 0 1 4 5 1 8 - 2 ■ 3 * 0 1 4 5 9 2 “ 2
CO
TABLE 4 .4 .3
(PO ISSO N 'S  RATIO = 0 .2 0 )
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c a s e  h o . - s i  a n d  l . s . 3
T H E O R E T I C A L  S E T E R M I  N A T  I O N  O F  B E N D I N Q  M O M E N T S  A L O N G  C O L U M N  E D G E
PO I NT RECTAMQULAR c o o r d i n a t e s THEORETICAL BENDINQ MONEMTS'
x / a 'i/o. K p = H p / q a *  ;<e=n § ! % &
4 0 0 * 0 4 9 1 0 6 0 • 0 0 0 0 0 0 - 9 . 9 4 O 8 6 5 - 2  - I . 9 8 8 1 7 3  - 2
4 1 0 . 0 4 9 4 5 1 - c . o x  3 6 7 7 - I  . 0 6 3 0 8 2  - I  ’ “ 2 .  I 2 6 1 6 4  —2
4 3  ' 0 . 0 5 0 2 7 1 - 0 . 0 2 6 1 5 5 ■ *"1 •  3 3  3 8  7  7 “ I  - 2 . 6 4 7 7  5 3  - 2
43 0 . 0 5 0 9 6 9 - 0 . 0 3 6 4 5 3 - 2 . 0 2 9 5 8 6  - I  - 4 . O 5 9 I 7 3  - 2
44 0 . 0 5 0 7 0 8 - 0 . 0 4 3 9 7 7 - 4 . 0 4 8  5 9 6  . - I  - 8 . O 9 7 I 9 2  - 2
' 45 0 . 0 4 9 9 4 1 - 0 . 0 4 6 6 4 4 - 5 . 8 5 4 I 3 3  - I  - I . X 7 0 8 2 7  - I
4 6 0 . 0 4 8 6 1 3  - - 0 . 0 4 8 6 1 3 - 6 . 9 5 1 5 9 8  - i  - 1 . 3 9 0 3 2 0  - i
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Lines
FIG. 4.5.1 Case No. L.S.1 C u rv ilin e a r  'g' 8 , '& Lines
(TABLE 4 .5 .1
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CASE N C . - L . S . i  '
TRANSFORMATION OF RECTANGULAR INTO C U R VI L I NE AR COORDINATES
PO I NT RECTANGULAR COORD I NATES C U R VI L I NE AR  COORDS.
x / a y / a D 0
i o . 0 8 0 0 0 0 0 . 0 0 0 0 0 0 9 . 8 9 9 0 6 4 - 1 I . I  4 51 0 0 ” 5
2 0 . 1 5 0 0 0 0 0 . 0 0 0 0 0 0 6 . 1 3 0 9 0  6 - 1 2 . 6 7 9 2 0 0 ~5
3 0 . 2 0 0 0 0 0 0 . 0 0 0 0 0 0 4 . 6 7 6 5 9 9 ~  1 - 2 .  7 I  I  500 “ 5
4 , 0 . 2  5 0 0 0 0 0 . 0 0 0 0 0 0 3 * 7 5 7 3 s 5 — TJ. 9 . O 4 6 3 0 O - 5
5 O.3OOOOO. 0 . 0 0 0 0 0 0 3 • 1 37 7 42 -  I 2 . 2 9 6 7 0 0 ~5
6 0 • 3 5 0 0 0 0 0 . 0 0 0 0 0 0 2 . 6 9 1 4 8 1 “ I 0 . 5 3 6 5 0 0 - 5
7 c . 4 0 0 0 0 0 0 . 0 0 0 0 0 0 2 • 3 5 5 9 2 5 “ I I . 4 9 6 3 0 0 ” 5
8 O.45OOOO , 0 . 0 0 0 0 0 0 2 . 0 9 4 2 8  5 ~ I 7 . 0  0 6 1 0 0 “ 5
9 c • 5 0 0 0 0 0 0 . 0 0  0 00 0 1 . 8 8 5 1 9 9 -  I 4* 8 5 7 4 0 0 ' - 5
I O 0 . 5 0 0 0 0 0 ~Q • 0 50CCO. : 1 . S 7 5 8 55 - I 9 * 9 5 4 9 ^ 1 - 2
i i O • 5 0 0 0 0 0 - 0 .  1 00 0 0 0 1 . 8 4 8 7 7 3 — I I . 9 7 2 5 2 3 - 1
I 2 0 • 5 0 0 0 0 0 - 0 . 1 5 0 0 0 0 1 . 8 0 6 0 4 3 - I 2 .  912 7 44 - 1
i  3 0 . 5 0 0 0 0 0 - 0 . 2  0 0 0 0 0 1 . 7 5 0 8 9 6 — I 3 . 8 0 3 4 4 9 - 1
14 0 . 5 0 0 0 0 0 - 0 . 2  5 0 0 0 0 1 , 6 8 6 6 7 2 ~  I 4 . 6 3 4 9 6 2 - 1
15 0 . 5 0 0 0 0 0 - 0 . 3 0 0 0 0 0 1 . 6 1 7 1 4 7  . “ I 5 • 3 4 3 4 ■ _  T  X
i  6 0 . 5 0 0 0 0 0 - 0 . 3  5 0 0 0 0 1 . 5 4 4 9 9 8 “ I 6 . 1 0 6 3 0 5 “ I
17 0 . 5 0 0 0 0 0  . - 0 • 4 0 0 0 0 0 1 . 4 7 2 6 . 4 3 -  I 6 . 7 4 6 9 0 3 “  I
I  8 0 • 5 0 0 0 0 0 - 0 . 4 5 0 0 0 0 1 * 4 0 1 6 1 5 “  I 7 . 3 2 7 7 8 5 - I
* 9 0 . 5 0 0 0 0 0 - 0 • 5 0 0 0 0 0 ' 1 * 3 3 3 3 9 9 “ I • 7 * 8 5 3 9 2 4 — I
V
V
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TABLE 4 .5 ,2
(PO ISSO N 'S  RATIO = 0 .2 0 )
CASE N O . - L . S . i  '
THEORETICAL DETERMI NATI ON OF BENDINQ MOMENTS
p o i n t  r e c t a n q u l a r  c o o r d i n a t e s<1 ' ; • Y / A
' I : o •  0 8 0 0 0 0 O • O O O O O O
2 0 * 1  5 0 0 0 0 0 . 0 0 0 0 0 0
3 0 • 2 0 0 0 0 0 0 . O O O O O O
4 0 * 2 5 0  0 0  0 0 • O O O Q 0 O
5 0  •  - 3 0 0 0 0 0 0 . 0 0 0 0 0 0
6 0 • 3 5 0 0 0 0 0 • O O O O O O
7 0 • 4 0 0 0 0 0 0 • O O O O O O
8 0 * 4 5 0 0 0 0 ' 0 • 0 0 0 0 0 0
9 0  • 5 0 0 0 0 0 0 • O O O O O O
I O 0 • 5 0 0 0 0 b “ Q . 0 5 0 0 0 0
i i 0 • 5 0 0 0 0 0 ~ o •  1 0 0 0 0 0
1 2 0 • 5 0 0 0 0 0 - o . 1 5 0 0 0 0
* 3 0 • 5 0 0 0 0 0 “ 0 . 2 0 0 0 0 0
14 0 • 5 0 0 0 0 0 “ 0 . 2 5 0 0 0 0
1 5 / 0 . 5 0 0 0 0 0 “ 0 . 3 0 0 0 0 0
1 6 0 • 5 0 0 0 0 0 “ O . 3 5 0 0 0 0
17 0 . 5 0 0 0 0 0 ' - 0 « 4 0 0 0 0 0
1 8 0 . 5 0 0 0 0 0 “ 0 . 4 5 0 0 0 0
19 0 . 5 0 0 0 0 0 “ 0 . 5 0 0 0 0 0
THEORETI CAL  BENDINQ MOMENTS 
KX=HX/QA Ky =m y / qa
“ 7 . 4 1 9 5 6 3 “ 2 “ I . 4 8 3 9 1 3 “ 2
“ 5 * 3 7 0 4 3 2 “ 2 “ 4 *  5 1 8  3 s  5 “ 2
“ 2 . 7 4 2  I 5 1 “ 2 “ 4 . 0 7 7 2 0 8 - 2
“ 3 . 7 3 2 8 9 0 ■ ~3 “ 3 . 4 7 6 8 2 1 “ 2
" I • 3  5  6  3 0 0 - 2 “ 2 . 8 3 4 6 9 9 “ 2
2 . 5 7 3 1 1 4 “ 2 “ 2 • 2 8 2 3 6 2 “ 2
3 . 3 8 1 7 0 6 . . ~ 2  • “ I . 8 7 4 I 9 O “ 2
3 . 8 4 6 0 3 2 “ 2 “ I . 6 2 6 8 0 5 “ 2
3 . 9 9 7 3 0 1 “ 2  . ' “ I . 5 4 4 6 8 7 “ 2
3 . 9 6 7 5 6 2 “ 2 “ I * 4 3 3 0 5 3 “ 2
3 . 8 8 1 0 7 5 ~ 2 “ I .  I 0 8 9 3 8 “ 2
3 . 7 4 6 5 9 1 ~ 2 - 6 . 0 5 3 6 2 0 “ 3
3 * 5 7 8 3 6 9 “ 2 2 . 6 0 9 7 0 0 “ 4
3 • 3 9 4 ^ 5 1 -  2 7 . 2 0 0 9 8 0 - 3
3 . 2 1 5 8 4 6 “ 2 I . 4 0 5 6 8 1 “ 2
3 * 0 5 9 9 3 9 ... ~  2 2 . O I 4 0 6 6 “ 2
2 . 9 4 2 3 6 3 “ 2 2 . 4 8 7 0 4 4 “ 2
2 . 8 7 4 8 9 8 ■ “ 2 2 .  7 7 9 7 8 0 “ 2
: 2 . 8 6 5 5 0 2 . - 2 2 . 8 6 5 7 6 1 “ 2
TABLE 4 .5 .3
(PO ISSO N 'S  RATIO =  0 .2 0 )
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C A S E  N O i - L . S . l  '
T H E O R E T I C A L  D E T E R M I N A T I O N  O F . B E N D I N Q  M O M E N T S  A L O N Q  C O L L A R  E D Q E
P OI NT RECTANQULAR COORDINATES t h e o r e t i c a l  ■BENDINQ MOMENTS
: X/CL Y/<X K6=H 6/<J0,^
40 0 . 0 7 8 5 7 0 0 . 0 0 0 0 0 0 - 7 * 4 1 9 5 6 3 - 2 - 1  • 4 8 3 9 i 3 - 2
; 4 * 0 . 0 7 9 1 2  2 “ 0 . 0 2 i 88 3 - 7 . 8 9 4 9 4 3  - 2 - 1 . 5 7 8 9 8 9  - 2
'• 42 0 . 0 8 0 4 3 3 - 0 . 0 4 1 8 4 8 ""9 * 6 9 3 5 3 4  - 2 —1 . 9 3 8 7 0 7  —2
43 0 . 0 8 1 5 5 0 - 0 . 0 5 8 3 2 5  ■ - 1 . 4 5 6 6 2 4  - 1 - 2 . 9 1 3 2 4 7  - 2
44 0 . 0 8 1 1 3 4 ' - 0 . 0 7 0 3 6 4 - 2 . 8 5 1 6 7 3  - 1 - 5 * 7 0 3 3 4 6 - 2
45 0 . 0 7 9 9 0 5 - 0 . 0 7 4 6 3 1 - 4 . 0 9 9 4 5 6  - i - 8 . 1 9 8 9 1 2  - 2
46 0 . 0 7 7 7 8 1 - 0 . 0 7 7 7 8 1 - 4 * 8 5 7 9 3 i  - 1 “ 9*  7 1 5 8 6 2  - 2
CHAPTER V  
TESTS.
5 . 1 .  Introduction
Model testing in connection with the present research work has 
been carried out on a Moire apparatus. The apparatus was procured from
the Technological University, Delft, and has the following advantages:
. . . . . .  \  . .
i) The apparatus enables one to derive accurate results from
model testing as verified by several research workers.
ii) It gives a complete picture of the behaviour of the plate 
model under any practical loading system.
iii)  Normally perspex models are used for testing and as such 
model making is comparatively easier since perspex can be shaped with 
little  d ifficu lty . Jointing is usually done with chloroform or tensile 7* 
cement and if proper care is taken a monolithic joint is assured. Thus 
boundary conditions can be precisely realised in such models. .
iv) Any holes or cuts in the structure can be easily incorporated 
in the model and the resulting Moire fringe photograph shows details of 
stress concentration around any such openings.
v) The testing procedure is straightforward and simple.
v i) The model can be loaded precisely with levers provided care 
is taken towards its adjustments.
v ii)  The developing and printing of the Moire fringe photographs 
becomes routine work and can be done most conveniently provided a
160
photographic room is accessible.
viii) Although the derivation of results following the usual 
graphical procedure seems to be lengthy, the present computer programme 
developed for this research enables one to get these results quickly and 
conveniently.
5 .2 . The Moire effect r
The Moire effect is evidently an optical phenomenon and the 
Moire fringes appear as alternate dark and light fringes, when two arrays
of lines are superimposed. Fig.5.2.1 shows two sets of alternate black
;•. • : ■ ■ ■
and white grid lines of equal width. When the two sets are superimposed 
exactly one over the other, no fringes appear. On the other hand, when 
one set is rotated through a small angle with respect to the other, a set of 
parallel equidistant fringes perpendicular to the bisector of the angle appears, 
as shown in Fig.5 .2 .1 . The first dark fringe is the locus of points of one set 
which have been displaced by a distance equal to half the pitch of the lines. 
Thus every such fringe of the Moire pattern is the locus of points which have 
been displaced by a definite multiple of the pitch in a direction perpendicular 
to the fixed set of lines. The Moire fringes appear as a result of rotation or 
rigid body translation.
The same effect is also obtainable in the case of deformation of bodies, 
e.g. laterally loaded plates. When the movable grid is on the plane surface of 
the deformable body, it follows the deformations of the body under external 
loading, and when superimposed on the fixed grid it produces Moire fringes.
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FIG. 5.2.1
5 .3 .  The M oire method of model analysis
The M oire method is a simple and direct method of analysis for 
determining the bending moments in fla t plate structures. By the M oire . 
fringe technique it is possible to determine the slopes at any point of the 
structure and hence the bending moments can be calculated w ith sufficient 
accuracy. The method, which was orig inally  developed in the Laboratory 
for Experimental Stress Analysis of the C iv il Engineering Department o f the 
Technological University of D e lft, Holland, by F .K .  Ligtenberg and others, 
"has been described by several authors (2 7 ,2 8  & 2 9 ). Hence a brief outline  
of the method is presented in the later sections.
An accuracy of +_5% in moment determinations is obtainable which 
has been verified  w ith equilibrium checks and with the theoretically  known 
case of a uniformly loaded and simply supported equilateral triang le(27).
The research works (3 0 ,3 1 ,3 2 ) carried out so far adopting the M oire method 
once again justify its use for the accurate determination of bending moments 
in la tera lly  loaded plates.
5 .4 .  The basic moment equations
A t any point in a transversely loaded elastic p la te , the moments per 
unit length are related to the deflection w by the following we! I known 
relations:
where J *  is the Poisson's ratio and D is the flexural rig id ity  per unit 
length expressed as
D  l t d - / * )
b being the thickness of the plate and E the modulus of e las tic ity .
By the M oire method it is possible to determine slopes i . e .
r -
9 ^  «£. or first derivative of deflection at any number of points.
Thus only one differentiation is needed for the determination of second 
derivates of deflection which are necessary for the calculation of moments.
5 .5 .  Determination of slopes
The plate model with a reflecting surface is placed at a known 
fixed distance in front of a rules' screen, having alternate black and white  
rulings of known p itch . The model is observed with the help of a photo­
graphic camera, the lens of which is located at the centre of the ruled 
screen, F ig .5 .5 .1 .  Due to the reflective property of the model surface
A
the image of the rulings are reflected by the model on to the growl'd glass i 
or photographic plate of the camera.
Referring to F ig .5 .5 .1 ,  S is the image of a certain point P of the 
plate model and is also the reflected image of a point Q  of the screen,
v
when the model is unloaded. Under lateral loading the plate deflects and 
the image of the screen on the model changes and as such, S is the reflected  
image o f another point R of the ruled screen. Thus QR is related to the slope 
0 a n d  hence the slope can be determined if  QR is accurately observed.
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This is e ffected  by taking two photographs of the model on 
the same plate negative, under unloaded and loaded conditions, when 
M oire fringes are exhibited due to the superimposition of the two images. 
For any form of the screen, a Moire fringe is the locus of points of 
constant QR va lu e .
Referring to F ig .5 .2 . 1 . ,  let "b* lines be the image of the screen 
before loading and ‘a ’ lines be the same in the loaded condition of the 
m odel. Then fo is the locus of a ll points where QR is equal to zero.
O n the other hand, between fo and f i ,  QR differs exactly be an amount 
d i . e . ,  interval of the rulingson the screen. To obtain the clearest 
M oire fringe, the rulings are chosen id  white and id  black so that the 
M oire fringes have values id ,  l i d ,  2 id  e tc . Thus it is possible to 
obtain M oire photographs exhibiting contour lines of Q R . W ith slight 
modification of the screen, they are interpreted as contour lines of 
slope <5^  .
For a fla t screen QR is related to by the following relationship
q r  « ' a a * 0 + ^ )
It can be easily shown that (27) w ith a suitably curved screen 1 
it is possible to get a linear relationship QR = 2.0-^ . This is achieved  
by graphical integration of the resulting d ifferential equation which again 
has two solutions. A  screen having the shape of a straight c ircular cylinder
of radius R =5*5&1 wfth the rulings parallel to the axis of the cylinder 
is chosen for the purpose which is sufficiently near to the acceptable 
solution. The fie ld  of view  b s has been restricted to a value 
for a ll the tests carried out in connection w ith the present research work 
so as to lim it the resulting error to about 0 .2 % . The M oire fringes on the 
photograph are thus interpreted as contour lines for . A ctua lly  the 
fringes are contour lines of QR with an interval 'd' or in other words 
can be interpreted as contour lines of w ith an interval of 
(since QR = 2 .0 -^ ) . Thus, as an example for the particular case when 
the direction of ruling on the screen is parallel to the y axis, is 
identical w i t h ^ / s x ,  with a fringe interval o f c i/ia * . This is achieved  
by setting the screen angle at 90 . M oire fringes representing contour 
lines of Xufe#  °re  obtained by setting the screen angle at 0 ° ,  the rulings 
in that case being parallel to the x axis.
5 .6 .  Determination of second derivatives^ of deflection, bending
moments and deflections.
5 .6 (a ) Summary
Each M oire fringe corresponds to a particular displacement, but 
the fringe lines are not numbered and as a result the zero contour or the 
sign of the slope is not known. However for the determination of the second 
derivatives it is not necessary to know the absolute fringe values as only the 
difference of the values is necessary for the computation of the second derivatives
The same also applies for the computation of relative deflection of 
two points which involves the integration of the area of the slope curve 
between the two points. A t the same time from the physical behaviour of 
the structure and from mechanical considerations it is mostly possible to 
know the sign of the second derivatives at any point along a section of 
the model. r
To compute the moments M x , M y  and M x y , it is necessary to 
determine the values of the second derivatives I .e .  g. sT^ W
From the fringe photographs, as stated earlie r, curves of St 
may be plotted along any selected section. To determine / f ° r
exam ple, if  the curve is plotted as a function of x , the slopes of 
this curve determine the required second d erivative . A  similar procedure 
is adopted for determining i& r f  .
Any suitable method of graphical differentiation can be adopted a *  
also actual tangents may be drawn at the required points to determine the 
slope. Such methods are described in several publications (2 7 ,3 3 ). A  
typical second derivative curve drawn in a similar way is shown in F ig .5 . 6 .
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FIG. 5.6.1
When the number of points at which the bending moments are 
to be determined are many the graphical method tends to be tedious and 
time consuming and also great care is necessary to attain reasonable 
accuracy. Hence it was found necessary to develop a suitable com­
putational method which would be both accurate and quick.
In connection with the analysis of la tera lly  loaded fla t and 
Lift Slabs it was observed that in most of the cases the slope curves 
appear to be regular and smooth in pattern. Therefore it was decided 
to f it  in a polynomial curve through the experimental points along any 
section, the constants o f which were to be determined by the method of 
least squares. A  short description of the method and the mathematical 
basis is given in the next section.
5 .6 (b ) Method of Least Squares(34)
An experimental observation consists of a number of pairs of 
observed points ( X i j jO  and if  the X i form an arithm etical progression 
and if  the Jliftdifference of are constant, then the variables are 
connected by the following polynomial relation:
y = a* + f t l X •••••■•• •+a*xr . -5 .6 .1 .
In this case the constants ao to ar have been determined by the 
method o f  least squares thereby obtaining the 'most probable1 equation
1 6 9
in the sense that the computed values of y are the most probable values 
of observation, it being assumed that the residuals follow  the Gaussian 
law of error. The principle of least squares is based on the assumption 
that to y ie ld  the best representative curve the sum of the squares of the 
residuals should be a minimum.
Thus if  n be the number o f observed pairs of points and if  r is the 
order of polynomial^the normal equations are
rn) I3i dpi sO 
L ^OUC
•• 5 .6 .2 .
where K = *>2.^3 t* ; j
being the calculated value and y^ being the corresponding 
observed va lu e .
The normal equations lead to the following r* equations:
n *1
•+a*xO!).i • 2 ‘3i
i*  1
n a
2  ( a o - h a i y . i - v a z x . i ^ - v >  • • • * ■ » ■  a y
n.
3^i
i*A 5 .6 .3 .
.n.
"4 XlT*)Hi *■ ^
i *  1 w/
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In matrix form the equations can be written as
4 1 *
X i  X . i -
• Y* V Xi x»r
1 * -i * 
i  * *  *
i  x n  -
■%ir
•
"a. ' 1
_
X.x X j ,  ■ * • * X r j
I
I
df •» m
V
3a = 0 .
xT.x .a -*.r= o
, ;
0T*
a s ^ . x ]  . x T f  • • • • 5 . 6 . 4 .
Thus the coefficients a o . . . . . . .  .a^  are determined from the
Eq.5 . 6 . 4 .  and hence the equation of the curve is obtained.
5 .6 (c ) Determination of polyfit
A  Sirius Computer programme has been developed for forming 
the least squares polynomial curve, which fits through the experimental 
observed pairs of values of points, following the mathematical basis stated 
above . To obtain the results it is only necessary to feed in the distance of 
the intersection of fringes with the particular section from a chosen orig in . 
Once the equation o f the slope curve is formed it is comparatively easy to 
compute the second derivatives of deflection which are necessary for finding  
the bending moments along the section. One integration along the curve • 
determines deflection . A ll these computations have been incorporated in 
the first programme.
A second programme has been developed to find the bending 
moments and the absolute value of deflection, a t any point of the plate  
structure, from the results of the first programme. This programme also 
takes into account any variation in the slab thickness of the model.
Table 5 . 6 . 1 .  compares the values of second derivatives of 
deflection as obtained graphically with those computed num erically, 
along a typical section of the plate model.(Case N 0 .S2 ) .
It is observed that for latera lly  loaded plates the values of 
second derivatives and deflection along any section computed numerically  
are remarkably constant for a wide range of the degree of polynomials, 
thereby suggesting that the curves fitted  are near enough to the 
experimental ones. On the other hand the values of the 3rd and 4th  
derivatives of deflection tend to be erroneous.
Once the second derivatives are known, and the bending rig id ity  
e ither calculated or found experim entally, the bending moments are 
obtained from the second programme which computes the moments from 
Eq. 5 . 4 . 1 •
A  useful check on the accuracy of the M oire technique combined 
with the computer programmes is afforded by a comparison of deflections at 
points on the model when reached by different routes (F ig .5 . 6 .2 ) .
FIG. 5.6.2 C ase No. S2 E q u ilib riu m  ) 
Check On D e fle c t io n  O f  P o in ts
The figure shows one quarter of a typical interior panel of 
the rectangular plate model, the deflections of the points P„ P2  and 
Pg being computed in each case by both counter-clockwise and clockwise 
routes.
The computed values in thousandths of an inch are as follows:
Point Clockwise C/C lockw ise %  Difference
P0 0 .5 0 2  0 .5 1 4  2 .4
P2 'l 0 .7 3 3  0 .7 4 6  1 .7
P3  0 .8 2 7  0 .7 9 9  3 .5
t )
5 . 7 .  Determination of bending rig id ity  D
The bending rig id ity  can be calculated from the expression 
D = provided the Young‘s modulus E and the Poisson's ratio J*
o f the model material are known. A lte rn a tive ly , it can be determined 
directly  by testing a simple square plate of the same material as that of 
the actual model using the M oire apparatus under certain loading conditions
for which the stress distribution is theoretically  known. The square 
plate (15cm x 15cm) is supported horizontally on two corners, the other 
two corners being loaded each by an amount P , ( F ig .5 .7 .1) . The resulting 
photograph shows M oire fringes which are straight and equidistant. From 
the known theoretical stress distribution, the following relation is obtained
n  =  £  -, S . 2*0.1 
U 2. (T F ) d
5 . 7 . 1 .
where is the constant of the apparatus and S is the mean distance 
between the fringes.
+■
■t:
J
FIG. 5.7.1
Hence knowing the values of S and^  , D can be calculated from 
E q . 5 . 7 . 1 .
As the plate thickness enters to the third power in the equation for 
D , it is necessary to measure the thickness of the square plate and of the 
model, and correct the value of D accordingly. Since the thickness of the
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model plate may vary slightly at different points, it is again necessary 
to incorporate this variation in the computation of D .
5 . 8 .  The Moire apparatus and testing procedure
The M oire apparatus has been described in fu ll detail in the 
artic le  published by F . K .  Ligtenburg(27). The apparatus is mounted on 
a rigid structural framework made of steel channels and angles. The screen, 
as stated earlie r, has the shape of a straight circular cylinder of radius 3~5"a t 
and can be moved in the three axial directions (x , y and z ) .  A t the same 
time it can be rotated about its horizontal axis and clamped in any angular 
position. The black and white rulings are parallel to the axis of the cylinder 
with d / 2.Gj value being 0 .0015 ; the distance of the model, from the centre 
of the screen, 1 a* 1 is fixed at 756mm. and the width of the ruling is 2.268m m .
The camera which is mounted at the centre o f the screen is of ordinary 
Zeiss Ikon M axim ar make with a Tessar 1 : 4 . 5 ,  and F -  5 . 3 i n .  ob jective, using 9cm 
x 12cm photographic plates. The camera lens is placed at the centre and in 
the plane of the screen. Throughout the present work Gevaert graphic ortho 
05 plates have been used which were found to give the best contrast in the fringe 
photograph in comparison w ith other availab le  photographic plates.
To obtain a good M oire fringe photograph w ith reasonable contrast, 
it is necessary that the screen be very uniformly lighted. This is normally 
achieved by adjusting the four high voltage lamps, b u ilt- in  w ith the apparatus 
opposite to the screen in such a way that the screen is uniformly illum inated.
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Subsequently it was found essential to replace the present lighting system 
with a better one to improve the contrast in the M oire photographs. This 
has been achieved by using a separate lighting system consisting of a 
transformer and a pair of Colortran "Line Lites", in which the light 
intensity can be varied by changing the voltage with the* help of the 
transformer. An exposure meter has been used to check the uniformity 
o f lighting of the screen. By this method a vast improvement in the 
contrast of the M oire photographs has been achieved which is obviously 
very helpful in locating the fringes.
Load is applied to models mounted vertica lly  by a system of perfectly  
adjusted horizontal levers. Uniform distribution of load has been achieved  
by distributing the load of a lever v ia  a rigid timber plate (^ in . blockboard) 
and l in .  thick foam rubber. The foam rubber is compressed very appreciably  
(about 0 . 5 i n . )  compared to the deflection of the model (about 0«02in) so 
that a good degree o f uniformity is assured. Load per lever has been restricted 
to 25 lbs. and hence for models having large areas and needing more load, a 
number o f such levers are used. Each lever presses against a separate piece 
of blockboard of calculated area which in turn presses against the foam rubber, 
thereby transmitting the load as a uniformly distributed one, on to the model.
Obviously the lever load acts at the centre o f area of each of the blockboard
' ' ' " 1 ' 
plates. The following procedure is adopted for testing a model;
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Step 1
l The model is mounted in an exact vertical position on toT 
the back framework of the apparatus w ith the foam rubber and the 
blockboard loading pieces already in position atiti'he back of»the 
model^with its reflecting surface facing the camera.
Step 2
Each individual lever used for applying the lateral loads is 
brought in exact position and levelled precisely, so that a vertical 
load at the top horizontal end of the lever causes a perfectly horizontal 
load to be transmitted via  the horizontal lever arm to the vertical model.
A t the same it is checked that the lever arm is perpendicular to the model.
Step 3
The screen is adjusted in such a way that the distance between the 
centre of the screen and the model is exactly  756mm. N ext the screen is 
rotated and fixed at the particular angle and the "Line Lites" are switched 
on to illum inate the screen. The intensity of Sight on the screen is now 
checked w ith the exposure meter to ensure uniform intensity of lighting.
The ground glass window is placed in the camera, the objective  
diaphragm is fu lly  opened and the camera is then focussed onto the model 
in such a way that a sharp reflected image of the screen is visible on the 
ground glass. In the reflected image a small hole, which is obviously the 
reflection o f the o b je c tiv e 's  v is ib le . The screen position is adjusted such
„ that the reflection of the objective is away from places where stress 
concentration is expected. The "Line Lites" are switched off and'the 
model loaded with the 'zero loading'. The camera is now loaded with  
the photographic plate replacing the ground glass window and a very  
small diaphragm is set for the model exposures.
Step 4
A fter the in itia l creep time is over the "Line Lites" are switched 
on and the in itia l exposure of the model is taken.
Step 5
The model is then loaded with the final loading, allowed for 
the creep, time and by a similar procedure a second exposure is taken onto 
the same negative . The net loading is chosen such that sufficient number 
of fringes are obtained which is essential to get good results. A t the same 
time it is checked that near points where stress concentration is expected 
the fringes are distinguishable. On development the plate exhibits M oire  
fringes.
As stated earlie r it is necessary to obtain the distance of fringe 
intersections, w ith a particular section, from a chosen orig in . This can be 
done by enlarging the M oire photograph and getting a fu ll-s ized  print of 
the negative ( i . e .  enlarged to the same size as that of the model) and 
working on same. O n the other hand, a travelling microscope may be 
employed to measure the fringe distances d irectly  from the negatives. .
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Both methods have been tried and found unsuitable for the purpose.
In the first case, measuring the fringe distances from the print becomes 
a great strain on the eyes, particularly if many such distances are to be 
measured. In the second case, even w ith a plate of very good contrast 
the fringes appear to be very much diffused under the microscope, due 
to its magnification and hence it is extremely d ifficu lt to locate the 
centre line of a fringe. Hence a different procedure has been adopted 
for the purpose. Firstly the model or a portion of it with sections along 
which fringe distances are to be measured is drawn to fu ll scale on 
tracing graph paper. The plate negative is mounted in the enlarger and 
the M oire photograph is projected vertica lly  on to its horizontal base 
and the photograph is then enlarged to the fu ll scale o f the model. N ext 
the tracing graph paper is fixed onto the horizontal base in an exact 
position as to the projected M oire photograph and the intersection of the 
fringes w ith the chosen sections are simply marked on to the traced sections, 
and later measured suitable. This method appeared to be quick, accurate
v
and much less tiring to the eyes and does away with printing of the photograph. 
O n the other hand if  a graphical procedure is adopted this can be done 
directly  from the marked tracing paper.
Mostly photographs have been taken to determine and
which have been effected by adjusting the direction of ruling on the screen 
paralle l to the y axis for the first case and then subsequently turning the
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screen through 90°for the second case.
Since the M oire photograph records the net effect of the difference  
between the zero and final load, if is advantageous to start with a 'zero 
load' to ensure that the model does not have any in itia l slackness.
5 . 9 .  Model material
Black perspex has been used as model material in a ll the tests, since 
it is the most suitable material for the M oire technique .(2 7 ,3 0 ) .  It possesses 
the three properties which are necessary for successful model testing on the 
M oire apparatus namely;
1) A  good reflecting surface.
2) Elastic behaviour of the material inside 
the range of loads applied during model 
testing.
3) Good w orkab ility , so that joints can be' 
made without d iffic u lty .
A lte rnative ly  brass sheets or silvered perspex could have been used, 
but models made from brass sheets tend to be rather thin and as such are apt 
to get rather large deflection in which case the. thin plate theory does not 
hold good any mpre. Silvered perspex is expensive although the exposure 
time is l /2 0 th  of black perspex. The exposure time is considerable (say 
about 2  m ins.) in the case of black perspex but it is not long enough for 
creep to become o f any importance. For a ll the black perspex models 
tested, the maximum deflections have always been restricted to w ithin 1/ 6 th 
o f the plate thickness to prevent setting up of any merrbranestresses so that
the thin plate theory is applicable for a ll those cases.
5 .9 (a ) Elastic properties of perspex and testing precautions due to 
its shortcomings as a model m aterial.
For perspex, Poisson's ratio (35) has a value of 0 .3 5  over the
temperature range of -2 0 °  C to 5 0 °C . The value of Young's modulus
for perspex sheets is 4 .2  x 10^ lb /in^  at 2 0 °C . The value of the
modulus of e lastic ity  of the material drops 0 .9 %  per degree centigrade
temperature r is e .(36)
Perspex exhibits marked creep and as such the value of the
modulus of e lastic ity  is dependent on the method by which it is
2
determined. W ithin the bending stress range o f +200 lb /in  , the creep 
curves of the material have the same shape for different loading intensities.
To avoid various kinds of drifts associated with perspex (36) a definite  
loading cycle time has been adhered to and loading has been accomplished 
with a number o f continuous cycles of no load, fu ll load, no load, fu ll load 
and so on. The cycle time in turn depends on the in itia l creep time (in order 
to a llow  the in itia l rapid creep to take p lace), the exposure time of the 
photographic plate and is decided from the creep curve. A  half cycle time 
of 6  minutes was adopted for a ll the tests which consists of 4 minutes of 
in itia l creep time and 2 minutes exposure tim e. The effects of change of 
elastic ity  during this period have been elim inated by adopting exactly  the 
same loading cycle time and method of loading w hile  calibrating the m ateria l.
To overcome a ll the foregoing shortcomings associated with  
perspex, the following procedure has been strictly adhered to:
i) Temperature readings have been carefu lly  taken during tests 
and the value of rig id ity  D of the model modified accordingly, since D 
is d irectly  proportional to the Young's modulus E. Fans have been used 
to control the temperature during testing since an, increase in temperature 
is expected due to the presence of the "Line Lites".
ii)  Attempts have been made to carry out the tests under
v
draught free conditions.
iv) To avoid various kinds of drifts, loading has been accomplished 
as stated earlie r rather than loading in increments. A  half loading cycle  
time of 6  minutes has been strictly adhered to during a ll the tests. W hile  
determining the flexural rig idity D of the model p la te, by the square plate  
test, exactly  the same loading cycle time and the loading method has been 
employed so that it can be d irectly  used for determining the rig id ity  value  
of the actual model.
i i i )  Thickness of the perspex model has been measured at regular 
intervals over the surface and the value of D modified accordingly, and as 
such the local rig id ity  values have been used for calculating bending moments 
at the corresponding points.
A special apparatus has been used for measuring thickness at 
various points of the plate model.
5 .1 0 .  Transfer of model moments to real structure and effect of 
Poisson's ra tio .
In a ll the models tested the scale of slab rig idity D has been 
kept the same as the scale of rig id ity  E l/L  of columns i . e .  of model
j - - - .
and prototype. The real moments may be formed by simply multiplying  
the model moments with the ratio between the total loads of prototype 
and model, although the scale for lengths is independent of the scale 
for thickness (28 ).
Poisson's ratio for perspex is 0 .3 5  as compared to 0 .2  for concrete. 
Hence under certain conditions some errors are unavoidable in the compu­
tation of bending moments. Although does not enter in the d ifferential 
equation for deflection it does enter in certain boundary
conditions e .g .  free or e lastically  supported edges. In a ll the models 
tested under uniformly distributed load, the following edge conditions have 
been almost realised in the interior panel of the slab,
= 0  for DC- i a /fc » * 0  for -3
Also v u
. . . .  5 .1 0 .1 .
Q x  = Q y  = 0 along the edges,
where Q x  and Q y  are the shearing faces as before.
Since the boundary condition is homogeneous and independent of J *  
the follow ing relationships for bending moment can be derived:
Mx « -De +>c -T)t> + / V  &v ax* ' 3>M*/  ^ *ax* yp
. . * • 5 .1 0 .2 .
where the suffix 'c ‘ relates to the prototype concrete structure and the 
suffix 'p ' to the perspex model structure.
Thus in deriving the prototype moment the curvature and the
rig id ity  of the perspex plate model have been used in conjunction with
the Poisson's ratio value of the prototype. The prototype material has
always been considered as concrete in the present series of work and the
bending moments are computed fo r / * =  0 . 2 , which is the average value
of Poisson's ratio for reinforced concrete.
5 .1 1 .  Some d ifficulties associated w ith the M oire method of model 
testing.( ■ . \
The following difficulties were encountered during model testing:
i) V ery  near to the b u ilt-in  edges, the last interference fringe
was found to be a t some little  distance from that edge and as such ex tra -
(
polation in the curve fittings was necessary, which is not very accurate.
ii)  The shearing forces could not be calculated accurately as 
differentiation for the second time does not y ie ld  reasonable accurate values.
i i i )  Accurate results could not be obtained very near to a point load.
CHAPTER V I 
PREPARATION A N D  TESTING  OF MODELS
6 .1 .  Summary
Altogether six series of tests have been carried out on la tera lly  
loaded fla t and L ift-S lab  structures w ith the aid of the M oire apparatus. 
The first two series relate to fla t plate structures in which the slab panels 
and the columns are either square or rectangular with an aspect ratio 
1 : 1 . 2 ,  the ratio o f column size to panel dimension being 0 . 1 , w ith
v
the columns rig id ly  connected to the slabs.
The other four series represent short and long span Lift-S lab  
structures w ith square or rectangular slab panels, columns and lifting  
collars. Each of the six models has been designed in such a way that 
they are models of typical prototype structures and each model consists of 
nine slab panels w ith the slab cantilevering out on a ll four sides by some 
fixed relative dimension. The details of the models can be summarised 
as follows, in which the generalised dimensions are shown in F igs.6 .1 .1 .  
and 6 . 1 . 2 . v
U s Q -
£ 3 - £3- £3 - £ 3-
£ 3-
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column“r£3- £ 3-
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FIG. 6.1.1 Typical P la n  o f  a  F la t  P la te  M odel
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A .  Flat plate structures
i) Series S,
Square fla t slab with the following details  
= 0 .1 ;  Aspect ratio = 1 .0
ii)  Series S2  ^
Rectangular fla t slab in which r
■ “^ = 0 .1 ;  Aspect ratio = 1 :1 .2
B. Lift Slab structures
i) Series L .S . 1 .«*■*Lift slab with square panels 
Co
*^r = 0 .1 6 ; Aspect ratio = 1 .0
ii)  Series L .S .2 .  -  Lift slab with rectangular panels 
■ ^ = ^ ^ = 0 . 1 6 ;  Aspect ratio = 1 :1 .2
i l l )  Series L .S .3 .  -  Lift slab w ith square panels 
*^ r = 0 .1 0 ; Aspect ratio = 1 .0
iv) Series L .S .4 .  -  Lift slab w ith rectangular panels 
0 -1 ; Aspect ratio = 1 :1 .2  
Each slab model has been tested firstly under uniformly distributed 
load and then to ascertain the absolute maximum and minimum bending 
moment, tests have been carried out for the following loading combinations, 
(F ig .6 . 1 . 3 . )  : -
FULL LOADING (F.L.) S.L.A
STRIP LOADING-1  (S.L.1 )
I 1 1 1
11
— 4—|
1
- + —I
i i 
H---------hr"i i1
....  1 , —
1
-H------1
• 1 ’
‘ *1-------i i
S.L.5
S.L.2 S.L.6
S.L.3 S.L.7
FIG. 6.1.3 G e n e ra l Loading Scheme
a) alternate spans loaded. '
b) two adjacent spans loaded.
c) single spans loaded .
d) loading of external panels,
e) chess board loading.
 1------------ f-
S.L.8
EXT. PANELS LOADED ( E.P.L.)
CHESS BOARD LOADING -1  
(C.B.L.-1 )
— h
C.B.L.2 ¥
FIG. 6.1.3(a) G e n e ra l Loading Scheme
6 .2 .  Realisation of boundary conditions in the models.
In the theoretical analysis, a typical interior panel of an 
in fin ite ly  long slab supported on regularly spaced rigid columns, under 
uniformly distributed load has been considered. The consequent boundary 
conditions, considering one quarter of the slab (F ig .2 .7 .1 )  are as follows:
i) < 3 = 0  J = 0  on column capital
c><?
ii)  £ £ = 0 S S -x * 0  on x = i £ :  . . . 6 . 2 . 1 .
2.
iii)  ^  = 0 5 on • 3 = * ^ ;
To achieve the above boundary conditions in the slab model, the 
slab spans and cantilevers have been fixed , with slightly less accuracy by 
the conventional moment distribution in which the plaTe is treated as a 
beam or series of beams, supported along the column centre lines(37).
The lengthsof the end cantilevers have been calculated from the physical 
consideration that under uniformly distributed load the moments on either 
side of the support line balance each other and consequently there is no 
support rotation. In such a case the boundary conditions (ii)  and ( i i i )  are 
very nearly fu lfilled  at least in the interior panel of the slab model. On  
the other hand, due to the rigid attachment of the column or co llar as the 
case may be, to the slab the boundary condition (i) is also fu lfilled  under
uniformly distributed load. In a ll the calculations as such, only the centre
■ - \
panel has been considered.
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That the foregoing assumptions are very nearly realised is 
amply demonstrated by the fact that in the resulting M oire fringe 
photographs of the plates^under uniform loading, the zero fringe lines 
coincide very nearly with the centre line of the interior panel ( i . e .  along
b. ) as w ell as with the column centre lines.
*  2,
Under other various loading combinations the relative rig id ity  
of columns come, into direct consideration and as the column dimensions 
have to be fixed from the consideration of dimensional s im ilarity, typical 
concrete structures have been considered as the prototypes.
6 .3 .  Design, construction, loading and testing of individual models.
6 .3 (A ) Summary
In the design of models and in its correlation with the prototype, 
the recommended design procedure of C .P .1 1 4  has been fo llow ed. The 
fla t plate and the Lift Slab floors have been considered as a bent or portal 
frame consisting of a row of columns and strips of the slab panel of width  
equal to half panel widths on either side of the centre line of supporting 
column rows. The frame considered in this case consists of each strip of 
such floors with columns above and below assumed to be fixed a t their 
extrem ities. The slabs have also been assumed to be rig id ly  connected to 
the columns.
•\
To satisfy the boundary conditions (6 . 2 . 1 ) by this method of 
analysis, under U .D .L . ,  a typical slab has been analysed and it is 
easily found that the edge conditions in the interior panel may be 
realised by fixing the cantilever lengths such that the ratio of span to 
the cantilever is about 2 .4 5 .
Under various other loading combinations the column rig idity
comes into consideration and hence it is necessary to design each
individual model on the basis of the corresponding prototype.
6 .3 (B ) Flat plate structures
i) Series S, -  Square fla t slab.
a) Design and construction of model.
In designing the prototype structure, a typical R.VC . floor of 
multistorey building with the following relative dimensions have been 
fixed (F ig .6 .3 .1 ) .
L = span of slab
C = column size =^*/l0
2
H = column height = / 3  L
 6 .3 .1
T = slab thickness ^  ^~/35 
the corresponding model dimensions being l , c ,h  and t.
The model dimensions have been calculated from the considera­
tion that the scale o f slab rig id ity  D is the same as the scale of rig id ity  
E l/L  of columns, for the model and prototype so that moments in the two 
structures are correlated by E q .5 .1 0 .2 . The two structures are shown in 
F ig .6 .3 .1 .
conc.
columnfloor slabslab
column
MODEL ELEVATION PROTOTYPE SECTION
FIG, 6.3.1
From the condition of dimensional sim ilarity, the following  
relations may be derived.
l l  *  i k
Z t 3 H C*
which for the present case reduces to
= • • • • 6 . 3 . 3 .(3S)4 3ti
The model dimensions are fixed to satisfy E q s .6 .3 .2  and 6 .3 .3 ,  The 
following model dimensions with reference to F ig .6 .1 .1 .  are chosen 
which satisfy the two equations and which are a t the same time suitable
dimensions for testing on the M oire apparatus.
s f 2. * & * b - £*2,5 in . j  *  2T55 in.
| irv  j  f x  =  6 i n .  • t » i  I n .
C  '
Thus £ -=  0 .1  and aspect ratio = 1 .0 .
To construct the model l / 8 in thick perspex sheet of nearly
uniform thickness has been used. The column positions are marked on 
one side of the model and scratched w ith a sharp needle. Then the area
is soaked with chloroform and moistened time and again with a brush 
t i l l  the perspex surface becomes slightly soft when the column, treated  
sim ilarly, is placed in a perpendicular position on to the slab. To 
achieve the desired accuracy in the positioning of columns a suitable
\ :
jig has been used. The columns are pressed on to the slab in their exact 
positions for some time t ill a rigid attachment to the'slab is secured.
The model is fin a lly  mounted on a 1" thick blockboard timber frame 
with columns passing through precisely cut holes such that the end of 
the column is flush w ith the outside surface of the frame. The columns 
have threads at the end and are rig id ly  connected to the blockboard by 
means of screws and washers. The cut. on the blockboard which allows 
the column end to pass through is given a slight taper to ensure that during 
testing of the model the column is attached only at the lower end and does 
not press against the walls of the cut.
b) Loading of m odel.
The testing loads have been chosen in such a. way that the M oire  
fringes remain c learly  distinguishable in regions where stress concentration 
is expected. To arrive at a suitable loading, it has been necessary to take 
a few tria l photographs. The zero loading has been chosen such that not only 
in the loaded state but also in the zero state the model is in contact w ith its 
supports. To load the model eight levers have been used, each of which acts 
a t the centre of area of eight rigid iin ch  thick timber loading pieces, which 
in turn presses against the 1 " thick foam rubber backing p iece.
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The chosen loading intensities are as follows:
9
N e t loading = 0 .192  lb /in  
In itia l (zero)loading = 0 .0 3 7  Ib /s q .in .
Final loading = 0 .2 2 9  lb /in^
The testing procedure adopted is similar to that described in 
section 5 .8 .  The model has been tested for the following eight loading 
conditions (F ig .6 . 1 .3 . )
1. Under uniformly distributed load -  mkd. F . L.
2 . Strip loadings - 4  Nos. cases -m k d .S .L .l 5 S .L 2 ,S .L .3  & S.1_'.4.
3 . External panels loaded -  mkd. E .P .L .
4 .  Chess-board loading - 2  Nos.cases -mkd. C . B, L . - I  & C .B .L . - 2 .
Since the theoretical solutions have been derived only for plate and
Lif^ —Slab structures under full loading, M oire fringe photographs are presented 
for most of the cases obtained under such loading only.
The results of the first case i . e .  tests under U .D .L .  have been fu lly  
computed whereas testing for the other loading combinations have been done 
only to find out the maximum and minimum, +ve and -ve  bending moments in 
the span. In a ll cases, only the symmetric portion of the interior panel has 
been considered. For each case, tests have been carried out to find "dtd/sx  
and ^13/33 only i . e .  photographs have been taken firstly w ith rulings on the 
screen parallel to the y axis (0 °) and then turning the screen through 90° to 
bring the rulings parallel to the X  axis.
Under fu ll loading the bending moments are computed a t the 
twenty points a t which the theoretical values have also been determined. 
The thirteen photographs showing the M oire fringes are shown in F igs.6 .3 .  
to F ig .6 .3 .1 4 ,  in which the loading terms follow from F ig .6 .1 .3 .
The following photographic materials have been used in 
connection with the tests:
Photographic plates -  G  evaert Graphic 0RTH0O5 plates.
Developer -  Gevaert G ^ .
Stop bath -  1% solution of A cetic A c id .
Fixer -  Ilford IF 2 .
For printing work the details are as follows:
Printing paper -  Ilford multigrade paper.
Developer -  Ilford PFP.
Fixer -  Ilford IF2.
ii) Series S2  “ Rectangular fla t slab.
The following are the relative prototype dimensions fixed for the
model analysis:
L, = slab span in X  direction
1 _  11 11 11 . .  11 I - 1 /
L 2  “  y / f 2
C, X C2  = column size in which C , = ; C2  =
H = column height = 2 /3  L,
T = slab thickness =
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From dimensional sim ilarity a similar relationship as in 
Eqs. 6 .3 .2 .  and 6 .3 .3 .  is obtainable and the Following model 
dimensions have been fixed in this case.
l , = 6 'fca ;  I2 =5"=b; I3  =  =  2 .4 5 '';  l4  =  = 2 .0 4 ' '
h = 6 " ; t  = 1/ 8 "
c / l  = 0 .1  ; Aspect ratio = 1 :1 .2
The model has been constructed exactly as described in 
series S ,. The model loadings adopted are as follows:
N e t loading = 0 .222  lb /in^
In itia l " = 0 .0 4 1  lb /in 2
Final " = 0 .2 6 3  lb /in 2
Tests have been carried out for the following loading combinations
1. U n d e rU .D .L . -  M k d . F . L . -S2
2 .  Strip loadings -  8  cases -  M kd . -S2  -S . L. ,,S . L ^ S .L .g /S .L .^  . . . .  .S .L .g
3 . External panels loaded -  M kd . -S2  -E .P . L.
4 .  Chess-board loading 2 Nos.cases -M k d -$ 2 ~ C .B .L .
Figs.6 .3 .1 5  to 6 .3 .1 9  show M oire fringe photographs under U .D .L .  
and under some other loading cases. Testing and other details are as in 
Series S ,.
F ig .6 . 3 .2 .  Case N o .S , -  Full Load ing(F .L .90°)
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6 .3 .(C )  Lift Slab structures
i) Series L .S .,  -  Square Lift slab(representing short span R.c .structures) 
The model dimensions are exactly the same as for Series S, with the 
exception that the slab is supported on an equivalent lifting collar which is 
in turn fixed to the column. F ig .6 .3 .2 0  gives the detail of connection 
between the co llar, slab and the column.
As described in Chapter I, in a Lift Slab construction the slab is . 
raised along the columns by lifting rods which pass through blockout holes 
in the slab to be fixed on to the underside of the slab. The model represents 
a Lift Slab in its final stage when the slab is lifted to its appropriate position
and then fixed to the column through conventional connections, thereby
(6
securing an effective rigid connection between the column and the slab. In 
the slab model, an equivalent blockout hole (F ig .6 .3 .2 1 ) has been incorporated 
for the true representation of the prototype, but since the blockout holes are 
normally grouted w ith in-situ concrete after the slab has been lifted in position, 
it does not in fact provide any discontinuity in the slab. Tests on Lift Slabs 
have been carried out with or without blockout holes and it is found that the 
effect of such holes is extremely localised in character and that the general 
stress pattern in the slab is not affected by the presence of such holes. The 
steel co llar has been replaced by a perspex piece of the same thickness as the 
slab such that the relative rig id ity  of the co llar and the slab in the model is 
a scalar representation of the prototype. The prototype and model dimensions 
are as follows (see F ig . 6 .1 .2 ) .
PROTOTYPE M ODEL
L = span of slab lx = |  ^= 6 .25 in ; l3  = 2 .5 5 in
C = Column size = ^"/lO = 0 . 1L c = -5 /8 in .
2
H = column height -  /3 L  h = 6 in .
T = slab thickness = ^"/35 t = l / 8 in .
Co = co llar size = 0«16L c© = l in .
To1 = thickness of steel collar t0  = l / 8 in .
angle = i "  Co = 0 .1 6  .
To = Equivalent thickness of 
co llar angle =Es/Ec; To=T
Aspect ratio = 1 . 0  
A fter the slab is fixed in position, the vertical leg of the 
angle-section co llar is rig id ly fixed to the column and the horizontal 
leg of the angle supports the slab. As an example, in a 75 " thick Lift 
Slab, i "  thick angles are commonly used as lifting  collars whose supporting 
leg has thus an equivalent thickness of Es/E c x i "  i . e .  7 i" .
The tests have been carried out exactly  as in series S, with the 
same loading rates, w ith the only exception that under full loading, two 
more photographs have been taken w ith the screen at 4 5 °  and 135° 
respectively, to find out the stress concentration at the corner of the 
collars in the diagonal directions.
The M oire fringe photographs corresponding to fu ll loading are 
only presented as shown in F ig .6 .3 .2 2  and 6 .3 .2 3  in Appendix 6  w ith grid 
lines at 90°^ th e  first one corresponding to the plate without any blockout 
hole, the second one in a plate incorporating such a hole.
column 
• opening
collar— ‘  t -d
-v
slab 
column '
ELEVATION
coi
PLAN
FIG. 6.3.20
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MODEL
a « 0-1875 
b=0- I4"
C = O* 14" 
d = O* 104” 
e =0*052 " 
f a 0-104"
collar 28-8''*28-3'
r-B- ■B—
vQ
-jL
u.
o
A
B
C
D
£
F
= 5" 
s  2"
= 4 m 
= l'/z“ 
= \'A* 
= 3"
PROTOTYPE
FIG. 6.3.21 Case No. L S .T  -  D e ta il O f  B lo ck o u t H o le
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ii) Series L .S .2 . -Rectangular L ift—Slab.
The model is e x a c t!/ similar to that in series S2  excepting that 
the slab is supported on an equivalent lifting co lla r. The prototype and 
model dimensions are as follows:
Prototype '
L, = span of slab in X  direction
l 2 =  " " " in y " “  L,/ 1 . 2
column C , x Co in which C js k l  a  r -  ^ bg.
z 10 v 6 1 0
co llar Goi*Co& where Col *  0*161*4 > Co2 s 0 ’l6 \-%
2
H = column height = /3 L ,
T = slab thickness = L j/3 5  
Model
; t - 1/^  i C o i * 0 rB6  j  Coa.--tfa
t o -1 /8  i  Co/-£®0*16 j  Aspect ratio = 111.2  
The loading rates are as follows: v
2
net loading = 0 .2 7 8  lb /in
o
in itia l loading = 0 .041 lb /in  
final loading = 0 .312  lb /in ^ .
The slabs have been sim ilarly loaded and tested as in series S2 .
Two more photographs with rulings on the screen in diagonal directions have
been obtained to determine stress concentration along diagonal lines at the
corners o f the columns.
F igs.6 .3 .2 4  and 6 .3 .2 5  show the M oire fringe photographs under full 
loading with rulings at 90° and 0 ° .  The blockout hole details are illustrated j 
in Figure 6 .3 .2 6 .  The M oire photographs are given in Appendix 6 .
r—collar 0*96” * O'SO" !
x ' 209
a =o-i8w
b = O- 14" ;
C = 0*14"
d = o- 104“ ;
C = 0 - 0 5 2 "  i
f  = 0 - 1 0 4 "  I
|
FIG. 6.3.26
i i i)  Series L .S .3  -  Square Lift Slab.
The two series L .S .3  and L .S .4  have been designed to represent 
long span (e .g . prestressed concrete) continuous lift slab floors in m ulti­
storey buildings.
The following prototype dimensions have been adopted:
L = slab span 
C = column size = L /15
H = column height = L /2 .5  = 0 .4 L  
Collar Co, x C0 2  in which 
C o^ O . l O x  L = Co2.
T = slab thickness = L /46
To 1 = thickness of co llar angle
To = Equivalent thickness of collar angle = Es/Ec x T o ' = T .
From dimensional sim ilarity and on the basis of E q s .6 .3 .2  and 6 .3 .3 .  the
following model dimensions are obtained representing the prototype as above
(see F ig .6 .1 .2 )
I, -  I2  = 8 .5 5  in . = span; lg = ly = 3 .4 9 in .
■6 = 0 .5 7 in .  = column size
h -  5 .55inr=height o f column co = 0 .8 5 5 in .
t = l / 8 in . to = l / 8 in .
c o /l = 0 .1 0 ; Aspect ratio = 1 .0
C^ \ 1•*-{
ta
1'
1—d—1 1 1 M
1
— b—
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The testing loading intensities are
2
net loading rate = 0 . 1 1 0  lb /in
2
in itia l loading rate = 0 C025 lb /in
2
final loading rate = 0 .135  lb /in
The blockout hole details are shown in F ig .6 .3 .2 7 ,
i CltH -
I
kdJ o
1
— b— FIG
0 = 0 -1 4 2 5 "  
b =0-1139"
C =0*1139"  
d = 0*085 47"  
e = 6 * 0 4 2 7 "  
f  = 0 *085 47"
The following tests have been carried out
i) Under fu ll loading Rulings at 0 ° ,  9 0 ° / 4 5 ° & 135°^
ii) Strip loadings -M k d .S .L . 1 ,S .L .2 -2  Nos. cases.
i i i)  Effect of support sinking
The three resulting Moire photographs corresponding to fu ll loading 
are shown in Figs.6 .3 .2 8  and 6 .3 .3 0 / and are given in Appendix 6 .
- d - l 0
1
T
a
1
0  = 0 * 1 2 3 8 "  
b = 0 *1 1 3 9 "
C = O* 1139" 
d = 0*  08547"  
C = O* 0 4 2 7 "  
f sO* 0 8 5 4 7 "
FIG. 6.3.35
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‘v ) Series L.S .4  -  Rectangular Lift Slab 
The adopted prototype and model dimensions are as follows:
Prototype
L, = slab span in X  direction  
L2 = " " in y  " = L,/ 1 . 2
column size C,x C2  in which C, = ^2 ^
co llar size C 0 1  x C0 2* 11 ‘.£ 0 1 = 0 . 1 0 xL,; 0 . IOxL^
T = slab thickness = L /46  
T o '= thickness of collar angle
To = Equivalent thickness of collar angle = Es/Ec x To 1 = T .
Proceeding in the same way as in L .S .3 , the following model 
dimensions have been fixed
I , = 8 .5 5 in .;  I2  = 7 .1 2 5 in .;  I3  = 3 .4 9 in ; l4  = 2 .9 0 8 in . '• 
h = 5 ,5 5 in . 
t = l / 8 in .
co, = 0 .855 in ; 0 0 3  = 0 .7 1 25in . 
to = l / 8 in .
c o /l = 0 .1 0  ; Aspect ratio = 1: 1 .2
The test loading intensities are the same as in series L .S .3 .  Tests 
have been carried out for the following loading combinations:
i) Full loading -  photographs w ith rulings at 0 ° ,9 0 °  f 5 0 ° - ] 2 l and at 1 2 9 ° -4 8 ‘
ii)  Strip loadings mkd -  S .L . 1 ,S .L .2 ,S .L .3 / S .L .4 ,S .L .5 ,  and S .L .6 .
The resulting M oire photographs are as in F igs .6 .3 .3 1  to 6 .3 .3 4
corresponding to fu ll loading. Blockout hole details are as in F ig .6 .3 .3 5 .
The M oire photographs are given in Appendix 6 .
2 /1 5
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6 .4 .  Tests to determine bending rig id ity fD l
Knowing the values of the Young's modulus. E and the Poisson's 
r a t io ^  , the rig id ity  D can be computed by the formula, D = )
But since E is a variable quantity it is more reasonable to determine
j
D by direct testing on the M oire apparatus as discussed in section 5 .7 .  A  
special apparatus F ig .6 .4 .1 .  has been used for this purpose. The square 
plate model with small ears at the comers is mounted horizontally on two 
diagonal ends and loaded freely at the other two ends. A  mirror inclined  
at 45 degrees is used to form the vertical virtual image of the proving plate  
and the screen distance 'a ' is measured from the virtual image. Tests are 
carried out as usual w ith the same 'loading cyc le ' as used throughout the 
whole series of tests. Precautions have been taken to ensure that the applied  
loads an the models are small enough to keep the deflection of the plate  
within reasonable limits, yet at the same time yielding a sufficient number 
of fringes. The l / 8 th inch thick perspex sheets vary considerably in thickness.
As such the following proving plates of slightly different thickness have been 
tested for the rig id ity  value D . For a ll the models tested their ‘D ' values have 
been correlated with the values obtained from the proving plate tests.
i
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mirror
— model
FIG. 6.4.1
During testing of the proving plates as w ell as the actual models,
two sensitive thermometers have been employed to record the temperature at
various stages of testing. The details of testing of the proving plates are
summarised as follows:
Test-1 Square proving plate 15cm x 15cm in size and of average
thickness 0 .1 2 42 5 in . loaded as below:
in itia l load = 0 .2  lb . N e t load/corner =  ^5 lb ;  
final load = 1 .2  lb. J *  = 0 .3 5  ...
. average temperature during testing = 7 2 .5 ° F .
From the resulting photograph (F ig .6 . 4 .2 . )  enlarged to the fu ll size of
the square p late, average spacing of fringes are found to be 0 .3 in . The*
plate rig id ity  is calculated from Eq.5 .7 .1 .
D = 0 .5  x 0 .3  x 1 
T ~  1^=0735 OTT5
= 77 lb .in
Test 2
. Square plate details as above with the following loadings 
in itia l load = 0 . 2  lb . 
final load = 1 .4  lb.
p = 0 e6 lb; Average temperature during testing = 74°F .
S = average fringe spacing S = 0 .2 5  in .
D = 76 .923  lb .in .
Test 3
The details are as follows
Average thickness of the square proving p la te*0 '120.y22  
in itia l load =  0 .2  lb .;  Final load = 1 .2  lb; p = 0 .5  lb .
D = 7 1 .7 9  lb . in .  Average temperature during testing = 74 .75°F  
Test 4
The details are as follows -  ......
average thickness of plate = 0 .126762 in .
in itia l load = 0 .2  lb . Final load = 1 .2  lb . p = 0 .5  lb .
average temperature during testing = 7 4 .1 °F .
D = 8 2 .5 7  lb . in .
The above ‘D ‘ values have been adopted to correlate the ‘D 1 
values o f the various models.
TABLE 5.6*1
x
C-in.)
0 .0 0 0
0.250
0.375
0.415
0.540
0 .650
0 .950
1. 250 
1.667  
2.083  
2.500
SIR IU S
0 .753  
0.705  
0.634  
0.605  
0.503  
0.399  
0.090  
0.183  
0.396  
0 .454  
0 .516
GRAPHICALLY
a 2* v
/a x
0.735  
0.720  
. 0 .624
0.600  
0 .486
0.360  
0,048  
-  0 .186
-  0 .384
-  0 .474
-  0 .492
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CHAPTER V I 1 
ANALYSIS OF TEST RESULTS.
7 .1 .  Summary
i
In fla t plate structure the critica l sections for the bending 
moments in a typical interior panel are as follows:
i) Positive or sagging moments along centre line of panels.
ii)  N egative or hogging moments along the lines joining centre 
line of columns i . e . the edges of the panel and also along the column 
cap ita l.
In the case of L ift Slabs the same assumptions seem to be true 
in which the column capital is replaced by the lifting co lla r.
Due to symmetry, under stated loading conditions only one 
quarter of the interior slab panel has been taken into consideration for 
the computation of bending moments. To obtain the moments firstly the 
second derivative values fay? fay*  are calculated along chosen 
sections, a t regular intervals of the panel. This is done graphically as 
w ell as by fitting  least squares polynomial curves for a check, to form 
the slope curve from observed M oire fringes, as explained in section 5 .6 .  
N ext the derivatives are combined to obtain the bending moment values;, 
also integration of the slope curve yields the relative deflection of a 
point in the p an e l.
For comparison of M oire moments with theoretical values, only  
the critica l sections have been considered. Under fu ll loading M x and M y
are calculated along these sections and under other loading combinations 
the maximum and minimum values of moments are computed along these lines.
It is seen from the M oire fringe photographs that near the column 
capital the last interference fringe is at some little  distance from the edge 
and as such, sometimes extrapolation has been carried on to find out 
deratives near the column edge. When extrapolation has been found 
erroneous due to a w ider gap between the last fringe and the column cap ita l, 
the graphical method has been resorted to , to find out the derivatives at 
or near the edge. In a ll other cases, sufficient number of experimental 
points have been considered to f it  in the polynomial curve so as to include 
sufficiently a ll the points at which derivates are to be found out. In a ll the 
curves fitted , for the same set of observed points curves of different degrees 
of polynomials have been worked out to ensure that a typical polyfit is the 
most probable one .
7 .2 .  Determination of bending moments 
7 .2 (a ) Case N 0 .S2 ,  under U .D .L .
The bending moments are computed at 39 points along the column 
and panel centre lines at which the th eo re tica l bending moments have also 
been computed under uniformly distributed load.
Firstly a standard *D1 value of the perspex plate modified to the
temperature during testing is evaluated . The temperature readings are as
follows: o
F .L . S2  -  0 ........... . . . . . 7 1  F (average of 3 thermometers)
Hence an average temperature of 70°F is accepted as the standard testing 
temperature, A standard 'D 1 value *di1 is calculated corresponding to the 
temperature of testing 7 0 °F .
Thus correlating the results of sq. plate Test 2 ,  in which testing 
temperature is 7 2 .5 °F , to the temperature of testing of model S2  on the 
basis that 'E ' value for perspex decreases by 0 .5 % /°F  increase of 
temperature
di « T7* W 7
and ti = 0 .1 2425in . as before.
To obtain the bending moment in dimensionless form it is necessary 
to introduce another factor. Thus the load factor is given by
*«• - .eskxi - a-^abW4
The moments are thus obtained as a dimensionless factor which is the most 
convenient form for comparison purposes.
The local thickness of a ll the 39 points have been measured and put 
into the data tape of the computer programme evaluating the bending moments 
Thus the variation of local thickness has been catered into the moment analysis 
the variation being about + 0 .5 % .
The bending moment values are shown in Table 7 .2 .1 .
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TABLE 7 .2 .1
CASE -10. - 3 2
EXPERIMENTAL BEND INQ MOMENTS 
POISSONS R A T I O = o • 2 0
b y  t h e  MOIRE m e t h o d
x/a Y / a KX=MX/?az Ky=Ky/<
I 0 O 50OCO 0 0 0 0 0 0 0 - I 1 1 0 3 4 4 “ i - 2 2 2 0 6 8 8
2 0 ICGQOG 0 o o c o o o ~ 6 8 9 8 i ' 3 o ~ 2 “ 7 9 0 3 1 9 6
3 0 2 5 0  0 0 0 0 0 0 0 0 0 0 - 3 4 3 8 8 6 1 ~ 2 “  5 4 8 6 5 1 9
4 ' 0 2 0 0 0 0 0 Q o o c o o o - 3 9 8 3 79  4 . *"* 3 “ 3 9 4 3 1 9 4
5 c 2 5OOOO 0 0 0 0 0 0 0 •I 1 9 6 4 6 6 ; ~ 2 - 2 8 6 0 2 1 2
6 0 3 0 0 0 0 0 0 o o c o o o 3 ° 3 6 39 ~ 2 2 0 3 0 4 8 0
7 0 35OOOO 0 0 0 0 0 0 0 3 2 7 0 0 8 4 — 2 • ~ i 1 7 7 6 6 8
r- 0 4 0 0 0 0 0 0 0 0 0 0 0 0 n0 7 7 1 9 2 1 ~ 2 - 7 0 2 0 2 7 9
r*\y 0 45OOOO 0 o o c o o o 4 0 9 3 7 3 9 *** 2 ~ 5 0 9 8 9 6 3
1 0 0 5 0 0 0 0 0 0 0 0 0 0 0 0 4 3 3 5 4 6 9 ~ 2 - 4 3 6 3 1 8 0
1 I 0 5OOOOO - 0 0 4 1 6 6.7 4 2 2 8 - 9 2 5 “ 2 “ 4 2 0 0 1 1 1
1 2 0 5 0 0 0 0 0 - 0 0 3 3 3 3 3 4 2 4 5 7 7 5 — ^ — 2 3 8 0 6 3 9
13 0 5 0 0 0 0 0 - 0 12 5 0 0 0 4 0 2 6 8 0 7 ~  2 2 3 79  3.65
0 5 0 0 0 0 0 - 0 1 6 6 6 6 7 3 8 5 2 6 7 7  • — 2 5 3 0 4 7 ' n
* 5 0 5 0 0 0 0 0 - 0 2 0 8 3 3 4
00 7 9 4 2 2 2 - 2 1 1 1 0 3 2 4
1 6 0 50  0 0 0 0 ~Q 2 5 0 0 0 0 • 3 5 9 1 6 9 7 - 2 1 3 3 3 4 3 3
1 7 0 5 0 0 0 0 0 2 9 1 6 6 7 3 4 9 7 0 3 8 1 7 0 9 9 1 8
T P.2. W 0 5 0 0 0 0 C  - - c 3 3 3 3 3 3 3 4 2 4 4 0 0 - 2 1 9 1 5 0 6 7
1 9 0 5 0 0 0 0 0 - 0 3 7 5 0 0 0 3 2 3 8 3 2 4 - 2 2. 1 8 5 3 9 8
2  v> 0 5 0 0 0 0 0 ~ 0 4 1 6 6 6 7 3 2 3 2 6 0 4 “ 2 • 2 3 2 6 8 1 9
2 1 0 0 0 0 0 0 0 - 0 0 4 1 6 6 7 - 1 4 7 2 8 2 5 — 2 “ 7 3 5 9 0 7 5
2 2 0 0 0 0 0 0 0 - o ' 0 8 3 3 3 3 “ 7 8 9 7 5 4 4 - 2 “ 7 1 7 9 5 8 6
*3 0 0 0 0 0 0 0 - 0 1 2 5 0 0 0 - 6 4 2 5 2 0 0 “ 2 ~ 3 7 0 4 7 9 5
2 4 0 0 0 0 0 0 0 “ 0 I 6 6 6 6 7 7 0 4 5 3 8 ~ 2 - x 0 5 6 1 4 6
^ 5 Q 0 0 0 0 0 0 “ 0 2 0 8 3 3 4 “ 4
n .< „ ^   ^nooyugo - 2 6 1 3 6 0 4 8
2 6 . 0 0 0 0 0 0 0 ~ 0 2 5 0 0 0 0 “ 3 8 2 8 8 7 3 •— O 1 7 0 5 6 0 9
27 0 o c o o o o - 0 2 9 2 6 6 7 “ 3 2 6 2 0 3 7 2 2 48 5 0 8 9
28 0 0 0 0 0 0 0 ' “ 0 33  3 3 3 3 - 2 8 3 9 0 0 2 "" ^ 3 1 0 8 9 0 5
2 9 0 o c o o o o - 0 37  5 ° ° ° - 2 3 7 6 5 0 1 -  2 3 5 8 6 3 7 1
3 0 0 0 0 0 0 0 0 4 1 6 6 6 7 ■ ~ 2 2 6 8 3 9 8 —2 3 7 i 6 5 9 5
31 0 0 5 0 0 0 0 ~ 0 4 1 6 6 6 7 — 2 2 4 9 5 0 6 —3 3 4 8 3 6 9 2
3 2 0 1 0 0 0 0 0 - 0 4 1 6 6 6 7 - I 7 3 9 - 7 3 ~ 2 0 3 8 6 5 2 3
3 3 0 1 5 0 0 0 0 . - 0 4 1 6 6 6 7 — r\y 4 0 1 9 5 6 ~ 3 3 2 0 7 3 6 3
3 4 0 2 0 0 0 0 0 “ O 4 1 6 6 6  7 00 3 5 9 . 4 4 3 ~ 3 3 0 8 9 9 3 3
3 5 0 2 5 0 0 0 0 - 0 4 1 6 6 6 7 1 2 8 8 4 0 1 — 2 2 8 9 0 7 7 5
36 0 3 0 0 0 0 0 - 0 4 1 6 6 6 7 1 ' 8 2 8 6 2 1 ~ 2 2 6 3 2 7 8 2
37 0 3 5 0 0 0 0 ■ - 0 4 1 6 6 6 7 2 4 2 2 9 3 c ~ 2 2 4 4 3 8 9 7
s n
3 ° c 4 0 0 0 0 0 - 0 416667 2 “ 2 2 3 6 6 7 7 6
3 9 0 4 5 0 0 0 0 - 0 41 6 6 6  7 3 2 7 6 6 5 4 ~2 2 269721
U) 
U 
U 
to 
to
7 .2 (b ) Case N o .L .S .4  (with blockout hole) under U .D .L .
This case is similar to case no.S2  in that the column aspect 
ratio and panel span ratios are the same, the column capital being 
replaced by the lifting  co llar.
The temperature readings during testing are as follows:
F .L . L .S . -4  (0 ° ) ..................69 .8 °F
F .L . L . S . - 4  (9 0 ° ) ............... 6 9 .8 °F
Hence average temperature during testing is taken as 6 9 .8 °F .
Then correlating the square plate test results of Test 2 
d i=  *76"3230 x — i —  = 7 7 .9 7 5 6  lb . i r / i n .
and ti -  0*12,423 in . as before.
Also the load factor
. K- = - i -  = 1 1 -  0*12.435ft '
4  l o t  0'H*?,'55»«.'55 8'0 41275
As before one quarter of the interior panel has been considered.
Bending moments are computed at 39 points and the rig id ity  values are
being modified for each point based on the local thickness of the p la te .
Due to the presence of the blockout hole the first point for computation
of bending moment has been taken at a reasonable distance away from the
edge of the blockout holes.
The bending moment values are as in Table 7 .2 .2 .
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TABLE 7 .2 .2
n q r  nn — r c  /
e x p e r im e n t a l  sendimq
POISSONS RAT 10= 0 , 2 0
M O ’- ' r M - r o  D y MOIRE METHOD
"0 I NT RECTAMQULAR
x / a
c o o r d i n a t e s
v / a
PER I MENTAL 
x=Hx/<fcaa
BEND I i :Q MOMENTS 
Ky=KY/<fca* '
i 0 0 7 5 0 0 0 0 0 0 0 0 0 0 ~8 5 5 5 3 6 8 — 2 “  8 4 084  9 4
0 1 0 0 0 0 0 0 o c o o o o “ 6 0 5 10 1 9 “ 2 _? 3 1 3 2 9 9 —
3 0 I  5 00 0 0 0 0 0 0 0 0 0 9 1 9 i  06 — 2 “  5 8 7 1 2 5 9 —
4 0 2 0 0 0 0 0 0 0 0 0 0 0 0  , w 1 8 1 3 9 8 *" 3 j 7 8 7 6 6 4
rJ 0 2 5 0 0 0 0 0 0 0 0 0 0 0 1 2 7 52 5 4 “ 2 “  2 7 1 2 7 7 0
6 0 30COOO 0 0 0 0 0 0 0 2 1 6 8 6 8 1 “ 2 - I 8 8 7 5 9 6
7 0 3 5 0 0 0 0 0 o o o o b o 2 9 3 7 0 8 8 - 2 “  1 2 7 4 5 ^ 5
8 0 4 0 0 0 0 0 ■ 0 0 0 0 0 0 0 3 4 7 0 7 5 0 - 2 “ 8 5 4 3 3 s 4 —■
• 9 0 4 5 0 0 0 0 0 0 0 0 0 0 0 3 8 02 6  57 “ 2 " 5 2 4 1 1 9 9
I  0 0 5 00 0 0 0 c o o c o o o 4 c o o  612 “ 4 3 7 0 4 1 6
11 0 5 0 0 0 0 0 “ 0 0 4 1 6 6 7 3 9 0 4 2 3 8 “ 2 ■“ 3 8 101 0  6
I  2 c 5 0 0 0 0 0 . “*0 0 8 3 3 3 3 3 8 9 3 3 0 5 “ 2 - 1 9 0 7 3 8 3
1 3 c 5 0 0 0 0 0 “ G I 2 5 00 0 3 7 2 5 0 0 7 “ 2 4 4 8 7 9 6 0 ~
14 0 5 0 0 0 0 0 - o ' 1 6 6 6 6 7 0 7 4 3 7 8 7 “ 2 4 7 5 0 9 9 8
- 2 0 5 0 0 0 0 0 ~0 2 0 8 3 3 4 nj 5 2 1 1 4 3 - 2 .6 4 1 2 2 6 7
x 6 G 5 0 0 0 0 0 ~c 2 5 00 0 a 3 2 8 7 7 0 5 — 2 nO 0 1 3 3 1 3
17 0 5 0 0 0 0 0 “ 0 2 9 1 6 6 7 3 1 5 6 6 4 6 2 I 0 62 700
i  3 0 5 0 0 0 0 0 - c 3 3 3 3 3 3 00 1 4 0 4 8 7 — 2 T 6 1 4 2 6 9
19 0 5 0 0 0 0 0 “ 0 3 7 5 0 0 0 3 1 3 0 7 0 4 ~2 I 9 2 6 5 8 7
2 0 0 5 0 0 0 0 0 *■’’ c 4 1 6 6 6 7 3 0 7 0 4 9 8 — 2 2 0 7 7 1 0 1
2 I 0 0,00000 - 0 0 4 1 6 6 7 - 1 3 5 2 169 “  2 “ 6 7 6 0 8 4 4
2 2 0 OOQCQO “ C 0 8 3 3 3 3 ~7 3 1 5 0 1 2 “ 2 — 6 25 X 0 1 0
2 3 0 0 0 0 0 0 0 - 0 X 2 50OO , “ 6 2 9 5 3 4 4 - 2 “ 3 5 4 6 6 7 2
2 4 0 0 0 0 0 0 0 - c I 6 6 6 6 7 ""5 4 9 7 2 6 5 — 2 - 1 1 5 2 2 8 1
2 5 0 0 0 0 0 0 0 - 0 2 0 8 3 3 4 “*4 4 7 7 6 7 4 “ 2 2 2 1 6 6 7 0
3 O 0 o o o c o o - o 2 5 0 0 0 0 “ 3 5 7 9 6 2 7 “ 2 1 6 3 9 2 6 8
27 ‘ c 0 0 0 0 0 0 ~G 2 9 1 6 6 7 “ 3 0 4 0 5 9 3 2 3 0 0 0 8 0
2 8 0 o c o o o o j  0 J J J J t- 2 6 7 539  7 “ 2 2 8 7 8 5 9 2
2 9 c o o c o o o ~c 3 7 5 0 0 0 ~~ 2 2 7151  4 — •”> 3 3 6 1 8 40
3 ° G o o o o c o - 0 4 x 6 6 6 7 — 2 2 5 1 0 8 3 “ 2 3 5 5 3 7 4 1
31 0 0 5 0 0 0 0 - 0 4 1 6 6 6 7 2 1 3 6,81 5 , 3 3 0 2 3 5 1
3 2 0 1 0 0 0 0 0 “ 0 4 1 6 6 6 7 I 5 9 2 8 9 9 2 3 2 7 9 4 9 7 ' —
33 0 1 5 0 0 0 0 ~0 4 1 6 6 6 7 - 9 7 1 2 7 9 6 " 3 3 0 9 6 6 6 8
3 4 0 2 0 0 0 0 0 - 0 4 1 6 6 6 7 3 7 1 2 1 8 “ 3 2 8 7 9 5 5 8
35 0 2 5 0 0 0 0 - a 4 1 6 6 6 7 • ■ 0 2 1 1 1 4 3 ~3 2 6 4 7 2 6 4
36 0 3 0 0 0 0 0 “ O 4 1 6 6 6 7 .1 8 6 2 5 7 2 “ 2 2 4 5 6 7 6 6
37 0 3 5 0 0 0 0 - o 4 1 6 6 6 7 2 2 6 8 4 1 8 ~2 2 3 1 4 0 1 4
33 0 4 0 0 0 CO “ O' 4 1 6 6 6 7 <0«c# 6 1 7 9 1 9 “ 2 2 1863.32 ■ “
39 0 4 5 0 0 0 0 “ C 410 6 6 7 3
COo*CO<00« ~2 2 1 3 5 2 2 3 —
To check the effects of the blockout hole, it was incorporated 
in the model and tested as usual. The effect of the blockout hole is 
seen to be distinctly local when the results are checked with the results 
derived from testing the model without the blockout hole. Hence in the 
following cases its effect on the general distribution of bending moment 
has been neglected.
7 .2 (c ) Case N o .L .S .2 u n d e rU .D .L .
The following temperature readings have been noted during 
testing of the model representing the Lift Slab with rectangular panels:
F .L . L .S .2  (9 0 ° ) ........................6 9 .5 °F  (average)
F .L . L .S .2 (0 ° ) ........................7 0 .5 °F
Hence average testing temperature is taken as 70°F and 
correlating to the square plate test results of Test 2 .
di = 7 7 .8 96 7  lb .in /in  
and ti = 0 .12425  in . as before.
The load factor
K|_ =  ^  = 0 .0 9 9 9 2 .
The bending moments at the 37 points are computed as outlined  
the preceding section and areas shown in Table 7 .2 .3 .
7 .2 (d ) Case N o .S , u n d e rU .D .L .
The temperature readings during testing are as follows:
F .L .  S , ( 9 0 ° ) ..................7 2 .9 °F  (average)
Thus
di = 7 6 .7 6 9 1 5 4  lb. in/in  
ti = 0 .12425  in . 
and the load factor 
K l = 0 .133333
The bending moment values calculated at the 20 points are as 
in Table 7 .2 .4 .
TABLE 7 .2 .3
C A S E  N 0 . - L . S . 2
E X P E R I M E N T A L  B E N D I N G  M O M E N T S : B Y  T H E  M O I R E  M E T H O D  
P O I S S O N S  R A T I O = o . 2 0
P O I N T R E C T A N G U L A R c o o r d i n a t e s E X P E R I M E N T A L  B E N D I N G  M O M E N T S
x / a Y/a K X ^ M X / Q t f K Y ^ M Y / f d *
: i 0 0 8 0 0 0 0 0 * 0 0 0 0 0 0 - - 8 . 4 5 6 9 5 6 r - 2 “ i . 6 9 1 3 9 1 - 2
. 2 0 I  5 0 0 0 0 0  * 0 0 0 0 0 0 “ 4 *  58 555 ° r * 2 - 4 . 8 8 6 2 4 1 r s
3 0 2 0 0 0 0 0 0 * 0 0 0 0 0 0 - 1 . 8 7 9 3 3 4 — 2 * 3 .  533128 ~ 2
4 0 2 5 0 0 0 0 0  * 0 0 0 0 0 0 • 3 . 1 0 0 8 8 4 “ 3 - 2 *  5 0 8 8 9 7 - 2
5 0 3 0 0 0 0 0 0  * 0 0 0 0 0 0 1 . 5 3 * 6 4 9 r - 2 - 1 . 8 1  3 5 4 7 - 2
6 0 3  5 0 0 0 0 0 * 0 0 0 0 0 0 : 2 . 6 3 7 6 5 3 r - 2 - 1 . 1 5 8 1 7 6 - 2
7 0 4 0 0 0 0 0 0 . 0 0 0 0 0 0 3  . 2 2 2 3 4 3 — 3 - 7 . 0 0  5 0 9  4 “ 3
8 0 4 5 0 0 0 0 0  * 0 0 0 0 0 0 3 . 7 0 4 2 6 0 “ 2 ■4 . 1 7 7 7 3 7 “ 3
9 0 5 0 0 0 0 0 0 * 0 0 0 0 0 0 3 . 9 7 3 4 9 2 r - 2 - 4 . 0 8 4 8 9 8 “ 3
I O 0 5 0 0 0 0 0 - 0 . 0 4 1 6 6 7 3 * 9 4 5 6 4 i r - 2 ■3 . 2 4 9 3 5 1  ’ —3
i i 0 5 0 0 0 0 0 - 0 . 0 8 3 3 3 3 3 . 9 5 o 873 - 2 - 1  . 9 6 1 4 2 6 “ 3
1 2 0 5 0 0 0 0 0 —0  * i  2 5 0 0 0 3  . 8 3 8  7 9 2 r - 2 - 1 .  4 0 1 0 1 9 “ 3
13 0 5 0 0 0 0 0 —0  * I  6 6 6 6 7 3 . 7  492  5 1 - 2 4 . 79  3 37 5 “ 3
14 0 5 0 0 0 0 0 - 0  . 2 0 8 3 3 4 3 . 4 2 9 7 6 6 r - 2 6 . 859531 “ 3
15 0 5 0 0 0 0 0 - 0 . 2 5 0 0 0 0 3 . 3 2 5 0 8 5 r - 2 1 . 1 5 8 1 7 6 r - 2
1 6 0 5 0 0 0 0 0 - 0 . 2 9 1 6 6 7 3 . 2 7 8 3 8 4 r - 2 1 . 4 8  5 0 8 0 : “ 2
17 0 5 0 0 0 0 0 “ 0 . 3 3 3 3 3 3 3 . 2 2 1 4 9 9 r * 2 1 . 7 1 3 8 0 1 r - 2
: 1 8 0 5 0 0 0 0 0 “ o .  3 7 5 0 0 0 3 . 1 4 7 2 2 9 - 2 1 . 9 2 1 7 5 9 “ 2
19 0 5 0 0 0 0 0 - 0 . 4 1 6 6 6 7 3 . 0 4 5 1 0 6 r - 2 2 . 0 1 7 8 4 2 - 2
20 0 0 0 0 0 0 0 —0 * 0 6 6 6 6 6 “ i . 3 75 S o * r - 2 - 6 . 8  7 9 0 0  5 - 2
2 1 0 0 0 0 0 0 0 - 0 • 1 2  5 0 0 0 - 4 . 6 0  4 3 4 8 - 2 - 4 . 0 9 0 7 1 5 - 2
2  2 0 O O Q O O O - 0 • 1 6 6 6 6 7 - 4 . 1 1 2 1 1 6 - 2 - 2  . 0 6 9 8 1 6 - 2
2 3 0 0 0 0 0 0 0 - 0 . 2 0 8 3 3 4 - 3 . 7 4 6 7 6 5  ; r * 2 ■ 3 . 8 9 8  1 0 3 “ 3
2 4 0 0 0 0 0 0 0 - 0  . 2 5 0 0 0 0 - 3 * 0 6 7 1 4 9 r * 2 -8 " . 5 5 0 2 1 6 “ 3
: 2 5 0 0 0 0 0 0 0 - 0 . 2 9 1 6 6 7 * - 2 . 7 8 5 3 6 9 r - 2 1 . 7 3 0 6 6 2 - 2
: 2 6 0 0 0 0 0 0 0 “ 0 * 3 3 3 3 3 3 — 2 .  5 0 0 8  5 2 r - 2 2 . 5 0 0 8  5 2 . r - 2
2 7 0 0 0 0 0 0 0 “ 0 *3  7500 ° “ 2 . 2 3 3 4 6 8 r - 2 2 . 8 8 1 8 9  4 - 2
. 2 8 0 0 0 0 0 0 0 - 0 . 4 1 6 6 6 7 . - 2 . 1 8 8 4 3 9 - 2 3 . 1 0 7 0 4 2 r - 2
2 9 0 0 5 0 0 0 0 - 0 *  4 1 6 6 6 7 - I . 9 7 2 2 9 6 r - 2 3 .  1 0 7 0 4 2 r - 2
3 0 0 1 0 0 0 0 0 . - 0 * 4 1 6 6 6 7 - I . 7 0 9 3 2 4 r * 2 3 . 0 3 8 5 9 7 r - 2
3 i 0 1 5 0 0 0 0 - 0 . 4 1 6 6 6 7 “ I . I 52758 r - 2 2 . 8 8 1 8 9  4 - 2
3 2 0 2 0 0 0 0 0 . - 0 . 4 1 6 6 6 7 - 3 . 3 3 2 I 90 “ 3 2 . 6  5 6 7 4 6 **3
33 0 2 5 0 0 0 0 - 0  *  4 1 6 6 6 7 * - 7 . 9 1 2 4 1 6 “ 3 2 . 4 6 3 3 8 1 r - 2
34 0 3 0 0 0 0 0 - o . 4 1 6 6 6 7 . I . 6 0 7 4 3 1 r - 2 2 . 3 8 3 0 5 8 -2
35 0 3 5 0 0 0 0 , - 0 * 4 1 6 6 6 7 : 2 . 2 0 6 1 7 4 r - 2 2 . 2 7 9 1 0  5 -2
3 6 0 4 0 0 0 0 0 - 0 . 4 1 6 6 6 7 • 2 . 6 1 6 4 x 3 - 2 2 . 1 4 2 3 5 9 -2
37 0 4 5 0 0 0 0 - 0 . 4 1 6 6 6 7 : 2 . 8 8 0 0 1 0 r - 2 2 . 0 7 2 8 7 4 r - 2
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TABLE 7 .2 .4
C A S E . H O . - S i
e x p e r i m e n t a l  b e n d i n s  MOMENTS b y  T H E  M O I R E  m e t h o d
P O I S S O N S  RAT 10 = o . 2 0
P C I  NT r e c t a n g u l a r c o o r d i n a t e s  ■ rr PER I MENT AL BEND I NQ MOMEi' ' TS
: X/CL ■ Y / a x = M x / ^ a * ' K Y = M Y / < i a * '
i 0 * 0 5 0 0 0 0 0 * 0 0 0 0 0 0 • *“ 9 6 4 4 3 7 1 — 2 “ I 9 2 8 8 7 4 “ 2
2 0 , 1 0 0 0 0 0 0 * 0 0 0 0 0  0 “ 8 9 1 1 3 9 9 ~  2 “ 7 9 4 3 4 5 5 ”  2
3 0 * 1 5 0 0  CO 0 * 0 0 0 0 0 0 ~ 3 9 6 6 8 0  9 — 0 “ 6 9 5 4 5 3 7 “ 2
4 0 * 2 c o o o o 0 . 0 CO0 0 0 - I 1 0 4 7 1 9 “ 2 “ 5 5 ^ 3 5 9 4 “ 2
5 O • 2  5COOC c *  0 0 0 0 0 0 • I 1 1 5 2 4 0 “  2 4 3 2 2 0 8 1 2
6 0 • 3 0 0 0 0 0 0 * 0 0 0 0 0 0 2 3 2 0 8 7 7 “  2 “ 3 1 9 9 0 4 7 “ 2
7 0 • 3  5 0 0 0 0 0 • 0 0 0 0 0 0 3 1 I 5 4 I 3 “ 2 — 2 4 8 8 1 4 8 “ 2
3 0 • 4 0 0 0 0 0 0 . 0 0 0 0 0 0 3 8 4 1 9 9 2 “  2 - 1 9 9  1 5 0 3 “ 2
9 c . 4 5 0 c 0 0 0 * 0 0 0 0 0 0 4 2 0 2 6 6 9 “  2 - 1 8 1 9 0 6 6 “  2
I  o 0 , 5 0 0 0 0 0 0 * 0 0 0 0 0 0 . 4 4 5 7 4 0 5 “  2 •— rj. . 7 0 7 9 7 8 “ 2
11 0 • 5 0 0 0 0 0 ■ • 0 . 0 5 0 0 0 0 4 4 0 5 3 3 3 “ 2 - 1 5 6 8 4 2 4 - 2
12 0 • 5 0 0 0 0 0 —0 * I OOOCO 4 2 5 4 0 8  3 — 2 - 1 3 3 9 8 6 9
1 3 0« 5 0 0 0 0 0 ~ o  * 1 5 0 0 0 0 4 0 2 9 5 9 4 — ■ ^ - 8 6 0 6 2 8 6 “ 3
1 4 0 . 5 0 0 0 0 0 “ 0 * 2 0 0 0 0 0 3 8 3 5 2 1 8 “ 2 - 6 3 2 8 7 4 2 ” 4
15 O i 5 0 0 0 0 0 “ 0 . 2  5 0 0 0 0 3 5 2 1 8 2 0 ' — 2 ■5 9 7 4 4 2 0
1 6 0 • 5 0 0 0 0 0 “ 0 . 3 0 0 0 0 0 3 472912 “2 I 355283 2
17 0 • 5 0 0 0 0 0 ~ o * 3  5 0 0 0 0 3 222881 “2 2 120326 ' — 2
18 0 * 5 0 0 0 0 0 “ O* 4 0 0 0 0 0 3 068 767 “2 2 5 5 7 3 o6 “2
19 0 . 5 0 0 0 0 0 “ 0 . 4 5 0 0 0 0 3 0 6 9  4 2 1 “2 2 870016 2
2 0 0 • 5 0 0 0 0 0 ~ o . 5 0 0 0 0 0 0 0 4 4 4 9 6 “2 0* J 0 4 4 4 9 6 “ 2
    -  — - ■    -  — -™- -
V
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^ ‘ 2(e) Case N o .L .S .3 .  under U .D .L .
This case is again similar to Case N o .S , . The following are 
the details connected with the model testing, the average testing 
temperature being 7 2 .5°F : 
di = 7 6 .9 2 3  lb .in .  
ti = 0 .1 2 4 2 5  in .
Kl = 0 .1 2 43 5 8 .
The resulting bending moment values at the 20 points are given in 
Table 7 .2 .5 .
7 .2 (f )  Case N o .L .S .1 u n d e rU .D o L .
Average testing temperature is 70°F / the connected details
being
di = 77 .8845  lb.in. 
ti = 0 .1 2 4 2 5  
KL = 0 .133333
The bending moments at the 19 points are computed sim ilarly  
and are shown in Table 7 .2 .6 .
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TABLE 7.2.5
CASE E O . - L . S . 3
Z a PEHIMEHTAL b e n d  I MS MOEEMTS BY THE MO I E  
PC ISSOMS RAT I O = o . 2 0
’0 11 IT r-> r— AC c t a m q u l a e COCEDI MATES rrytDpr? | Mny TAL Be MDINQ HOME: ! »"p Q; 1 ^
: : / a r / a ■J<Y=HY/£a*
1 O 0 5 0 0 0 0 0 , 0 0 0 0 0 0 - I 1 9 9 2 7 2 - 1 - 2 . 3 9 8 5 4 4 - 2
0 C IOCOOO 0 , o c o o o o " 7 6 8 5 9 2 5 — 2 “  7 • 5 3 6 0 7 0 — 2
3 0 1 5 0 0 0 0 0 * 0 0 0 0 0 0 ~3 7 6 1 9 2 7 — •*> —6 . 6 9 0 6 7 6 - 2
4 0 2 0 0 0 0 0 O . C O G O C O - x 0 5 3 0 4 6 - 2 - 5 . 2 6 5 2 2 8 — 2
5 0 2  5 C O O O ' 0  * 0 0 0 0 0 0 • - 1 2 2 2 7 3 1 - 2 - 4 . 0 6 7 4 5 1 - 2
5 0 3 0  0  0  0  0 0  •  0 0 . 0 0 0 0 2 2 8 4 1 4 3 — .a “ 3 * 1 5 7 6 3 9 - 2
7 0 3  5 0 0 0 0 0 * 0 0 0 0 0 0 •oG 0 8  0 2  3 6 - 2 - 2 . 4 7 4 2 8 8 - 2
0u 0 4 0 0 0 0 0 0 , 0 0 0 0 0 0 -7J 7 7 5 1 4 2 - 3 - 1 . 9 2 0 5 0 9 — 2
9 0 4 5 0 O C O 0 , 0 0 0  c o o 4 1 0 7 7 6 6 - 2 - 1 , 7 6 8 8 1 5 - 2
10 0 5 0 0 0 0 0 0 , 0 0 0 0 0 0 4 1 8  2 6  8  3 — 2 - 1 . 6 3 8 0 2 7 - 2
1 1 0 5 0 0 0 0 0 —c , 0 5 0 0 0 0 4 0 7 2 4 7 6 ■ — 2 - 1 • 4 5 1 7 5 1 - 2
12 0 5 0 0 0 0 0 - 0 , 1 0 0 0 0 0 4 0 5 0 8 1 5 - 2 - 1 . 1 0 6 2 8 0 . ~ 2
13 0 5 0 0 0 0 0 - 0 • I  5 0 0 0 0 3 9 1 3 6 7 2 — 2 - 3 . 1 4 7 3 8 8 “ 3
14 0 5 0 0 0 0 0 - 0 , 2 0 0 0 0 0 3 4 8 6 8 9 8 - 2 4 . 5 9 7 8 7 7 “ 3
^5 0 5 0 0 0 0 0 - c , 2  5 0 0 0 0 •7u 4 3 5 6 5 5 — 3 8 .  7 9 5 2 8 7 ' «— <■>g
1 6 0 5 0 0 0 0 0 - 0 . 3 0 0 0 0 0 SfG 1 0 7 7 7 4 — 2 I -  43365.4 - 2
17 0 5 0 0 0 0 0 - 0 , 3  5 o  c  c  0 2 9 0 0 5 1 1 - 2 2 . 0 3 0 3 5 7 - 2
1 3 c 5 0 0 0 0 0 — 0 . 4 ^ 2 0 0 0 2 8 3 0 1 3 3 - 2 2 . 5 5 6 8 4 5 - 2
19  ' 0 5 0 0 0 0 0 ' - 0 . 4 5 0 0 0 0 2 8 1 0 2 1 3 — 2 2 . 6 6 7 9 2 4 - 2
2 0 0 5 0 0 0 0 c  , - 0 • 5 0 0 0 0 0 2 8 2 8 8 2 6 - 2 2 • 8 2 8  8 2 6 - 2
\
TABLE 7 .2 .6
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CASE N C . - L . S . i  
EXPER IrIZITT 
POISSONS RAT 10 = 0 . 3 0
E I  A E R I A L  SEND I MR MOMENTS B y  THE MOIR; *—m ? r\ •l Hv-',
POINT RE CTAMGSULAR COORDINATES P vprR T T-trM'T/ L4 i_ '  ^1 * i _ ' 1 I AL Bp! •ID I Mp T.-TET * 1TS
x / a Y/f l K X rM X /^ a2 xy=M y/< ia !LI 0• 080000 0 000000 ■“8.194436 ~2 -1 638887 ” 2
2 0.150000 0 000000 “ 5 * 2 4 7 3 5 5 -2 “ 5 033*77 -2
3 0•200000 0 000000 ~ 2•766858 ~2 “ 4 440469 -2
4 0•250000 0 000000 “•4.04628 I ~ 4 "3 627 528 -2
5 0• 300 oco 0 000000 I l V i -2 908475 . “ 2
6 0• 350000 0 000000 2 . 7603 58 """ 2 — 2 3 5 8 4°  3 -2
7 0•400000 0 000000 3.576670 — 0 -1 876065 -28 0.450000 0 000000 3.935686 — 2 - 1 700605 ~2
9 . 0•500000 0 000000 4. I 48937 — ^ -1 606127 “ 2
I o 0• 50000c c 50coo 4 . 0  75725 “ 2 - 1 5 448 5 3 ■— 0
11 0.500000 -0 I  0 c 0 0 0 3.904897 — 2 -1 1 5 8 0 0 4 “ 2
I  2 0.500000 -0 150000 3.867194 -2 ■ “ 7 001884 “ 3
13 0• 500000 -0 2 0 0 0 0 0 3 . 6 0 4 6 4 0 -2 — 2 006529 “ 314 0• 50000.0 ~o 250000 . 3 • 4 3 9 91 5 -2 s' x 0 8 21 “ 0
*5 0. 5 0 0 0 0 0 - ~0 -300000 3.161715 — 2 1 3 3 083* -216 0• 500000 ~o 350000 3.122029 ** 2 1 Q R 7 8 8 2 ~2
1 7 .0. 5 0 0 0 0 0 ~c 4 0 c 0 0 0 3.011536 M 2 2 4329OO ! ~218 0• 500000 ~~0 45000c 2.970288 2 \ 2 8 8 6322 -219 0• 500000 -0 50000c 2.902205 -2 2 902205 — 2
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CHAPTER V lll  
C O N C LU S IO N S
8 . 1 .  Comparison of theoretical and experimental results.
The theoretical and experimental bending moments have been 
computed for the six cases and their values along the critica l sections 
are given in Chapters 4 & 7 . Bending moment diagrams are drawn along 
the critica l sections, for each case, in which the theoretical and 
experimental moment values are plotted to a suitable scale; also the 
theoretical bending moments M p  and M& along the column and co llar 
edge ^ = 1 ,  are plotted in radial direction at regular intervals. The 
corresponding experimental values have been calculated only a t a limited  
number of points.
To assess the practical application of the theoretical and 
experimental procedure adopted for the present work, a comparison is 
also made w ith the recommended design procedure for fla t slabs as in 
C .P .1 1 4  and also for Lift .Slabs as recommended in the publication of 
the International L ift Slab Corporation. Accordingly these values are 
also plotted along the critica l sections for each case under consideration.
The bending moment diagrams for the six cases are given in F igs.8 . 1 .1 .  to 
8 .1.6 .
An attempt is also made to compare the results obtained by the 
present method of analysis to that derived .! by the usual theoretical 
analysis as given by Timoshenko(41). Since only a lim ited number of
—---- —  ^ -  - —• •;-*■     -•- , r.    . —   . .■■■  
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such results are ava ilab le , the comparison has been limited to a few  
points on ly . The compared results are given in Table 8 .1 .1 .  The 
moment values obtained by W . Krieger (6 ) in his solution of a 
particular square panel of a .p late structure is given in the tab le .
It is found to be d ifficu lt to calculate the M ©  and M©  
values, at the comers of the support, from the M oire photographs 
although it is c learly  seen that M p  values are much larger than M©  
values at such points.
     :'            ,   _______________
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•TABLE 8 .1 .1 .
Poisson's ratio -  0 .2
Case N o . Position Moment Present
Theory
M oire
Method
Usual
Theory
s, X = a/ 2 M x 0.03014 0 .03044 0 .0 3 29
(F ig .8 .1 .4 y = a/ 2 M y 0.03014 0 .03044 0 .0329
X = a / 2 M x 0.04478 0 .04457 0.0508
y = 0 M y -0 .01811 -0 .0 1 7 0 8 -0 .0 1 8 2
L .S .3 X = a/ 2 M x 0.03014 0 .02829 0 .0 3 29
(F ig . 8 .1 .5 ) y - a / 2 M y 0.03014 0 .02829 0 .0329
X = a/ 2 M x 0.04478 0 .04183 0 .0508
y = 0 M y ,-0 .01811 -0 .0 1 6 3 8 -0 .0 1 8 2
L . S . l . X = a/ 2 M x 0.02866 0.02902 0 .0324  (approx.)
( F ig .8 . 1 . 6 ) y a/ 2 M y 0 .02866 0.02902 0 .0 3 29  (approx.)
X = a/ 2 M x 0 .0 3 99 7 0 .04149 0 .0 4 96
y = 0 M y -0 .0 1 5 4 5 -0 .0 1 6 0 6 -0 .0 1 7 9 5
S2 X = a/ 2 M x 0.03118 0.03232 0 .0363  *
( F ig .  8 .1 .1 ) y = a/ 2 M y 0.02250 0 .02327 0.0210
L .S .4 X = a/ 2 M x 0 .03118 0 .03070 0 .0363
( Fig . 8 . 1 . 2 ) y = a/ 2 M y 0 .0 2 25 0 .02077 0.0210
L .S .2 X = a/ 2 M x 0.03028 0.03045 0 .0363
(F ig . 8 .1 .3 ) y <t/ 2 M y 0.01893 0.02018 0.0210
W . Krieger X = a/ 2 . M x 0 .0264 0 .03216
c /a = 0 . 2 y = a/ 2 M y 0 .0264 0 .03216
square X = a/ 2 M x 0.0348 0 .04866
panels y = 0 M y -0 .0 1 4 6 4 -0 .0 1 7 8
X ^  c/ 2 M p -0 .3 9 4 2 -0 .0 4 8 4
y *** c/ 2 M& -0 .0 7 8 8 4 -0 .08 7 1
Comparison of theoretical and experimental bending moments.
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Symbol Origin
Mx (Theoretical)
My ( " )
Mx (Experimental)
My ( •• )
Mx (Code of Practice) 
My ( •* )
Mp (Theoretical)
Scale for bending moments
Mx(Th.)
c s
My(Th.)
I____ jo |cg
Mp(Th.)
My(Th.)
My(Th.) Mx(Th.)
FIG. 8 .1.1 C ase No. S 2 . ~  D is tr ib u tio n  O f  T h e o r e t ic a l  And
E x p e r im e n t a l  B end in g  M o m e n t s  For A U n if o r m  Loa d .
(P O IS SO N ’ S RATIO (/*■) =0 2 )
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Symbol Origin
Mx (Theoretical)
My ( )
Mx (Experimental)
My ( » )
Mx (Code of Practice) 
My ( )
Mp (Theoretical)
Me ( )
Scale for bending moments
Mx (Th.)
My(Th.)
Mx(Th.)
G>
-My(Th.)
 , I____
Me(Th.)
1
My(Th.)
My(Th.) Mx(Th.)
FIG. 8.1.2 Case No. L.S.A -  D is tr ib u tio n  O f  T h e o re t ic a l And
Ex p e r im e n t a l  B e n d in g  M o m e n t s  F or  A  U n if o r m  Lo a d .
(PO ISS O N ’ S RATIO {/*)  = 0 - 2 )
Symbol Origin
Mx (Theoretical)
My ( •• )
Mx (Experimental)
My ( •• )
Mx (Code of Practice) 
My ( » )
Mp (Theoretical)
M*C •• )
Scale for bending moments y
Mx(Th.)
My(Th.)j
o
My(Th.)
!
Mx(Th.)i_______ L ()p-
Mp(Th.)
1--------
My (Th.) Mx(Th.)
FIG. 8.1.3 C ase No. L.5.2 -  D is tr ib u tio n  O f  T h e o re t ic a l And
E x p e r im e n t a l  B e n d in g  M o m e n t s  F or  A U n if o r m  Lo a d .
( POISSON'S R A T I O N )  = 0 - 2 )
Symbols and Origins 
As in FIG. 8.1.1.
Mx(Th.)
My(Th.)
CM
My(Th.)
Scale for bending moments
FIG. 8.1.4 Ca s e  No . S i . -  D is t r ib u t io n  O f  T h e o r e t ic a l  A n d  
Ex p e r im e n t a l  B e n d in g  M o m e n t s  Fo r  A  U n if o r m  Lo a d .
(A =0-2)
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Symbols and Origins 
As in FIG. 8.1.1
Mx(Th.)
C0 |
My(Th.)
Mx(Th.)
o |«m
My(Th.)
Scale for bending moments
FIG. 8.1.5 C a s e  N o . L.S.3 -  D is t r ib u t io n  O f  T h e o r e t ic a l  A n d  
E x p e r im e n t a l  B e n d in g  M o m e n t s  Fo r  A  U n if o r m  l o a d .
( / = 0 2 )
Symbols and Origins 
As in FIG. 8.1.1.
Mx(Th.)
My(Th.)
Mx(Th.)
i_ _ _ _
Mp (Th.)
My(Th.)
Scale for bending moments
FIG. 8.1.6 Ca s e  N o . L.S.1 -  D is t r ib u t io n  O f  Th e o r e t ic a l  A nd  
Ex p e r im e n t a l  B e n d in g  M o m e n t s  Fo r  A  U n if o r m  Lo a d .
(A  =0-2 )
8 . 2 . General conclusions
The following conclusions can be made from consideration of
results of Chapters 4  & 7 and also from the figures and the table given
in section 8 . 1 .
1. The close agreement between the compared theoretical and 
experimental results indicate that the two methods of analysis 
yie ld  reliable results.
2 .  The assumption of a b u ilt-in  edge along the boundary of the 
column and the collar gives much more realistic results as 
verified by the M oire tests.
3 .  In actual concrete structures e .g .  fla t plate or Lift Slab 
structures, the connection between the column and the slab 
is monolithic and hence the boundary condition of a b u ilt-in  
edge along the support periphery, as assumed in the theoretical 
treatment, seems to be justified.
4 .  As a result of the monolithic connection between the slab and 
the column or co llar, as the case may be, a ll positive moments 
in the central part of the panel are considerably reduced which 
is obviously due to the restraining effect of the columns.
5 .  On the other hand, a considerable stress concentration occurs
at the comers of the support i . e .  column or co llar, which although 
of a localised character must be taken into consideration.
6 . According to the usual theory the tangential moments M© 
at the support are much larger than the radial moments M p  
and further their values do not vary appreciably along the 
support edge. By the present theory it is established that 
M© « ,M© ' became secondary compared to the moments M p  ; 
also the values of the moments increase progressively towards 
the comers.
7 . The above finding is also amply verified by the M oire tests.
8 . From figures of the previous section, it is seen that the negative 
moments M-% along the y  axis i . e .  x= 0  and M y  along y= 0  are 
rather uniform whereas the usual assumptions are that there is a 
considerable distribution of such moments between the column 
and middle strips. The above findings allow for a more economic 
design.
9 . In a Lift Slab the co llar very nearly replaces the column capital 
in a fla t slab which is demonstrated by its behaviour under loading 
which is very similar to a corresponding fla t plate structure.
10. Hence if a Lift Slab is designed on the basis of the present theory, 
re liab le results can be obtained.
11. The effect of the blockout hole is extremely localised in character 
and it does not affect the general stress pattern in the slab.
12. From comparison of the theoretical and experimental results w ith the4 
corresponding code of practice recommended values, it can be
observed that the C .P .1 1 4  considerably overestimates the values 
of negative moments M x and M y along the column strips. On the 
other hand, the bending moments in the middle strips are in fa ir  
agreement w ith the code of practice values. Thus a plate structure, 
analysed on the basis of the present work w ill result in an economic
v
design.
13. The complex variable theory leads to a solution sufficiently  
accurate for the purpose of design of the slab. Although the 
generalised analysis involves much computer work, once the 
programmes are made, computing takes the form of routine 
w ork.
14. By increasing the number of terms in the E q .2 .4 .4 .  representing 
the mapping function, a series of shapes of the column capital 
approaching very rapidly the exact rectangular shape is obtained. 
Consequently the radius of curvature at the corner of the transformed 
column decreases rapidly thereby suggesting that the theoretical 
stress concentration at the comers approaches rapidly an infin ite  
va lu e . In an actual structure, however, the stress concentration
is bounded by the elastic lim it o f the plate m ateria l. The slight 
rounding o ff of the rectangular shape of the support as assumed 
in the theoretical analysis appears to have the same effect on the 
stress distribution as the local plastic deformation of the slab.
ifinn»UMHnnnMi« i iffif» iintmfMHtiHHnt«’i nnnfflHnnfWttWHfinnntHnnfiniwminnnrnnnnnfHri>wMinfiitnfj ',f’ r —    --------------- --------------------------------------------------------------
Most o f the above conclusions are true only for the cases 
when the whole structure is subjecied to uniformly distributed load.
For various loading combinations of the model, the following  
conclusions may be drawn from the resulting M oire photographs.
1 . Maximum positive moments both in the middle and column 
strips appear in strip loading e .g .  when alternate panel strips are loaded.
2 .  Maximum negative moments in the middle strips occur when 
two adjacent strips of panels are loaded.
3 . The negative moments between the columns Tender full
¥loading d iffer only bft a small value from the extreme values.
4 .  Chess-board loading produces lower bending moments at 
a ll important points than the extreme values produced by strip or fu ll 
loading.
8 .3 .  Suggestion for further extension of the w ork.
The present theoretical solution can also be developed for the 
case when the fla t plate structure is subjected to various loading com­
binations e .g .  alternating distribution of the load e tc . —
The complex variable method can also be applied for the case of 
bending of a rectangular p la te , containing a rectangular hole which is 
stiffened by an elastic ring of any relative rig id ity .
In fact the present method of analysis is extremely powerful 
in nature and can be w idely used for solving various problems in 
structural engineering.
The accuracy of the solution might have been slightly improved 
by employing a few more terms in the expression for the mapping function, 
which of course complicates the problem further and involves more 
laborious mathematical work. Hence the practical value of such an 
elaborate procedure seems to be questionable, particularly  when the 
effect of shear deformation in the v ic in ity  of the support and the anisotropic 
behaviour of the reinforced concrete slab are like ly  to cause greater errors 
than the slight mathematical approximation.
On the other hand, the M oire method of model analysis appears 
to be a powerful and accurate tool for the verification of the various
theoretical solutions. A ll such problems described above can be conveniently  
tested on the apparatus.
Problems such as the effect o f lift  shaft openings in building floors '
and ramp cuts in multistorey car parks for which rigorous theoretical solutions
v irtu a lly  do not exist, the M oire method may be conveniently applied to 
determine the stress pattern in such floors.
In fact a fla t plate structure of any geometric configuration, having 
any arbitrary support condition and subjected to any practicable loading 
combination, can be conveniently tested on the apparatus; also stress
concentrations around openings in any such slab can be determined.
The M oire method may also be used for determining stress, 
patterns in plane grid structures.
As a concluding remark, it may be observed that the complex 
variable method of theoretical solution in conjunction with model 
testing by the M oire method, appears to be a powerful tool in the 
analysis of certain important structural problems and has a wide scope 
for further development.
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APPENDIX 2 .  
List of symbols.
The letters and symbols used in this work are generally defined 
when they are first introduced and are summarised here for ready reference: 
A n = coefficients in the series solution of the deflection function.
a n = coefficients used in the formulation of the functional equations
a ,b  = Lengths of slab panel sides.
C = G enerally  defined as the interior boundary of the slab i . e .
column or collar edge, 
c = Generalised column dimension.
C Co
l/ = column side dimensions,
c 1/ C2
cQ = Generalised co llar dimension.
C CoW o2 '  = co llar side dimensions. 
co l / c0 2 '
C . B. L. = Chess board loading.
di = Model bending rigidity corrected to testing temperature,
D = Plate rig id ity  in general.
Es = Young's modulus of steel taken as 30x10^ Ib /in ^
Ec = " " " concrete " " 2 x lO 6  "
Ep = " " " perspex " " 4.2 x 105 "
E .P .L . = External panels loaded.
F .L . = Full loading.
f  1 , f2  = Functions defining the boundary conditions of the theoretical
problem.
i =
K = Aspect ratio of column or co llar sides.
K ' = The value characterising the aspect ratio and used in deriving
the mapping function.
Kj_ = Load factor.
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1 1/ I2 1 ^3' l^ = Slab panel dimensions.
1 = Generalised span dimension.
m, n = coefficients defining the mapping function.
M x ,M y = Bending moments in x and y directions.
= Radial and tangential bending moments.
Po = Concentrated force acting at the support of the slab.
Pn = Points in the p la te  where the boundary conditions are satisfied.
q(x,y) = Uniformly distributed load acting on the plate surface.
Q x ,Q y = Shear forces.
( r , e ) = Polar co-ordinate system.
R , = constant of the mapping function.
S = Plate region in the 'z 1 p lane.
z = Transformed plate region in the complex p lane.
t =  Thickness of slab.
ti = Thickness of the square proving p la te .
U .D .L . = Uniformly distributed load.
w = Deflection function in the plate region.
wop, woq = Deflection functions defining the basic stress state, which are
particular solutions of the d ifferential equation of plate bending.
won = General deflection functions.
w cp,w cq = Compensating deflection functions corresponding to wop and woq.
w cn = Compensating deflection functions corresponding to won.
W c = Total load on prototype concrete structure.
W D = Total load on model.
r  • -
) = Points in rectangular co-ordinate system.
Cn^Kn = Parameters associated with the deflection functions.
r _
= Angle between the rectangular and curvilinear co-ordinate systems 
at a point.
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cKn,  ^ n. = Parameters associated with the deflection functions.
V  = Represents the unit c irc le .
= The complex mapping p lane .
(^ Q )  = The curvilinear co-ordinate system.
,/c  = Poisson's ratio for concrete, taken as 0 .2 0 .
A  =v " " " perspex " " 0 .3 5 .
comP^ ex P°^en^ a s^ associated with the deflection functions.
&  = Value of '5' on the unit circle
COCS) = The mapping function adopted for the transformation of co-ordinates.
Suffix 'n 1 has been used in the generalised sense defining a succession 
of numbers.
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APPENDIX 3
Mathem atical formulation of the problem of transformation of 
rectangular: into curvilinear co-ordinates.
W ith reference to equation 2 . 5 . 1 . ,  the problem is to find the 
values of 'p' and for given values of x and y . The same equation can 
also be written as:
g = SIM -  mfSine -  ripa + ~L *  o 
No direct solution of the equation A 3 .1  can be obtained. 
Hence an iterative procedure has been adopted.
If an in itia l value is chosen as the first solution of the
equations, then
gCfiijpj) 3  d i t o
<$ d i  being the resulting residues.
The necessary correct ions nto p& Q can now be expressed by 
following the Newton-Raphson method.
Equation A 3 .2  can be written as
A 3 .2
7>LfCe^ei>3. se -y ^ W e i,P i) ]  -s p  = - e A
■&ei A 3 .3
SB +  eli
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The previous equation can be conveniently written in 
matrix form:
t>Bl
l i "
^>ej
6 9 - C i ”
1 2 l
_!>Q i * e i_
- d j
ot»
69
s>e
ot»
-e ,
-d i
. - 1
[ h ]  .  [ a ]  [ - £ ] •
where
[ * l - 6Qi &e±
”! !  ■*!
S>0j
A 3 .4  
•A 3.5
The flow chart followed for the computer programming is as 
follows:
'Read
p-pinf out 0  & £
B e a d  f irs t  a^voxim ate value* 
6l« Pi
C & lcuA att ’CTrors l e.’ <tcd*
- % (0 ln.pv\)
A c id  to  ex is ting  values a-f 
o f Q & p  j  Oh-vi <&* Pn-vi
it is very important to note that for proper convergence, it 
is necessary that the first guess value of for a point must be a
reasonable approximation, say w ithin 20% of its actual values. This 
has been achieved by drawing a number of ‘C’ d-*© 1 lines as described 
earlie r, the first approximation value of £ & Q  corresponding to a 
point (x ,y ) being taken from its nearest intersection of the lines. 
It has always been checked that the curvilinear lines are near enough 
to the pqints under consideration. ■
APPENDIX 4
Procedure for the determination of the nonbiharmonic function w q.
The procedure for the determination of wq is slightly different 
from the rest of the functions as stated before.
The problem is to find a biharmonic function wcq such that 
the combined deflection function wq = woq + Wcq satisfy the basic 
condition (c) of section 2 .7 (a ) i . e . ,  wq = 0  and = 0 on Y  , 
the unit c irc le .
Firstly, the boundary conditions are derived. It is already  
known that
woci = 63d 1*4  =
Hence
f _ . O o  
Thus from E q .2 .2 .4 a
[ M >
on Y
^  ony
. . .
16D
( L + m
* • • • A 4 . 1
Sim ilarly an expression for can a s^o'^e derived.
The rest of the results for determining the complex potentials 
are given in section 3 .1 2 .
The bending moment expression are derived in two parts, 
firstly due to the nonbiharmonic function woq and then due to the 
biharmonic function w cq. The separate expressions are then added to 
obtain the final solution, as described in detail in section 3 .1 2 .
APPENDIX 5 
Derivation of the angle f o6 > in generalised form.
W ith reference to Figure 2 .7 .1  a generalised expression for ^ 
is derived.
It is already known that (16)
Sinot = e^-e~u  . j e t V c s v   ^ w'cs 1
2 . i  I  e  e |u'o$)|
>V3 *r\Pl
iu'cs)!
A 5 .1
Since the mapping function is taken as
£ =  o f t )  = R ( l+ m s + n ^ )
the following expressions can be obtained
O '& )= -&  (l-vn^sns4) •. gTTS (i-v n 3 -3 n s 4 ' ) . . . A 5 .2 .
J *  - f S
Hence
" " A 5 - 3
Substituting expressions E q .A 5 .2  into E q .A 5 .3  and also putting 
, E q .A 5 .3  reduces to the following after some simplification:
Siiao/. a ±^_B _^sine4-m p^£ine-t-3rip 4 Sin3^) — A 5 .4
Also
IcoY-Sll^ tJ'C^ .tO'C-S) = RVl-Tn^-3trs4^ -m g^3ns4')
S'1
Hence
|o'CS)l * B..y('l-^m .(p'lC6s^e+6mn^6coae-6rip4c<is4d-fm2'e4'F^n'a
Thus
Sirui- rsina-vmpHine^ne^e) V
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which is the generalised expression relating loLl . 
For the square case E q .A 5 .5  reduces to
Sitlot *  2-Sin.Q-
/ ( 4  + 4? 4 Cos4e+e*)
• ••• A 5 .6
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9999
C6B
Appendix 6 (Sheet 3)
3 .2 4  Case N o .L .S .2  -  Full Loading (F .L .0 ° )
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